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1. Introduction

Presently, physicists expect that there exist aberrations from relativis-
tic kinematics in high energy (transplanckian) regime. Such a suggestion
follows from many theoretical [1,2] as well as experimental (see e.g. [3])
investigations performed in the last time.

Generally, there exist two approaches to describe the particle kinematics
in ultra-high energy regime. First of them assumes that relativistic sym-
metry becomes broken at Planck’s scale to the proper subgroup of Poincaré
algebra [4,5]. The second approach is more sofisticated, i.e. it assumes that
relativistic symmetry is still present in high energy regime, but it becomes
deformed [6].

The first treatment has been proposed in [4,5] where authors assumed
that the whole Lorentz algebra is broken to the four subgroups: T(2), E(2),
HOM(2) and SIM(2) identified with four versions of so-called Very Special
Relativity. The second treatment arises from Quantum Group Theory |7, 8]
which, in accordance with Hopf-algebraic classification of all relativistic and
nonrelativistic deformations |9, 10|, provides three types of quantum spaces.

(51)
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First of them corresponds to the well-known canonical type of noncommu-
tativity
[i'uai'l/ ] = ieuua (1)

with antisymmetric constant tensor 6#¥. Its relativistic and nonrelativistic
Hopf-algebraic counterparts have been proposed in [11] and [12] respectively.

The second kind of mentioned deformations introduces the Lie-algebraic
type of space-time noncommutativity

[ iﬁv T, ] = 2‘051/@97 (2)

with particularly chosen coefficients 67, being constants. The corresponding
Poincaré quantum groups have been introduced in [13, 14, 15|, while the
suitable Galilei algebras — in [16] and [12].
The last kind of quantum space, so-called quadratic type of noncommu-
tativity
[ &y, 20 | = i00,2pd7 ; 01, = const. (3)

has been proposed in [17,18] and [15] at relativistic and in [19] at nonrela-
tivistic level.

The links between both (mentioned above) approaches have been investi-
gated recently in articles [20] and [21]. Preciously, it has been demonstrated
that the very particular realizations of canonical, Lie-algebraic and quadratic
space-time noncommutativity are covariant with respect the action of un-
deformed T(2), E(2) and HOM(2) subgroups respectively. Such a result
seems to be quite interesting because it connects two different approaches
to the same problem — to the form of Poincaré algebra at Planck’s scale. It
also confirms expectation that relativistic symmetry in high energy regime
should be modified, while the realizations of such an idea by breaking or
deforming of Poincaré algebra plays only the secondary role.

In this article we extend described above investigations to tlle\case of clas-
sical acceleration-enlarged Newton-Hooke Hopf algebras Uy(NH 1) [22,23].
Particularly, we find their subgroups which act covariantly on the following
(provided in [24] and [25]) twist-deformed acceleration-enlarged Newton-
Hooke space-times!

[t ] =0,  [ana;]=ifs (i) (4)

1 xo = ct.

2 It should be noted that symbol 7 plays the role of time scale parameter (cosmological
constant), which is responsible for oscillation or expansion of space-time noncommuta-
tivity (4). For 7 approaching infinity we reproduce the canonical (1), Lie-algebraic (2)
and quadratic (3) type of space-time noncommutativity.
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with

Q) (o) () 2)

Further, by contraction limit of obtained results (7 — 00), we analyze the
case of so-called classical acceleration-enlarged Galilei Hopf algebra Z/{o(@)
proposed in [26].

The paper is organized as follows. In second section we describe the gen-
eral algorithm used in present article. Sections 3 and 4 are devoted respec-
tively to the subgroups of classical acceleration-enlarged Newton—Hooke as
well as classical acceleration-enlarged Galilei Hopf symmetries acting covari-
antly on the proper (acceleration-enlarged) twist-deformed space-times (4).
Final remarks are presented in the last section.

2. General prescription

In this section we describe the general algorithm which can be applied
to the arbitrary twist deformation of space-time symmetries algebra A.

First of all, we recall basic facts related with the twist-deformed quan-
tum group Ur(A) and with the corresponding quantum space-time. In
accordance with general twist procedure [27], the algebraic sector of Hopf
structure Ur(A) remains undeformed, while the coproducts and antipodes
transform as follows

Ag(a) — Ax(a) = Fo Ag(a) o F71, Sr(a) =ur So(a) u}l, (5)

with Ag(a) =a®1+1®a, So(a) = —a and ur = }_ f1)S0(f(2)) (we use
Sweedler’s notation F = > fo)® f(2))- Present in the above formula twist
element F € Ur(A) @ Ur(A) satisfies the classical cocycle condition

Fr2-(Ao®@1) F=Foz-(1® Ag) F, (6)
and the normalization condition
(e®l) F=(1®e) F=1, (7)
with Fio =F ® 1, Fo3 =1 ® F and
Ap(a) =a®@1+1®a. (8)

The corresponding to the above Hopf structure space-time is defined as
quantum representation space (Hopf module) with action of the symmetry
generators satisfying suitably deformed Leibnitz rules |28, 11]

h>wr (f(x) @ g(z) = wr (Ar(h) > f(z) @ g(x)) , 9)
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for h € Ur(A) or Ur(A) and
wr (f(@)@g(x) =wo (F > f(x)@g(x); wola®b)=a-b. (10)

The action of Ux(A) algebra on its Hopf module of functions depending on
space-time coordinates x,, is given by

he f(x) =h(zy,0u) f(z), (11)

while the xz-multiplication of arbitrary two functions is defined as follows

fl@)xr g(z) =wo (F7 o> f(z) © g(2)). (12)

It should be also noted that the commutation relations
[Ty, Ty Jap = Tp*F Ty — Ty *xF Ty (13)

are covariant (by definition) with respect to the action of Hopf algebra gen-
erators (see deformed Leibnitz rules (9)).

In this article we consider the action of undeformed acceleration-enlarged
Newton-Hooke as well as classical acceleration-enlarged Galilei Hopf alge-
bras on the commutation relations (13) (A = NH . or G). Tt is given by the
particular realizations of differential representation (16) and new classical
Leibnitz rules

b wr (f(z) @ g(z)) = wr (Ao(h) > f(z) @ g(x)) (14)

associated with coproduct (8). Further, we demonstrate that in such a case
the relations (13) are not invariant with respect to the action of the whole
algebras Z/lo(]@ +) and Z/lo(@), but only with respect to their proper sub-
groups. Such an effect can be identified with the breaking classical symmetry
phenomena associated with twist-deformed space-times (13).

3. Breaking of classical acceleration-enlarged
Newton—Hooke symmetry

In this section we turn to the case of undeformed acceleration-enlarged

Newton-Hooke Hopf algebra Z/{O(]VFI +) defined by the following algebraic
sector®

% The both Hopf structures Z/{o(@i) contain, apart from rotation (M;;), boost (K;)
and space-time translation (P;, H) generators, the additional ones denoted by Fj,
responsible for constant acceleration.
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7
Mij, M) =1 (653 Mjp, — 85 My + 656 My — 03 My) ,  [H, P = iﬁKia

[

[M;;, Ki) =1 (05 K; — 6. K;) [M;j, Pr] =i (055 Pi — 6 Pj)
[szyH] [szK]:[KZ7Pj]:07 [KMH]:_ZPZ? [PMF)]]:O’
[F3, Fy]=[F;, Pj] = [Fi, K] =0, [Mij, Fi] =i (6 s — ik Fy)
[ F] 21K, (15)

and classical coproduct (8). Ome can check that the above structure is
represented on Hopf module of functions as follows (see formula (11))

Ho f(t,7) = id f(t,7), P> f(t,7) =iCy < >6f(t 7),  (16)

M;;> f(t,7) =i (2;0;—2;0;) f(t,T), K> f(t,z) =it St < ) o; f(t, @),
(17)
and

Fyo> f(t,T) = +2i7? <Ci C) - 1) if(t,T), (18)

with

Cy/e <f_> = cosh / cos <f_> and Sy (j) = sinh /sin <i> .

As it was already/r\nentioned in Introduction the twist deformations of
quantum group Uy(N H 1) have been provided in [24]. Here, we take under
consideration the twisted acceleration-enlarged Newton—Hooke space-times
defined by the following twist factors

.2
i
F = Fo, = e€xp 1 Z of'Py A P, [o/fl = ot = a1} , (19)
| k=1
[ 2
F = Fo, =€xp L Z oS KL A P [agl = —alf = 042} , (20)
4
| k=1
[ 2
F = Foy =€xp 3 Z B K A K [algl = o = 043} , (21)
| k=1
[ 2
i
F = Fo, = €xp 1 k;l oM Fy, N {afl = ol = oz4} , (22)
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F = Foy =€xp

PP
e

B Fy AP, [algl = —off = 055} . (23)
1

k.l

YN
]~

F = Foz = €xp oe’glKk A F [o/gl = —aék = 046] . (29)

k=1

In other words, we consider spaces of the form

A~ A~

(6,2 Jap =[21,23 lup=[ &2, 23 lxr, =0, [&1,22 Lh=1f(t); i=1,2,3,

with function f(t) given by
@) = fur(®) = fim
f(t) = fra() = [
F@) = fus(®) = frms

f(t) = fm(t) = fi,m

T N N T N N N
Nl Al A s+ 3~
N~ N N N
Il
X
w
\]
[\
el
N
R
TN ——
o
x

f(t) = fﬁs (t) = f:l:,n5

t t
T T
5 t t
=4kt ([Ce | =) —1) S+ (—). (31)
T T
Of course, for all parameters k, running to zero the above space-times be-

come commutative.
Let us now turn to the covariance of relations (26)—(31) with respect to

S

f(t) = ff%‘(t):f:l:,ne(

the action of undeformed Hopf algebra Z/{O(JV;.?—I +). Using differential repre-
sentation (16)—(18), classical Leibnitz rules (8) and twist factors (19)—(24),
one finds (see prescription (14))

Gi > [t, wi]*]__ =0, (32)
Gy, (s, @], ~ i f (1) (0d —0110%)| =05 G = P, K, F, (33)
Mkl > [t,xi]*fzo, M12 > [[azi,xj]*f—if(t)(éuégj—51j52i)} =0 s (34)

Mz > |:[l’i,$j]*f—if(t)(51152j_51j52i):|:f(t)(52i53j_52j63i)7 (35)
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M23 > [[a?z, xj}*f—if(t)(éuégj—51j52i)] = —f(t)(éuégj — 51j53i) s (36)

H > [[:L’i,xj}*}_—if(t)((slidgj—(51]'5%)]:h(t)<511(52j—51j(52i), (37)
H > [t,x], =0, (38)

*f_

- j:% S, <2t> , (39)
— o Ol <2:> , (40)
- (2:> , (41)

3
-
2t t
= R5T (Si <) —-S1 <>) , (43)
T T
e (20w (L) +1) 52 (L (44)
- 6 + - + or |
The above result means that the commutation relations (26)—(31) remain in-

variant with respect to the action of P;, K;, F; and Mo generators. Hence,
the “isometry” condition for considered (twisted) spaces breaks the whole

h(t) = Py (t) = by

>

—

=

Il

>

R

w

—~

~

S~—

|

>

H

=

w
T N T N N N N
N N N N

Nl A+ A A A+ 3+

>
~—~
N’
Il
>
2
o
—~
~
S~—
>
H
X
wt

ht) = hay(t) = hm(

U (]@ +) quantum group into its subalgebra generated by spatial transla-
tions, boosts, constant acceleration generators and rotation in (1, z2)-plane.

Finally, it should be noted that one can easily extend the above algorithm
to the case of usual Newton-Hooke Hopf structure Uy(NH ) by putting
acceleration generators F; equal zero.

4. The case of acceleration-enlarged Galilei Hopf algebra analyzed
in the contraction limit (7 — oo) of Uy(N H4) Hopf structure

Let us now turn to the classical acceleration-enlarged Galilei Hopf algebra

~

Uy (G) given by the following algebraic sector
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[ Mij, My | = i (s M1, — 050 Mg, + 61 My — 63, Mjp) [H,P;]=0,
[ z]aKk]—Z(éij'_(sikK') [Mzmpk]:i(éjkjji_éikjjj):
[Ml]7H] [KUK] [K’HP] ) [K’HH]__Z-PZa [-Pla-P]}:(L

and trivial coproduct (8). It is well-known that the above Hopf structure
can be gotten by the contraction limit (7 — o0) of discussed in pervious
section quantum group UO(ZVI\-I +).

The noncommutative space-times associated with twist deformations of
Hopf algebra I/Io(@) can be provided by the contraction procedure of spaces
(26)—(31); they take the form

[ta "ii]*}‘:[fila:i3]*}‘:[“%27i‘3]*}‘:0a [xla:EZ] _iw(t); i = 17273a
(46)
with (wg, (t) = im0 fi, (1))

w(t) = wy, (t) = k1, (47)
w(t) = wWe,(t) = Kat, (48)
w(t) = we,(t) = k3t?, (49)
w(t) = we,(t) = ket (50)
w(t) = w,(t) = sr5t%, (51)
w(t) = we(t) = %56 t3. (52)

It should be also noted, that the Galilean counterpart of covariance condi-
tions (32)—(38) in 7 — oo limit looks as follows

Gy > [t,z],, =0, (53)
Gt [, — w(t) (B1ida;—0102)| =05 Gh=Pp, Ki, F, (54)
My > [t,zi],, =0, M12>[[xi,xj]v—iw(t)(dliégj—éljégi)] 0,(55)
Mig >[5, — 1w () (01662 — 8102) | =w(t) (b — 0250),  (56)
(
(
(

M23 > [:L’i, ."L‘j]*}_ — ’L'w(t)((sli(s% _51]'521') = —w(t) (51i53] 51]53@) s 57)

H > [ati,xj]*F—iw(t)(éliégj—élﬁgi) :g(t)(51i52j_51j62i)7
H > [t,xi]*fzo,

58)
59)
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where (g, (t) = im0 hy, (£))

7

g(t) = gu (t) =0, (60)
9(t) = Ggry(t) = K2, (61)
g(t) = gy (t) = 23t (62)
g(t) = gra(t) = 4rat®, (63)
g(t) = gus(t) = st (64)
9(t) = gus(t) = §ret? (65)

The above result means that the commutations relations (46) remain in-
variant with respect to the action of P;, K;, F;, My and H generators in
the case of deformation (47) as well as P;, K;, F; and My for space-times
(48)—(52).

Finally, let us observe that the above considerations can be applied to the
case of classical Galilei quantum group Uy(G) by neglecting operators Fj.

5. Final remarks

In this article we provide the subgroups of classical acceleration-enlarged
Newton-Hooke Uy(NH ) as well as classical acceleration-enlarged Galilei

~

Uo(G) Hopf structures, which play the role of “isometry” groups for twist-
deformed space-times (25) and (46). In such a way, by analogy to the investi-
gations performed in [20,21], we get the link between twisted quantum spaces
and the proper undeformed Hopf subalgebras. Consequently, the obtained
results admit to analyze the twist-deformed dynamical models [29,30,31,32]
in terms of the corresponding classical quantum subgroups of the whole non-
relativistic symmetries. The works in this direction have already started and
are in progress.

The author would like to thank J. Lukierski for valuable discussions.
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