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Using the Lie algebra approach, we construct a Mikhauilov—Novikov—
Wang hierarchy associated with the 3 x 3 matrix spectral problem. It is
shown that the hierarchy of nonlinear evolution equations is integrable in
the Lax sense and possesses Hamiltonian structures.
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1. Introduction

The main problems in the theory of integrable systems are: (i) For a
given nonlinear equation, how to determine whether it is integrable or not,
and if it is, how to find its Lax representation; (i) To find as many as
possible integrable systems such that they become significant equations. In
general, it is very difficult to solve the two problems. On the other hand,
a nonlinear evolution equation is integrable, that is, it can be expressed as
the compatibility condition of two linear spectral problems or possesses a
Lax pair, which plays a crucial role in the inverse scattering transformation
[1, 2] and Darboux transformation [3, 4] and others [5, 6]. In Ref. [7], a
Lie algebraic method was developed to search for new integrable nonlinear
evolution equations and their Hamiltonian structures on the basis of trace
identity.
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In Ref. [8], Mikhailov, Novikov, and Wang proposed an integrable non-
linear evolution equation of the form

U = —Upgerr + 10UULze + 2DUz ULz, — 20u2ux + 9v,.,
V= 30Uy — d0pU% + Ve — 240U, (1)

by using the symmetry approach. It is shown that this equation is bi-
Hamiltonian and possesses a recursion operator [8|. Equation (1) is called the
Mikhailov—Novikov—Wang (MNW) equation. It is easy to see that Eq. (1)
can be reduced to the well-known Kaup-Kupershmidt equation [9, 10]

Up = —Upmpre + 100 lpze + 25Uptpy — 20U Uy (2)

by setting v = 0. The author of Ref. [11] introduced a 3 X 3 matrix spectral
problem, from which a zero curvature representation for (1) was given.

The aim of the present paper is to construct the MNW hierarchy of non-
linear evolution equations associated with the 3 x 3 matrix spectral problem
and establish their Hamiltonian structures. The compatibility condition be-
tween the given matrix spectral problem y, = U(s,\)y and its auxiliary
problem y;, = V{™y yields the zero-curvature equation Uy, — (V (™), +
U, V(m)] = 0, where each entry of V(™ is a Laurent expansion in A. Then,
the zero-curvature equation is equivalent to a set of equations about the
coefficients, which can be obtained in terms of the potential function s by
solving the stationary zero-curvature equation. As a result, the hierarchy of
soliton equation is derived.

In Section 2, we introduce the Lie algebraic method and solve the sta-
tionary zero-curvature equation associated with the 3 x 3 matrix spectral
problem, from which we derive two cases of the MNW hierarchy for different
choice of the coefficients in the Laurent expansion. The MNW equation (1),
as the first nontrivial equation, appears in the first case of the MNW hier-
archy. In Section 3, we find a recursion operator and a symplectic operator.
Resorting to the trace identity, we give Hamiltonian structures for the two
cases of the hierarchy of nonlinear evolution equations and prove that they
are Liouville integrable.

2. The hierarchy of nonlinear evolution equations

Let us introduce a 3 x 3 matrix spectral problem

Y1 0 1 0
Yo = U(Sa )‘)y7 Yy = Y2 s U= U 0 1 ) (3)
Y3 A4+A"1o w0
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where s = (u,v)T, \ is a constant spectral parameter. We construct a Lie
algebra G over C, G = span{o;}%_, with the base

01 0 1 0 0 1 0 0
oo=00 1], ca=[00 0 |, o5=[0 -2 0],
0 0 0 0 0 -1 0 0 1
00 1 0 0 0 0 0 0
ou=00 0], os=[1 00|, os=| -1 0 0],
0 0 0 01 0 0 1 0

0 0 0 0 -1 0
or=|0 0 0], os=[ 0 0 1
1 0 0 0 0 0

equipped with the commutation relations [0, 0%] = > C]l.k,al, or explicitly
=

o1 o9 o3 o4 o5 o6 o7 os
g1 0 —01 308 0 (o] —03 —06 20‘4
o9 0 0 204 —o05 —0g —207 os
o3 0 0 3og 305 0 —30q
o4 0 —og o1 09 0
o5 0 —207 0 03
o6 0 0 —09
o7 0 —05
09 0.

One loop algebra generated by G is expressed as G = span{o;(n)}o_,,
oi(n) = o A", i =1,2,....8, along with the commutative operations

[oj(n Z rou(n +m) (4)

where the structural constants C]l.k can be found in the above table.
Then U in (3) takes the form

U=R+ ua5(0) + UJ7(—1) ,

where R = 01(0) + o7(1). It is easy to see that G = ker adR + Im adR and
ker adR is commutative. The gradation for G is defined by

deg(os(m)) = 3m+ 2, deg(o1(m)) = deg(og(m)) =3m +1,
deg(oa(m)) = deg(os(m)) =3m, deg(o7(m)) =3m —2,
deg(os(m)) = deg(og(m)) =3m —1. (5)



1956 X. SHAN, J. ZHU

Therefore, we have

deg(R) = deg(01(0) +07(1)) =1,
deg(o5(0)) = -1, deg(o7(—1)) = =5,

In order to solve the associated stationary zero-curvature equation

we define
rank(oj(m)) = deg(a;(m))

and

rank(\) = 3, rank(u) = 2, rank(v) =6, rank(0) =1

which imply that the equation (6) has homogeneous rank. Let the solution
of the initial problem of (6) be

V = Z (amo1(—m) + byoa(—m) + coz(—m) + dpos(—m) + enos(—m)

m>0
+fm06(_m) + gm07(_m) + thS(_m)) ) (7)

where the initial values are
a():b[):C[):d[):fO:h():O. (8&)

By substituting (7) into (6), we obtain

Umax = —bm, bm,x = €m — Uam — derl —vdp-1,
Cmax = uhpy, — fm ) dm,a: = 2hp,,
Cmax = uby, — hm+1 — vhp_1,
fm,a: = _(?’ucm + gm) + amy1 +vam_1,
Imx = —2u fp, + 2bm+1 + 2vbp, 1,
Bz = 3¢m + udy, , (m>1) (8b)
with
bor = ey — uag —dy, €oz = uby — h1,
fox = —(3uco + go) + a1, 9oz = —2ufo + 201 . (8¢)

Resorting to (8), we get by = h; = 0, egr = gox = 0. Because of
rank(o5(0)) # rank(o7(0)), for eg and go, one is nonzero constant, the other
is zero. Therefore, there are two cases:
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(i)ag =byg =co=do = fo=ho=g0=0, ey=a (a=const,a#0);
(i) ag =by =co=do=fo=ho=e =0, go=p (f=const, 5#0).

Case (¢). From the recurrence equation (8) and the homogeneous rank
convention, we calculate successively that

alzblzhlzelzo, 61:—%71, dlza,
a «
fi = gux, g1 = 9 (5u2 — 2um) ,
a a
a2 = 3 (um —4u2) , by = §(8uux Ugzz)
« 4
ey = o7 —Uggrr + (UL + 9u + 3u +9 |,
hy = dy=ca=fa=92=0, a3 =bz=e3=0,
2c 15 20
ds = o7 <umm — 10uugye — ?ui + ?u?’ — 9U> ,
a
hy = 77 (ummm — 2Up gy + 20U Uy — 10UULpy — 911;,:) ) 9)
By using mathematical induction, we get
az2m+1 = bam+1 = €2m+1 =0, Com = dom = fam = g2m = ham = 0.
It is easy to see that
rank(ag,) = 6m — 2, rank(ba,,) = 6m rank(egy,) = 6m,
rank(homy1) = 6m+1, rank(dem+1) = 6m rank(02m+1) =6m+2,
rank(fo,4+1) = 6m+3, rank(gomi+1) = 6m + 4,
rank(U) = 1, rank(V) =

By virtue of (8), we obtain
A"V)qe = [U, (A"V)4]
= —dn+10'2(0) + UdnCTQ(—l) — hn+105(0) + Uhn0'5(—1)
+an+106(0) — vanog(—l) -+ 2bn+10'7(0) — 2vbna7(—1) s

where
n

A" V)g =) [amoi(n —m) + - + hpnos(n — m)].

m=0
Let n = 2m, V™ = (\2"V), + A, Ay = vagmor(—1) — domy105(0).
Then we have
Vi = [0V = ~(damire + ham1)5(0) + [(vazm)s = 20balos (1)
(10)
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With the aid of (10) and the zero-curvature equation Ut_qu(m)+[U, vim)=o,
we obtain a hierarchy of nonlinear evolution equations

ur = —(dom+1,0 + homs1) s
vy = (vagm)e — 20bay, , m>0 (11)

which is reduced to (1) asm =1, a =9.
Case (i2). On the basis of the recurrence equation (8) and the conven-
tion on homogeneous rank, the similar data can be calculated successively

el = gu, 91:0, a2:b2:e2:0,
1 ) 2 1
C2 = §ﬁ (—sz—i—Qu), d2:_§5ua f2:§5(uwzx_7uu1)7
2 11 15
g2 = 277/6 <_um‘x:ta:+9’uuxx_3u3+2u§+9v) 5
1
hy = —3Bua, d3=hs=c3=f3=g3=0,

1 32
as = ﬁﬁ <umm — 12uuy, — 6ui + gu?’ — 91}) ,

1
by = 2776 (_UE)Q: + 12uugey + 24upug, — 32u2u$ + 9Ux) ’ ag =b4 =0,
y 49 5 56
dy = —=—B1R — uge + ldutyprr + 3DUplUzr + 7“92630 + —’LL4
31 2 3
4 2
—T0uu? — 56u2um} + §5uv - gﬁvzz )
2 3
hy = _ﬁﬁ — U7z + AUz Ugre + 14ulsy + 84UzsUspesr — 70““/’
224 z 2

By using mathematical induction, we get

a2m = bopy, = €2, =0,

COm+1 = d2m+1 = f2m+1 = g2m+1 = h2m+1 =0.
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Noting that

rank(agm+1) = 6m, rank(bam41) = 6m + 1, rank(egmi1) = 6m + 2,
rank(hoy,) = 6m —3, rank(day,) = 6m rank(copm,) = 6m — 2,
rank(fo,) = 6m —1, rank(gay,) = 6m

rank(U) = 1, rank(V') =

we arrive at

A"V)iz — [U, (A"V) 4]
= —dn+102<0) + ’UdnUQ(—l) — hn+105(0) + Uhn05(—1)
+an4+106(0) — vapoe(—1) + 2by+107(0) — 2vb,07(—1).

Let n = 2m + 1, V(M) = A2V 4 vagmi107(—1) — dami205(0). We
have

vm [U, V(m)} = —(dom+2,5+ham+2)05(0)+[(vagm+1)s—2vbam+1]o7(—1).

Then the zero-curvature equation implies a hierarchy of nonlinear evolution
equations

up = —(dom+2,0 + homi2)
vy = (Vagm+1)z — 20bomy1 m>0. (13)

So for the case (ii), by taking m = 1, 5 = 27 in (13), and using the results
of (12), we obtain the following new nonlinear evolution equation

up = 180400 — 36(vU)y — Ure + 49UpUsprrr + 14utsy + 84UppUpry — T0US

224
—252UUpUgy — 56u° Ugrr + Tu?’ux,
v = —300V; 4+ VpUpprr + SVUSe — 120, UlULe — 720U UL — 36VUULLy

32
—GUmui + ?ugvx + 96vu2um .

3. The Hamiltonian structures and integrability

In this section, we shall construct the Hamiltonian structures of the
resulting nonlinear evolution equations and prove their integrability. To this
end we write

V =aoy + bos + cos3 + doy + eos + fog + gor + hog,
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with
a = apA", =Y bpAT", c=> A", d=) dpAT",
m>0 m>0 m>0 m>0
e =Y emX " F=Y AT 9= gmAT, h=)  hp AT
m>0 m>0 m>0 m>0

It is easy to see that

ou ou ou
a = 0'7(0) - 1)0'7(—2), % = % =

Since (o1,05) = 2, (04,07) = 1, and (0j,05) =0 = (o1, 07), (4,1 =1,---,8;
Jj # 1,1 #4), where (0;,0;) = tr(o;0;), we get

oUu v ou ou d
TNoa(1- 2 A ) N
<V’ 8)\> d( /\2> ’ <V’ au> “ <V’ av> y
Noticing the trace identity [6]

() (420) - [ (3 ) () (05

where ¢ is a constant to be fixed, we obtain by equating the coefficients of
A~2"=2 on both sides that

( 3??5 )(dn+2—vdn) = (—n—1+s)< 621:"“ ) . n=2m+1. (14)

0'5(0)7 07(—1).

Now we search for the Hamiltonian structures of nonlinear evolution equa-
tions (11). To fix the constant ¢, we simply set n = 1 in (14) and arrive at
€= % Therefore, we establish the following equation

2a2m+y2 \ _ [ 6/6u s -
< dom+1 ) N ( §/dv Hn, Hp = 5 (vdamy1 — domy3) -

By using (8), we have

a2me = —bom , dom+1,2 = 2homy
Com+1 = 35 (homt1,e — udomi1) = 3 (207 — w) dopms1
foms1 = thomi1 — omi1e = 3uddami1 — 5 (30° — Ou) dom1
= (—%83 + %uﬁ + %814) dom+1
bom = 5 (Ogamr1 + 2ufomi1 — 2bamy2)
Vagm = 0 fomt1 + 3uCami1 + G2m+1 — Gam+2 - (15)
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Then (11) can be rewritten as

uy = —(domt1,e + ham1) = —50dam1

ve = (Vagm)e — 20bam = —30agmra + 30(ucams1) + 02 fami1 — 2ufomi1
= =30 (2a0m42) + (—50° + ud® + L0%u
+%82u8 + %8u82 — %uau —u?0— 8u2) dom+1

which possesses the following Hamiltonian form
ur \ 2a2m42 \ d/0u
<Ut >_J<d2m+1 >_J<5/5U Hum, (16)
where
with

F = —%85 + %ua?’ + %83u + %821@ + %81@2 — %uau — w20 — o’

By (8) and (15), we arrive at

doms1 = €am — UA2m — Vdam—1 — bame = €2m — vdam—1 + (0% — u) agm ,
€ama = Ubam — hami1 — Vhom—1 = —udagm — 50damy1 — 500dgm—1
eom = —0 udag, — %dgmﬂ - %8_1v8d2m_1 ,
2aom12 = 207 [Fdomi1 — (00 + 200)azm) . (17)

Therefore, it can be verified that

2a9m+2 2a9m
=T 1
( dom+1 ) < dom-—1 ) ’ (18)
with
L:E %8_117 (82 — 0 uo — u) — 20" — v —%8_117 (2v + 07 10) _
3 9% — 0o —u —20 — 0 1wd

It is easy to see that both J and JL are skew-symmetric operators, and for
{Hp} it holds that
_ O0Hp

L™ f(s) = 5"

fo) - (29 (umx—zxu?)) |

a

where
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A direct calculation shows that J is symplectic, i.e.,
(7' )1 Ag. k) + (S $)Iglh, £) + (T ()R, g) = 0.

Then, the bracket {f, g} = (%7 J g—g) is a well-defined Poisson bracket, there-

fore {H,,} are conserved densities for (11) and in involution in pair. Hence
(11) is Liouville integrable.

Now, we turn to the search for Hamiltonian structure of (13). It is easy
to see that we choose n = 2m to be right. To fix the constant e, we simply
set n =0 in (14) and arrive at € = % Therefore, we establish the following
equation

2a m 6/0u ~ o

dom+2
ut — J 2a2m+3
vy dom+2 ’

where J is the Hamiltonian operator in (16). Consequently, (13) takes the
Hamiltonian form

ur | 209m+3 \ _ 5/ou \ =
()= ) = (5 )

Based on (8), we derive

209m+3 ) _ I 2a9m+1
d2m+2 dam ’

where L is the operator in (18). For {H,,} it holds that

Using (8), we have

. 6H,,
L™f(s) = 5~

where

f(s) _ < 2%5 (umm — 12uuxgﬁ—u6u§ + %u3 — 91)) ) ‘
3

Then, {H,,} are conserved densities for (13) and involution in pair. Hence
(13) is Liouville integrable [12].
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