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It is important to obtain effective operators by integrating out high
energy degrees of freedom in physics. We suggest a general method of
calculating accurate irrelevant operators in a scattering process without use
of equation of motions. By using this method, for example, we will represent
a complete set of dimension six operators in QCD, which are induced from
physics beyond the standard model, supersymmetry and universal extra
dimension. We will also show an example of effective anomalous 4-Fermi
interactions induced from a little Higgs model.
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1. Introduction

It is important to obtain effective operators by integrating out high en-
ergy degrees of freedom in physics. In a quantum field theory, we can obtain
effective Lagrangian by integrating out high energy momentum and heavy
particles. And their effects are introduced into irrelevant operators in a low
energy effective theory. Therefore, it is important to obtain effective irrel-
evant operators accurately for a search of new physics. As for high energy
physics, search for physics beyond the standard model (SM) is one of the
main subjects in Large Hadron Collider (LHC). For both theoretical and
numerical analyses to search new physics, we stress again that it is impor-
tant to obtain accurate irrelevant operators because they include the hints
of new physics.
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There have been some works of listing higher dimensional operators in
the field content of the SM (or also including right-handed neutrinos.) Al-
lowed irrelevant operators in an effective theory should be determined by
symmetries existed in the theory. Let us focus in this paper, mainly on di-
mension six operators. Possible dimension six operators within the SM field
content were listed in Ref. [1]. Meanwhile, this set was not irreducible, and
Refs. [2,3] have obtained a complete set systematically. However, Ref. [4,5,6]
insisted that 80 numbers of complete set can be diminishable to 59 by using
equation of motions (EOMs).

In this paper, we show a general method of calculating accurate irrele-
vant effective operators in a scattering process without use of EOMs. By
using this method, we will represent dimension six operators induced from
supersymmetry (SUSY) [7], universal extra dimension (UED) [8], and little
Higgs model (LH) [9]. We will show coefficients of dimension six operators
in QCD by integrating out sparticles (KK particles) in SUSY (UED). We
will also show coefficients of 4-Fermi operators originating from anomalous
interactions in LH. They are promising candidates of beyond the SM, and
our analyses will shed lights on the search of beyond the SM. Our method
can apply to other quantum field theories in any dimensions, so that we
believe this technique is very useful in a lot of researches in physics.

2. Method of obtaining effective operators

Let us show a general method of obtaining accurate irrelevant operators
which are useful for calculating a scattering processes in an effective the-
ory. The effects of beyond the SM must contain in higher order irrelevant
operators in general. Thus, when we integrate out new particles and high
momentum (physics) above an energy scale of Λ, the effective theory Leff

can be expanded as a power of Λ−1 as

Leff = L0 +
1
Λ
L1 +

1
Λ2
L2 + · · · , (2.1)

where L0 is the SM Lagrangian, and L1 (L2) represents dimension five (six)
operators. As for dimension five operator, there is only one operator writ-
ten within the SM field contents, which induces Majorana neutrino masses.
Thus, let us mainly focus on a non-trivial next lowest operator, i.e., dimen-
sion six operators

L2 =
∑
i

ciO(6)
i , (2.2)

where ci is a coefficient, and i is the index of all possible dimension six oper-
ators allowed by the SM gauge symmetry. How can we calculate dimension
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six operators in the effective Lagrangian by integrating out high energy de-
grees of freedom? One correct answer is to take a path integral of the full
theory as

Z =
∫
DφSMDφheiS[φSM,φh] , (2.3)

where φSM and φh represent the SM fields and heavy fields, respectively. By
integrating out φh as

eiSeff [φSM] =
∫
DφheiS[φSM,φh] (2.4)

we can obtain an effective action

Seff [φSM] = SSM + S1[φSM] + S2[φSM] + · · · , (2.5)

where S1 = (1/Λ)
∫
L1 and S2 = (1/Λ2)

∫
L2. Coefficients of dimension six

operators have been basically calculated in S2[φSM], by which a S-matrix
element in this effective theory could be estimated.

Let us reveal more about the strategy to obtain irrelevant operators. We
now consider a Lagrangian such as

L[φl, φh] = L[φl] + Fi[φl]φh,i + 1
2Kij [φl]φh,iφh,j , (2.6)

where φl(φh) represent light (heavy) scalar fields, and i denotes a index
of scalar fields. The effective Lagrangian can be obtained using Gaussian
integral of φh as

eiSeff [φl] =exp
[
−1

2Tr logK[φl]−
i

2

∫
d4xd4yFi[φl](x)K−1

ij [φl](x, y)Fj [φl](y)
]
.

(2.7)

Note that Eq. (2.7) is exact when the Lagrangian is up to O(φ2
h). Although

the operators in Eq. (2.7) are non-local, they can be expanded by infinite
number of local operators. Noting mass of φl(φh) as µ(Λ), the non-local
operators can be expanded in powers of µ/Λ. Then, K[φl] in Eq. (2.7) is
divided into two parts as

K[φl] = Kh +K l[φl] , (2.8)

where Kh is the kinetic term of φh, and K l[φl] is φl dependent part of
K[φl]. Expanding momentum of K l[φl] by Λ, and regarding K l[φl]/Kh ∼
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O(µ2/Λ2)� 1, Tr logK[φl] and K[φl]−1 are given by

Tr logK[φl] = Tr log
(
Kh
)−1

+
∞∑
n=1

(−1)n+1

n
Tr
((

Kh
)−1

K l[φl]
)n

, (2.9)

K[φl]−1 =
(
Kh +K l[φl]

)−1
∼
(
Kh
)−1
−
(
Kh
)−1

K l[φl]
(
Kh
)−1

+ · · · ,
(2.10)

where (Kh)−1 = (Kh)−1(x, y) is the propagator of φh except for imaginary
factor i. Then, the action, Seff , can be written as

Seff [φl] =
∫
d4x

[
L[φl] +

i

2

∫
d4yδ4(y − x)

(
Kh
)−1

(x, y)Kl[φl](y)

+
i

4

∫
d4y

(
Kh
)−1

(x, y)Kl[φl](y)
(
Kh
)−1

(y, x)Kl[φl](x) + · · ·

−1
2

∫
d4yFi[φl](x)

{(
Kh
)−1

(x, y)

−
∫
d4z
(
Kh
)−1

(x, z)Kl[φl](z)
(
Kh
)−1

(z, y)Kl[φl](y) + · · ·
}
Fj [φl](y)

]
. (2.11)

In this expression, we can obtain an effective theory with infinite number of
local operators.

We comment that the perturbative expansion in Eqs. (2.9) and (2.10)
does not depend on F [φl] in Eq. (2.7). We can also consider a theory wit
interactions of φ3

h, φ
4
h, · · · , where they can be treated perturbatively. For

example, if there is an interaction, φ3
h, with coupling Gijk, the Lagrangian

is given by

L′[φl, φh] = L[φl, φh] +
1
3!
Gijk[φl]φh,iφh,jφh,k . (2.12)

By integrating out φh, the effective action, S′eff [φl], is given by

S′eff [φl] = Seff [φl] +
∫
d4xAijk(x)Gijk[φl](x)

+
∫ ∫

d4xd4yBijklmn(x, y)Gijk[φl](x)Glmn[φl](y) + · · · (2.13)

with dimensionful couplings Aijk and Bijklmn. They are calculated as

Aijk(x) =
δ

δGijk(x)
eiS

′
eff

∣∣
Gijk=0

, (2.14)

Bijklmn(x, y) =
δ2

δGlmn(y)δGijk(x)
eiS

′
eff

∣∣
Gijk=0

. (2.15)
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Apparently, Aijk is zero. Bijklmn is 〈(φh,iφh,jφh,k)x(φh,lφh,mφh,n)y〉h, where
〈O〉h is defined by

〈O〉h ≡
∫
Dφh O ei

R
L[φl,φh] . (2.16)

In this stage, S′eff [φl] is explicitly obtained. Before showing a concrete cal-
culation method, we consider a role of EOMs when we calculate irrelevant
operators.

We now stand in a position of showing our accurate method of calculating
irrelevant operators without use of EOMs. Let us show a concrete calculation
by using a toy model. We consider a Lagrangian

L = ψl(i/∂ −m)ψl + ψh(i/∂ −M)ψh + 1
2(∂µφ)2 − 1

2M
2φ2

−gφ
(
ψlψh + ψhψl

)
, (2.17)

where ψl (ψh) denotes a light (heavy) Dirac fermion and φ is a heavy real
scalar withm�M . We will obtain an effective action of ψl after integrating
out heavy fields, where irrelevant operators must include traces of heavy
particles and their interactions at high energy scale. Let us calculate the
effective action by integrate out ψh, φ, and show dimension six operators by
expanding 1/Mn. The effective action should be given by

eiSeff [ψl] =
∫
DφDψhDψheiS[ψl,ψh,φ] , (2.18)

and firstly, by integrating out H, it becomes

=
∫
DφDψhDψh exp i

{
Sfree[ψl, φ] +

(
ψh −AK−1

0

)
×K0

(
ψh −K−1

0 A
)
−AK−1

0 A
}

= (DetK0) exp i
{
Sfree[ψl, φ]−AK−1

0 A
}
, (2.19)

where

K−1
0 =

∫
d4k

(2π)4

1
/p−M

e−ip(x−y) = −iD(ψh)(x− y) ,

A = gφψl , A = gψlφ . (2.20)

The second term in Eq. (2.19) is written by

−AK−1
0 A = −1

2

∫
d4xd4yφ(x)δK̃(x, y)φ(y) ≡ −1

2φ δK̃ φ , (2.21)

δK̃(x, y) ≡ −2ig2ψl(x)D(ψh)(x− y)ψl(y) . (2.22)
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Next step is an integration of φ, which gives

eiSeff [ψl] = (DetK0)
∫
Dφ exp i

{
Sfree[ψl]− 1

2φ
(
K̃0 + δK̃

)
φ
}

=

 DetK0

Det
1
2

(
K̃0 + δK̃

)
 eiSfree[ψl]

=

(
DetK0

Det
1
2 K̃0

)
exp

{
iSfree[ψl]− 1

2Tr
∞∑
n=1

(−1)n+1

n

(
K̃−1

0 δK̃
)n}

, (2.23)

K̃−1
0 (x, y) ≡

∫
d4p

(2π)4

−1
p2 −M2

e−ip(x−y) = iD(φ)(x− y) . (2.24)

Determinant of K0 and K̃0 are cancelled by normalization, so that we finally
obtain the effective action of ψl as

Seff [ψl] = Sfree[ψl] +
i

2
Tr
∞∑
n=1

(−1)n+1

n

(
K̃−1

0 δK̃
)n

. (2.25)

Higher dimensional operators are included in the second term of Eq. (2.25),
thus dimension six operators are calculated from the second order of 1/Mn

expansion. A space integration of O(1/M2) gives

− i

4

∫
d4xd4yd4zd4wK̃−1

0 (x, y)δK̃(y, z)K̃−1
0 (z, w)δK̃(w, x)

= −ig4

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
(2π)4δ4(k1 − k2 + k3 − k4)

× d4p

(2π)4

1
p2 −M2

ψl(k1)
1

/p+ /k1 −M
ψl(k2)

1
(p+ k1 − k2)2 −M2

× ψl(k2)
1

/p+ /k4 −M
ψl(k4) , (2.26)

and integration of all momenta p, ki, (i = 1, · · · , 4) with ki � M induces
4-Fermi operators

O4F(x) =
g4

192π2

1
M2

[
−
(
ψlγ

µψl
) (
ψlγµψl

)
+ 2

(
ψlψl

) (
ψlψl

) ]
. (2.27)

These are the dimension six operators in this model. Notice that accurate
coefficients are automatically obtained without care of symmetric factors.
Other higher order operators can be calculated similarly.
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3. Dimension six operators induced from new physics

By using the calculation method represented in the previous section,
we concretely calculate coefficients of dimension six operators induced from
some candidates of new physics, SUSY, UED, and LH. We obtain coef-
ficients of dimension six operators in QCD by integrating out SUSY and
UED particles. We also obtain coefficients of 4-Fermi operators originating
from anomalous interactions induced from LH.

3.1. SUSY

Let us calculate coefficients of dimension six operators in QCD when
beyond the SM is SUSY. In the SUSY with R-parity, SUSY particles propa-
gate only inside the loop diagrams. Lagrangian of the QCD sector in SUSY
SM is given by

L = LSM + 1
2 g̃ (i/∂ −mg̃) g̃ − q̃†R

(
∂2 +m2

q̃R

)
q̃R − q̃†L

(
∂2 +m2

q̃L

)
q̃L

+
i

2
gsf

abcg̃aγµg̃bGcµ−igs
∑
q

(
q̃†L
λ

2

a↔
∂
µq̃L

)
Gaµ−igs

∑
q

(
q̃†R
λ

2

a↔
∂
µq̃R

)
Gaµ

+g2
s

∑
q

q̃†L
λ

2

aλ

2

b

q̃LG
a
µG

bµ + g2
s

∑
q

q̃†R
λ

2

aλ

2

b

q̃RG
a
µG

bµ

−
√

2gs
∑
q

(
q̃†Lg̃

a
R

λ

2

a

qL + h.c.
)

+
√

2gs
∑
q

(
q̃†Rg̃

a
L

λ

2

a

qR + h.c.
)
, (3.1)

where
∑

q represents a sum over all flavors. Effective action should be ob-
tained by integrating out q̃L, q̃R, and g̃ as

eiSeff =
∫
Dg̃Dq̃LDq̃LDq̃RDq̃R eiS . (3.2)

Seff includes all possible irrelevant operators. Calculating results are listed in
Appendix B.1, where coefficients of dimension six operators, 4-Fermi Oqqqq,
quark–quark–gluon–gluon OqqGG, and quark–quark–gluon OqqG are repre-
sented. They are operators up to O(g4

s), which are useful to estimate phe-
nomenology at LHC [10]. We overview explicit technique to calculate them
in the following discussions.

The first step is integrating out q̃R as∫
Dq̃RDq̃Re

iS = exp i
[
iTr(logK) +B†K−1B

]
, (3.3)
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K = K0 + δK ,

K0 =
(
∂µ∂µ +m2

R

)
, δK = igs [2Gµ∂µ + (∂µGµ)]− g2

sGµG
µ ,

B = −
√

2gs

(
g̃a
λ

2

a

PRq

)
, B† = −

√
2gs

(
qPL

λ

2

a

g̃a
)
, (3.4)

where Tr(logK) includes some loop diagrams which have external gluon lines
(e.g. Fig. 1). The second term, B†K−1B, can be expanded by right-handed
squark propagator as

B†K−1B = B†(1 +K−1
0 δK)−1K−1

0 B

= B†K−1
0 B −B†K−1

0 δKK−1
0 B +B†K−1

0 δKK−1
0 δKK−1

0 B + · · · .
(3.5)

Fig. 1. Diagrams of gluon external lines.

We take the expansion up to order of g4
s in Seff . Similarly, q̃L integration

can be performed, and after q̃R, q̃L integrations, an “effective action” in this
stage is given by

S(g̃) = 1
2

∫
d4xd4yg̃(x)ai

[
K̃0 + K̃I

]ab
xy
g̃(y)bj , (3.6)

where K̃0 and K̃I are[
K̃0

]ab
xy
≡ δabδ4(x− y)(i/∂y −mg̃)ij , (3.7)

[
K̃I

]ab
xy
≡ igsfabcδ4(x− y)/Gcij − 4ig2

s

∑
q=qL,qR

qj(y)
λ

2

b

D(q̃)(y − x)
λ

2

a

qi(x)

−4ig3
s

∫
d4z

∑
q=qL,qR

qj(y)
λ

2

b

D(q̃)(y − z){2Gµ∂µ + (∂µGµ)}zD(q̃)(z − x)
λ

2

a

qi(x)

−4ig4
s

∫
d4zd4w

∑
q=qL,qR

qj(y)qj(y)
λ

2

b

D(q̃)(y − z){2Gµ∂µ + (∂µGµ)}zD(q̃)(z − w)

×{2Gµ∂µ + (∂µGµ)}wD(q̃)(w − x)
λ

2

a

qi(x) +O(g5
s) , (3.8)
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and

D(q̃)(x− y) = −iK−1
0 =

∫
d4k

(2π)4

i

k2 −m2
q̃ + iε

e−ik (x−y) . (3.9)

Here i, j denote spinor indexes. Next step is integrating out gluino, and the
final effective action is obtained as

Seff =
∫
d4xd4yα(x, y)abij K̃I(x, y)abij

+
∫
d4xd4yd4zd4wβ(x, y, z, w)abcdijkl K̃I(x, y)abij K̃I(z, w)cdkl +O(K̃3

I ) ,

(3.10)

where α(x, y), β(x, y, z, w) consist of gluino propagator as

α(x, y)abij = −1
2δ
abD(g̃)(y − x)ji , (3.11)

β(x, y, z, w)abcdijkl =
i

8
δacδbd

[
C†D(g̃)(x− z)

]
ik

[
D(g̃)(w − y)CT

]
lj

− i
8
δadδbcD(g̃)(w − x)liD(g̃)(y − z)lj . (3.12)

We can know these results by differentiating interacting parts of the effective
action as

δ

δK̃I(x, y)abij
eiSeff

∣∣∣∣∣
K̃I=0

= iα(x, y)abij , (3.13)

δ

δK̃I(z, w)cdkl

δ

δK̃I(x, y)abij
eiSeff

∣∣∣∣∣
K̃I=0

= −α(x, y)abij α(z, w)cdkl

+ iβ(x, y, z, w)abcdijkl + iβ(z, w, x, y)cdabklij .

(3.14)

In this stage, all Oqqqq and OqqG at 1-loop level are included in Eq. (3.10)
up to the second order of K̃I .
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For example, the 4-Fermi operators all Oqqqq are obtained by picking up
O(g2

s) order terms from each K̃I in βK̃IK̃I , which is given by∫
d4xd4yd4zd4wβ(x, y, z, w)abcdijkl K̃I(x, y)abij K̃I(z, w)cdkl

⊃
∫
d4xd4yd4zd4w

[
i

8
δacδbd

[
C†D(g̃)(x− z)

]
ik

[
D(g̃)(w − y)CT

]
lj

− i
8
δadδbcD(g̃)(w − x)liD(g̃)(y − z)lj

]
×

[
−4ig2

sqj(y)
λ

2

b

D(q̃)(y−x)
λ

2

a

qi(x)

][
−4ig2

sq
′
l(w)

λ

2

d

D(q̃′)(w−z)λ
2

c

q′k(z)

]
.

(3.15)

The first term is given by

− 2ig4
s

∫
d4xd4yd4zd4w

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4

d4p1

(2π)4

d4p2

(2π)4

d4p3

(2π)4

d4p4

(2π)4

×

[
qj(k2)

λ

2

bλ

2

a

qi(k1)

][
q′l(k4)

λ

2

dλ

2

c

q′k(k3)

]

× i[C†( /p1 +mg̃)]ik
p2

1 −m2
g̃

i[( /p2 +mg̃)CT ]lj
p2

2 −m2
g̃

i

p2
3 −m2

q̃

i

p2
4 −m2

q̃′

× eik2ye−ik1xeik4xe−ik3ze−ip1(x−z)eip2(w−y)e−ip3(y−x)e−ip4(w−z) , (3.16)

and by integrating out x, y, z, w, p2, p3, p4, this term becomes

= −2ig4
s

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
δ4(k1 − k2 + k3 − k4)

×

[
qj(k2)

λ

2

bλ

2

a

qi(k1)

][
q′l(k4)

λ

2

dλ

2

c

q′k(k3)

]
×
[
A(C†γµ)ik(γνCT )lj +B(C†)ik(CT )lj

]
, (3.17)

A =
∫ d4p1

(2π)4

p1µ(p1+k1−k2)ν

(p2
1−m2

g̃)[(p1+k1−k2)2−m2
g̃][(p1+k1)2−m2

q̃]
h
(p1−k1)2−m2

q̃′

i , (3.18)
B =

∫ d4p1

(2π)4

m2
g̃

(p2
1−m2

g̃)[(p1+k1−k2)2−m2
g̃][(p1+k1)2−m2

q̃]
h
(p1−k1)2−m2

q̃′

i . (3.19)
Here A,B are Feynman parameter integral, and they become

A→ −i 6
192π2

f1(mq̃,mq̃) , B → i
12

192π2
f2(mq̃,mq̃) , (3.20)
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when ki, (i = 1, · · · , 4) are much smaller than masses of squarks and gluino.
f1, f2 are shown in Appendix B.1, and the spinor can be rearranged by
Fierz transformation of Eqs. (A.1) and (A.2) in Appendix A. Necessary
Fierz transformations and color factors are shown in Appendix A.

We can summarize all 4-Fermi operators as separating color singlet O(1)
qqqq

or color octet O(8)
qqqq, which is shown in Appendix B.1.1. When their chi-

ralities are (LL)(LL) or (RR)(RR) (L: left-handed, R: right-handed), the
4-Fermi operators are given by

O(1)
qqqq =

12
192π2

g4
s

[
2
9

(f1 + f2)
]

(qγµq)
(
q′γµq′

)
, (3.21)

O(8)
qqqq =

12
192π2

g4
s

[
−1

3
f1 −

7
6
f2

](
qγµ

λ

2

a

q

)(
q′γµ

λ

2

a

q′
)
. (3.22)

On the other hand, when their chiralities are (LL)(RR) or (RR)(LL), the
4-Fermi operators are given by

O(1)
qqqq =

12
192π2

g4
s

[
2
9

(−f1 + f2)
]

(qγµq)
(
q′γµq′

)
, (3.23)

O(8)
qqqq =

12
192π2

g4
s

[
−7

6
f1 −

1
3
f2

](
qγµ

λ

2

a

q

)(
q′γµ

λ

2

a

q′
)
. (3.24)

As for OqqG, vertex originates from two parts, αK̃I and βK̃IK̃I , as∫
d4xd4yα(x, y)abij K̃I(x, y)abij ⊃

∫
d4xd4y

[
−1

2δ
abD(g̃)(y − x)ji

]
×

[
− 4ig3

s

∫
d4z

∑
q=qL,qR

qj(y)
λ

2

b

D(q̃)(y − z){2Gµ∂µ + (∂µGµ)}z

×D(q̃)(z − x)
λ

2

a

qi(x)

]
, (3.25)∫

d4xd4yd4zd4wβ(x, y, z, w)abcdijkl K̃I(x, y)abij K̃I(z, w)cdkl

⊃ 2
∫
d4xd4yd4zd4w

[
i

8
δacδbd

[
C†D(g̃)(x− z)

]
ik

[
D(g̃)(w − y)CT

]
lj

− i
8
δadδbcD(g̃)(w − x)liD(g̃)(y − z)lj

]
×
[
igsf

abcδ4(x− y)/Gcij
] [
−4ig2

s

∑
q=qL,qR

qj(y)
λ

2

b

D(q̃)(y − x)
λ

2

a

qi(x)

]
.

(3.26)
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Equations (3.25) and (3.26) include not only dimension four operators but
also all higher dimensional operators such as dimension six operator. Higher
dimensional operators have been obtained by expanding the full operator by
k2 � Λ2, where kµ and Λ denote the momentum of the SM particles and
SUSY particles, respectively. Anyhow, we can obtain all OqqG in the similar
calculations as 4-Fermi operators, which is shown Appendix B.1.2.

For OqqGG, they can be also obtained in the same manner. OqqGG con-
tains in Eq.(3.10), and there are two contributions in the first order of K̃I as∫

d4xd4yα(x, y)abij K̃I(x, y)abij

⊃
∫
d4xd4yα(x, y)abij 4g2

s

∫
d4zqj(y)

λ

2

a

iD(q̃)(y − z)
[
−g2

sGµG
µ
]
z

× iD(q̃)(z − x)
λ

2

a

qi(x) , (3.27)∫
d4xd4yα(x, y)abij K̃I(x, y)abij

⊃
∫
d4xd4yd4zd4wα(x, y)abij

(
−4g2

s

)
qj(y)

λ

2

a

iD(q̃)(y−z)igs[2Gµ∂µ+(∂µGµ)]z

× iD(q̃)(z − w)igs[2Gµ∂µ+(∂µGµ)]wiD(q̃)(w − x)
λ

2

a

qi(x) . (3.28)

Similarly, there is one contribution in the second order of K̃I , which is
shown as∫

d4xd4yd4zd4wβ(x, y, z, w)abcdijkl K̃I(x, y)abij K̃I(z, w)cdkl

⊃ 2
∫
d4xd4yd4zd4wβ(x, y, z, w)abcdijkl

[
igsf

abe /Geij(x)δ4(x− y)
]

×
∫
d4z′4g2

sql(z)
λ

2

d

iD(q̃)
(
z − z′

)
{igs(2Gµ∂µ + (∂µGµ)}z′

× iD(q̃)(z′ − w)
λ

2

c

qk(w) . (3.29)

There is one contribution in the third order in Eq. (3.10), γK̃IK̃IK̃I , where
γ is given by
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γ(x, y, z, w, u, v)abcdefijklmn = 1
8

{
δadδbeδcfD(g̃)(w − x)li

×D(g̃)(y − u)jmD(g̃)(v − z)nk
+δafδbcδedD(g̃)(v − x)niD(g̃)(y − x)jkD(g̃)(w − u)lm

−δacδbeδdf [C†D(g̃)(z − x)]kiD(g̃)(y − u)jm[D(g̃)(v − w)CT ]nl

−δacδbfδde
[
C†D(g̃)(x− z)

]
ik

[
D(g̃)(v − y)CT

]
nj
D(g̃)(w − u)lm

−δadδbfδceD(g̃)(w − x)li
[
D(g̃)(y − v)CT

]
jn

[
C†D(g̃)(u− z)

]
mk

−δaeδbcδfd
[
C†D(g̃)(u− x)

]
mi
D(g̃)(y − z)jk

[
D(g̃)(w − v)CT

]
ln

−δaeδbdδfc
[
C†D(g̃)(x− u)

]
im

[
D(g̃)(y − w)CT

]
lj
D(g̃)(v − z)nk

−δafδbdδecD(g̃)(v − x)ni
[
D(g̃)(y − w)CT

]
jl

[
C†D(g̃)(z − u)

]
km

}
, (3.30)

and the third order is shown as∫
d4x · · · d4vγ(x, y, z, w, u, v)abcdefijklmnK̃I(x, y)abij K̃I(z, w)cdklK̃I(u, v)efmn

⊃
∫
d4x · · · d4vγ(x, y, z, w, u, v)abcdefijklmn

[(
−4g2

s

)
qj(y)

λ

2

b

iD(q̃)(y − x)
λ

2

a

qi(x)

]
×
[
igsf

cdg /Gg(z)klδ4(z − w)
] [
igsf

efh /Gh(u)mnδ4(u− v)
]
. (3.31)

Although γ has eight terms in total, they are all the same in Eq. (3.31) since
each term of γ corresponds to statistic factor in Feynman diagram. Notice
again that we do not care about a statistic factor in each operator since it
is automatically included in α, β, γ. We can obtain all OqqGG induced from
SUSY which is shown in Appendix B.1.3.

3.2. UED

Next, we estimate QCD dimension six operators induced from UED.
The UED has KK-parity so that KK particles can propagate only inside
loop processes. As the SUSY case, we can calculate dimension six operators
by integrating out KK particles.
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After dimensional reduction of the fifth dimensional compactified space
of S1/Z2, UED Lagrangian in the 4-dimensional space-time is given by

L = LSM + Lq(n) + LG(n) + L
G

(n)
5
,

Lq(n) =
∑
n

[
qL

(n)i
(
/∂ + igs /G−m(n)

L

)
q

(n)
L + qR

(n)i
(
/∂ + igs /G+m

(n)
R

)
q

(n)
R

−gs
(
q /G(n)

PLq
(n) + qiγ5G

(n)
5 PRq

(n)
)
− (L←→ R)

]
+ · · · ,

LG(n) =
∑
n

[
− 1

4

(
∂µG

(n)a
ν − ∂νG(n)a

µ

)2

+ 1
2m

(n)2
g G(n)a

µ G(n)aµ

− 1
2gsf

abc
(
∂µG

a
ν−∂νGaµ

)
G(n)bµG(n)cν− 1

2gsf
abc
(
∂µG

(n)a
ν −∂νG(n)a

µ

)
G(n)bµGcν

− 1
2gsf

abc∂µG
(n)a
ν −∂νG(n)a

µ )GbµG(n)cν− 1
4f

abcfade
{

2G(0)b
µ G(0)c

ν G(n)dµG(n)eµ

+
(
G(0)b
µ G(n)c

ν +G(n)b
µ G(0)c

ν

)(
G(0)dµG(n)eµ +G(n)dµG(0)eµ

)}]
· · · ,

L
G

(n)
5

=
∑
n

[
1
2∂µG

(n)a
5 ∂µG

(n)a
5 − 1

2m
2
5G

(n)a
5 G

(n)a
5

+ gsf
abc
(
mgG

(n)a
ν +∂νG

(n)a
5

)
G(n)b5Gcν− 1

2g
2
sf

abcfadeG
(n)b
5 GcνG

(n)d5Geν
]
+· · · ,

where

m
(n)
L =

n

R
+ δmL , m

(n)
R =

n

R
+ δmR ,

m(n)
g =

n

R
+ δmg , m

(n)
5 =

n

R
+ δm5 .

Here we take a ’t Hooft–Feynman gauge fixing, and m
(n)
L ,m

(n)
R ,m

(n)
g ,m

(n)
5

are SU(2) doublet KK quark mass, SU(2) singlet KK quark mass, KK gluon
mass, and KK scalar (fifth dimensional component of KK gluon) mass with
each radiative correction, respectively. At a tree level, these KK particles
are degenerate in a minimal UED, but there is a slight difference between
m

(n)
L and m

(n)
R when we consider radiative corrections. So here we show

general effective operators by using these general parameters. The effective
operators of Seff in UED can be calculated by the similar technique of the
previous subsection, and the results are shown in Appendix B.2.
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Here we overview this calculation. By integrating out KK quarks, KK
scalars, and KK gluons, the effective action becomes

Seff = S̃ +
∫
d4xd4yα(x, y)abµνKI(x, y)abµν

+
∫
d4xd4yd4zd4wβ(x, y, z, w)abcdµνρσKI(x, y)abµνKI(z, w)cdρσ + · · · , (3.32)

where S̃ does not include KK gluons that is given by

S̃ = −g3
s

∫
d4xd4yd4zD(s)(x− y)

×
[
qL(x)

λ

2

a

D(L)(x− z)/G(z)D(L)(z − y)
λ

2

a

qL(y) + (L↔ R)
]

+i
∫
d4xd4yd4z1d

4z2d
4z3δ

4(x− y)

×

[
gsf

bcfGfµ(z1)∂z1µδ
4(z1 − z2) + ig2

s

×

{
qL(z1)

λ

2

b

D(L)(z1 − z2)
λ

2

c

qL(z) + (L↔ R)

}]
×
[
D(s)(x− z1)δab

]
×
[
gsf

degGgν(z3)∂z3νδ
4(z3 − y) + ig2

s

×

{
qL(z3)

λ

2

b

D(L)(z3 − y)
λ

2

c

qL(y) + (L↔ R)

}]
×
[
D(s)(z2 − z3)δcd

]
. (3.33)

Here D(L), D(R), and D(s) are propagators of KK quarks and KK scalars as

D(L) =
∫

d4p

(2π)4

i

/p−m(n)
L

e−ip(x−y) , (3.34)

D(R) =
∫

d4p

(2π)4

i

/p+m
(n)
R

e−ip(x−y) , (3.35)

δabD(s) = δab
∫

d4p

(2π)4

i

p2 −m(n)2
5

e−ip(x−y) , (3.36)
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respectively. And α, β,KI are given by

α(x, y)abµν = 1
2D

(g)(x− y)δabgµν ≡ 1
2δ
abgµν

∫
d4p

(2π)4

−i
p2 −m2

g

e−i(x−y),

(3.37)

β(x, y, z, w)abcdµνρσ =
i

8

[
D(g)(x− z)D(g)(y − w)δacδbdgµρgνσ

+D(g)(x− w)D(g)(y − z)δadδbcgµσgνρ
]
, (3.38)

KI(x, y)
ab
µν = −2gsf

abc [∂µGcν(x) +Gcµ(x)∂νx − gµνGcσ(x)∂xσ] δ4(x− y)

+2ig2
s

»
qL(x)γµ

λ

2

a

D(L)(x− y)γν λ
2

b

qL(y) + (L↔ R)

–
+2g3

s

Z
d4z

»
qL(x)γµ

λ

2

a

D(L)(x− z)/G(z)D(L)(z − y)γν λ
2

b

qL(y) + (L↔ R)

–
−ig4

s

Z
d4zd4w

×
»„
qL(x)γµ

λ

2

a

D(L)(x− z)λ
2

c

qL(z)

«
D(s)(z − w)

„
qL(y)γν

λ

2

b

D(L)(y − w)
λ

2

c

qL(w)

«
+

„
qL(z)

λ

2

c

D(L)(z − x)γµ λ
2

a

qL(x)

«
D(s)(z − w)

„
qL(w)

λ

2

c

D(L)(w − y)γν λ
2

b

qL(y)

«
−2

„
qL(x)γµ

λ

2

a

D(L)(x− z)λ
2

c

qL(z)

«
D(s)(z − w)

„
qL(w)

λ

2

c

D(L)(w − y)γν λ
2

b

qL(y)

«
−
„
qL(x)γµ

λ

2

a

D(L)(x− z)λ
2

c

qL(z)

«
D(s)(z − w)

„
qR(y)γν

λ

2

b

D(R)(y − w)
λ

2

c

qR(w)

«
−
„
qL(z)

λ

2

c

D(L)(z − x)γµ λ
2

a

qL(x)

«
D(s)(z − w)

„
qR(w)

λ

2

c

D(R)(w − y)γν λ
2

b

qR(y)

«
+

„
qL(x)γµ

λ

2

a

D(L)(x− z)λ
2

c

qL(z)

«
D(s)(z − w)

„
qR(w)

λ

2

c

D(R)(w − y)γν λ
2

b

qR(y)

«
+

„
qL(w)

λ

2

c

D(L)(w − y)γν λ
2

b

qL(y)

«
D(s)(z − w)

„
qR(x)γµ

λ

2

a

D(R)(x− z)λ
2

c

qR(z)

«
+(L↔ R)] , (3.39)

respectively. Here ∂νx , ∂xσ in the first line of Eq. (3.39) means derivatives of
KK gluons.

Dimension six operators induced from UED can be also obtained in the
same manner as in SUSY, which is discussed in Sec. 3.1. In the UED case,
the analysis is also made up to the order of O(g4

s). We show that Oqqqq
comes from the terms (KI)0, (KI)1, and (KI)2 in Eq. (3.32). Similarly, we
can obtain OqqG from the terms (KI)1, (KI)2, and (KI)3. As for OqqGG,
it comes from the terms (KI)1, (KI)2, (KI)3, and (KI)4. Explicit forms of
Oqqqq, OqqG, and OqqGG are shown in Appendix B.2.
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3.3. Little Higgs

In this subsection, we calculate dimension six operators with anomalous
coupling in LH model. The Lagrangian is given by

Lint = −gst/Gt−
2
3
et/At− g√

2
cosβ

(
b /WPLt+ h.c.

)
− g

cos θW
t/Z
(
−2

3
sin2 θW +

1
2

cos2 βPL

)
t , (3.40)

where β and mt are tan−1 λ2
1

λ2
1+λ2

2

v
f and

√
λ1λ2

λ2
1+λ2

2
, respectively. The f denotes

the VEV of the Little Higgs. When we take λ1 ' λ2 ' 1, we can estimate
cosβ ' 1− v2

2f2 . Only 4-Fermi operators have non-standard effects originated
from W , Z-boson exchanges in the electroweak interaction. Then, below an
energy scale of MW , we can obtain Oqqqq as

OLH =
g2

2
cos2 β

1
k2 −M2

W

(
tγµPLb

) (
bγµPLt

)
+
g2

3
tan2 θW cos2 β

1
k2 −M2

Z

( qγµPLq)
(
tγµPLt

)
. (3.41)

They are useful for estimating an evidence of the LH.

4. Summary

It is important to obtain effective operators by integrating out high en-
ergy degrees of freedom in physics. In a quantum field theory, we can obtain
effective Lagrangian by integrating out high energy momentum and heavy
particles. In this paper, we have shown a general method of calculating
accurate irrelevant effective operators in a scattering process without use of
EOMs. By using this method, for example, we have represented coefficients
of dimension six operators induced from SUSY, UED, and LH. We have
shown coefficients of dimension six operators in QCD by integrating out
sparticles (KK particles) in SUSY (UED). We have also shown coefficients
of 4-Fermi operators originating from anomalous interactions in LH. They
are promising candidates of beyond the SM, and our analyses will shed lights
on the search of beyond the SM.

Our method can also give an effective action by integrating out high
momentum degrees of freedom of massless particles. In this case, an effective
Lagrangian have, in general, non-local interactions. Anyhow, our method
can apply to other quantum field theories in any dimensions, so that we
believe this technique is very useful in a lot of researches in physics.
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Appendix A

Fierz transformation and color factor

Here let us summarize some formulas which are useful for calculations.
Fierz transformation of γ-matrix in Eq. (3.17) shows(

C†γµ
)
ik

(
γνCT

)
lj

= −1
2 (γµ)ji (γµ)lk −

1
2

(
γµγ5

)
ji

(
γµγ

5
)
lk
, (A.1)(

C†
)
ik

(
CT
)
lj

= 1
4 (γµ)ji (γµ)lk −

1
4

(
γµγ5

)
ji

(
γµγ

5
)
lk
. (A.2)

We should notice that neither scalar nor pseudo-scalar components appear
by the Fierz transformation, since spinor components, (i, j, k, l), always have
the same chirality in each set of (i, j) and (k, l).

The color factor becomes(
λ

2

b
)
jn

(
λ

2

a)
ni

(
λ

2

b
)
lm

(
λ

2

a)
mk

=
2
9
δlkδjk −

1
3

(
λ

2

a)
lk

(
λ

2

a)
jk

(A.3)

from Fierz transformation of spinors. Next formulas are useful for the second
term of Eq. (3.15), whose spinor and color factor are different from those of
the first term. The spinor is given by

(γµ)li(γµ)jk = −1
2(γµ)ji(γµ)lk + 1

2(γµγ5)ji(γµγ5)lk , (A.4)

δliδjk = 1
4(γµ)ji(γµ)lk + 1

4(γµγ5)ji(γµγ5)lk , (A.5)

and the color factor becomes(
λ

2

b
)
jn

(
λ

2

a)
ni

(
λ

2

a)
lm

(
λ

2

b
)
mk

=
2
9
δlkδjk +

7
6

(
λ

2

a)
lk

(
λ

2

a)
jk

,

(A.6)

while A,B are the same as the first term.
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Appendix B

Explicit coefficients of dimension six operators

We define the following functions to write coefficients in terms of linear
combinations of them

α (a, b,m, n) ≡
1∫

0

dx
xn

(x (a2 − b2) + b2)m
,

β (a, b, c,m, n, l) ≡
1∫

0

dx

1∫
x

dy
xnyl

(x (c2 − b2) + y (b2 − a2) + a2)m
,

γ (a, b, c,m, n, l, r) ≡
1∫

0

dx

1∫
x

dy

1∫
y

dz

× xnylzr

(x (c2 − a2) + y (a2 − c2) + z (c2 − b2) + b2)m
,

δ (a, b, c,m, n, l, r) ≡
1∫

0

dx

1∫
x

dy

1∫
y

dz
xnylzr

(x (c2 − a2) + z (a2 − b2) + b2)m
.

(B.1)

Appendix B.1. SUSY

In SUSY SM, dimension six operators are written as follows,∫
d4xO(1)

qqqq(x) =
12g4

s

192π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
(2π)4δ4(−k1 + k2 − k3 +k4)

×
∑

i,j=L,R

Cij (q̄(k1)γµPiq(k2)) (q̄′(k3)γµPjq′(k4)) , (B.2)

∫
d4xO(8)

qqqq(x) =
12g4

s

192π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
(2π)4δ4(−k1 + k2 − k3 + k4)

×
∑

i,j=L,R

Dij (q̄T aγµPiq) (q̄′T aγµPjq′) , (B.3)

∫
d4xOqqG(x) =

g3
s

96π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4
(2π)4δ4(−k1+k2+k3)q(k2)

×T aEµL,RG
a
µ(k3)PL,Rq(k1) , (B.4)
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∫
d4xOqqGG(x) =

g4
s

192π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
(2π)4δ4(−k1+k2+k3+k4)

×q(k1)
[
FµνL,Rδ

ab+Hµν
L,RT

aT b
]
Gaµ(k2)Gbν(k3)PL,Rq(k4) , (B.5)

where Eµi , F
µν
i , Hµν

i , (i = L, R) are

Eµi = {e1i/k1 + e2i/k2} kµ1 + {e1i/k2 + e2i/k1}kµ2
+
{
e3i

(
k2

1 + k2
2

)
− e4ik1 k2

}
γµ − e5iiε

αβµνγ5γνk1αk2β , (B.6)

Fµνi = f1iαiε
αµνβγ5γβ + f2iαg

µνγα + f3iαg
αµγν + f4iαg

ανγµ , (B.7)

Hµν
i = h1iαiε

αµνβγ5γβ + h2iαg
µνγα + h3iαg

αµγν + h4iαg
ανγµ . (B.8)

Appendix B.1.1. Coefficients in Oqqqq

The coefficients of 4-Fermi operator are given as

CSUSY
LL = 2

9

[
f1

(
mq̃L ,mq̃′L

)
+ f2

(
mq̃L ,mq̃′L

)]
, (B.9)

CSUSY
RR = 2

9

[
f1

(
mq̃R ,mq̃′R

)
+ f2

(
mq̃R ,mq̃′R

)]
, (B.10)

CSUSY
LR = −2

9

[
f1

(
mq̃R ,mq̃′L

)
− f2

(
mq̃L ,mq̃′R

)]
, (B.11)

CSUSY
RL = −2

9

[
f1

(
mq̃L ,mq̃′R

)
+ f2

(
mq̃L ,mq̃′R

)]
, (B.12)

DSUSY
LL = −1

3f1

(
mq̃L ,mq̃′L

)
− 7

6f2

(
mq̃L ,mq̃′L

)
, (B.13)

DSUSY
RR = −1

3f1

(
mq̃R ,mq̃′R

)
− 7

6f2

(
mq̃R ,mq̃′R

)
, (B.14)

DSUSY
LR = −7

6f1

(
mq̃L ,mq̃′R

)
− 1

3f2

(
mq̃L ,mq̃′R

)
, (B.15)

DSUSY
RL = −7

6f2

(
mq̃R ,mq̃′L

)
− 1

3f1

(
mq̃R ,mq̃′L

)
, (B.16)

where f1 and f2 are given by

f1(mq̃,mq̃′) = β
(
mq̃′ ,mq̃,mg̃, 1, 1, 0

)
, (B.17)

f2(mq̃,mq̃′) = m2
g̃β
(
mq̃′ ,mq̃,mg̃, 2, 1, 0

)
. (B.18)
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Appendix B.1.2. Coefficients in OqqG

The coefficients of q-q-G operator are given as

EµL ≡ Eµ(mq̃ = mq̃L) (B.19)
= {e1(mq̃L)/k1 + e2(mq̃L)/k2}kµ1 + {e1(mq̃L)/k2 + e2(mq̃L)/k1}kµ2

+{e3(mq̃L)
(
k2

1 + k2
2

)
− e4(mq̃L)k1 k2}γµ

−e5(mq̃L)iεαβµνγ5γνk1αk2β , (B.20)
EµR = Eµ(mq̃R) , (B.21)

e1(mq̃)

=
107m6

g̃−495m4
g̃m

2
q̃+477m2

g̃m
4
q̃−89m6

q̃−6
“
m6
g̃+3m4

g̃m
2
q̃−54m2

g̃m
4
q̃+18m6

q̃

”
log
“
m2
g̃/m

2
q̃

”
18
“
m2
g̃ −m

2
q̃

”4
,

(B.22)

e2(mq̃)

=
−203m6

g̃+351m4
g̃m

2
q̃−189m2

g̃m
4
q̃+41m6

q̃+6
“
m6
g̃+51m4

g̃m
2
q̃−54m2

g̃m
4
q̃+18m6

q̃

”
log
“
m2
g̃/m

2
q̃

”
18
“
m2
g̃−m

2
q̃

”4
,

(B.23)

e3
`
mq̃
´

= e2
`
mq̃
´
, (B.24)

e4
`
mq̃
´

=
−155m6

g̃+423m4
g̃m

2
q̃−333m2

g̃m
4
q̃+65m6

q̃+6
“
m6
g̃+27m4

g̃m
2
q̃−54m2

g̃m
4
q̃+18m6

q̃

”
log
“
m2
g̃/m

2
q̃

”
9
“
m2
g̃−m

2
q̃

”4
,

(B.25)

e5
`
mq̃
´

=
9
“
m4
g̃ −m

4
q̃ − 2m2

g̃m
2
q̃ log

“
m2
g̃/m

2
q̃

””
“
m2
g̃ −m

2
q̃

”3
. (B.26)

Appendix B.1.3. Coefficients in OqqGG

The coefficients of q-q-G-G operator are given as

Fµν =f1αiε
αµνβγ5γβ + f2αg

µνγα + f3αg
αµγν + f4αg

ανγµ , (B.27)

Hµν =h1αiε
αµνβγ5γβ + h2αg

µνγα + h3αg
αµγν + h4αg

ανγµ , (B.28)

f1α =
[

1
2S0α − 2(P0 +Q0)α

]
(ma = mg̃,mb = mq̃i) , (B.29)

f2α =
[
−3Kα + 1

2R3α + 1
2S1α + 2(P1 +Q1)α

]
(ma = mg̃,mb = mq̃i) ,

(B.30)

f3α =
[

1
2R2α + 1

2S2α + 2(P3 +Q3)α
]

(ma = mg̃,mb = mq̃i) , (B.31)
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f4α =
[

1
2R1α + 1

2S3α + 2(P2 +Q2)α
]

(ma = mg̃,mb = mq̃i) , (B.32)
h1α = [12(P0 +Q0)α] (ma = mg̃,mb = mq̃i) , (B.33)

h2α =
[
2Kα − 1

3R3α + 12(P1 +Q1)α
]

(ma = mg̃,mb = mq̃i) , (B.34)

h3α =
[
−1

3R2α + 12(P3 +Q3)α
]

(ma = mg̃,mb = mq̃i) , (B.35)

h4α =
[
−1

3R1α + 12(P2 +Q2)α
]

(ma = mg̃,mb = mq̃i) , (B.36)

where K(ma,mb), P (ma,mb), Q(ma,mb), R(ma,mb), S(ma,mb) are written
in terms of a linear combination of the momentums;

Kα = a1k1α + a2k4α , (B.37)
P0α = (i11+i12+i13)k1α+(i21 + i22 + i23)k2α+(i31+i32+i33)k4α , (B.38)
P1α = (i11+i12−i13)k1α+(i21+i22−i23)k2α+(i31+i32−i33)k4α , (B.39)
P2α = (i11−i12+i13)k1α+(i21−i22+i23)k2α+(i31−i32+i33)k4α , (B.40)
P3α = (−i11+i12+i13)k1α+(−i21+i22+i23)k2α+(−i31+i32+i33)k4α ,

(B.41)
Q0α = (j11−j12+j13)k1α+(j21−j22+j23)k2α+(j31−j32+j33)k4α , (B.42)
Q1α = Q0α , (B.43)
Q2α = (−j11+j12+j13)k1α+(−j21+j22+j23)k2α+ v(−j31+j32+j33)k4α ,

(B.44)
Q3α = (j11+j12−j13)k1α+(j21+j22−j23)k2α+(j31+j32−j33)k4α , (B.45)
R1α = b11k1α+b21k2α+b31k4α , (B.46)
R2α = b12k1α+b22k2α+b32k4α , (B.47)
R3α = b13k1α+b23k2α+b33k4α , (B.48)
S0α = (−f12+f13)k1α+(−f22+f23)k2α+(−f32+f33)k4α , (B.49)
S1α = (f12+f13)k1α+(f22+f23)k2α+(f32+f33)k4α , (B.50)
S2α = S1α , (B.51)
S3α = (h1−2f11−f12−f13)k1α+(h2−2f21−f22−f23)k2α

+ (h3 − 2f31 − f32 − f33)k4α . (B.52)
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These coefficients, a1, a2, · · · , are given in terms of Feynman parameter in-
tegral as

a1(ma,mb)= a1(ma,mb) = a2(ma,mb)
= −α (ma,mb, 1, 2) + 2α (ma,mb, 1, 1)− α (ma,mb, 1, 0) , (B.53)

i11(ma,mb) = −2i21(ma,mb) = −2i22(ma,mb) = 2i32(ma,mb)
= 2i33(ma,mb) = −2α(ma,mb, 1, 3) , (B.54)

i12(ma,mb) = i13(ma,mb)
= −2α(ma,mb, 1, 3) + 3α(ma,mb, 1, 2) , (B.55)

i23(ma,mb) = −i31(ma,mb)
= α(ma,mb, 1, 3)− 3α(ma,mb, 1, 2) , (B.56)

j11(ma,mb) = j12(ma,mb)

= −2m2
aα(ma,mb, 2, 3) + 3m2

aα(ma,mb, 2, 2) (B.57)
j13(ma,mb) = 2j21(ma,mb) = 2j23(ma,mb) = −2j31(ma,mb)

= −2j32(ma,mb) = 2m2
aα(ma,mb, 2, 3) , (B.58)

j22(ma,mb) = −j33(ma,mb)

= m2
aα(ma,mb, 2, 3)− 3m2

aα(ma,mb, 2, 2) , (B.59)
b11(ma,mb) = 2b12(ma,mb) = b13(ma,mb) = −2b21(ma,mb)

= −2b22(ma,mb) = −2b23(ma,mb)
= −2b31(ma,mb) = 2b32(ma,mb) = 2b33(ma,mb)
= 8α(ma,mb, 1, 3)− 9α(ma,mb, 1, 2) + 6α(ma,mb, 1, 1)
− α(ma,mb, 1, 0) , (B.60)

f11(ma,mb)= −6α (ma,mb, 1, 3) + 6α (ma,mb, 1, 2) , (B.61)
f12(ma,mb)= f13(ma,mb) = f22(ma,mb)

= 12α (ma,mb, 1, 1)− 12α (ma,mb, 1, 0) , (B.62)
f23(ma,mb)= 12α (ma,mb, 1, 3) + 6α (ma,mb, 1, 2)− 6α (ma,mb, 1, 1) , (B.63)
f31(ma,mb)= −12α (ma,mb, 1, 3) + 6α (ma,mb, 1, 2) + 6α (ma,mb, 1, 1) , (B.64)
f32(ma,mb)= f33(ma,mb)

= 3α (ma,mb, 1, 4) + 4α (ma,mb, 1, 3)− α (ma,mb, 1, 0) , (B.65)

h1(ma,mb)−m2
aα (ma,mb, 2, 4)− 2m2

aα (ma,mb, 2, 3)

+ 4m2
aα (ma,mb, 2, 1)−m2

aα (ma,mb, 2, 0) , (B.66)

h3(ma,mb) = −12m2
aα(ma,mb, 2, 3)

+ 6m2
aα(ma,mb, 2, 2) + 6m2

aα(ma,mb, 2, 1) , (B.67)

and other coefficients are zero.
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Appendix B.2. UED

Let us list the dimension six operators of QCD in UED.

Appendix B.2.1. Coefficients in Oqqqq

When (qq)(q′q′) chirality is (LL)(LL) or (RR)(RR), 4-Fermi operator is

Oqqqq(x) =
g4
s

192π2

[
f1(qγµq)(q′γµq′) + f2

(
qγµ

λ

2

a

q

)(
q′γµ

λ

2

a

q′
)]

,

(B.68)

and the coefficients f1, f2 are

f1L =
4
(
m4
g+4m2

gm
2
L log

(
mL
mg

)
−m4

L

)
(
m2
g−m2

L

)3 , (B.69)

f1R =
4
(
m4
g + 4m2

gm
2
R log

(
mR
mg

)
−m4

R

)
(
m2
g −m2

R

)3 , (B.70)

f2L =
1(

m2
g−m2

5

)
(m5−mL)2(m5+mL)2(mg−mL)2(mg +mL)2

×

[
18m2

L

(
m2
g

(
m4

5 log
(
m2

L

m2
g

)
−m4

L log

(
m2
g

m2
L

))
+m2

5

(
m4
g+m4

L

)
log
(
m2

5

m2
L

)

+ 2m2
5m

2
gm

2
L log

(
m2
g

m2
5

)

+(m2
5 −m2

g)(m
2
5 −m2

L)(m2
g −m2

L)

)
+

7
(
−m4

5 + 2m2
5m

2
L log

(
m2

5

m2
L

)
+m4

L

)
2
(
m2

5 −m2
L

)3
+

30
(
−m4

g + 2m2
gm

2
L log

(
m2
g

m2
L

)
+m4

L

)
(
m2
g −m2

L

)3
 , (B.71)
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f2R =
1(

m2
g−m2

5

)
(m5−mR)2(m5+mR)2(mg−mR)2(mg+mR)2

×

[
18m2

R

(
m2
g

(
m4

5 log
(
m2

R

m2
g

)
−m4

R log

(
m2
g

m2
R

))
+m2

5

(
m4
g+m4

R

)
log
(
m2

5

m2
R

)

+ 2m2
5m

2
gm

2
R log

(
m2
g

m2
5

)

+(m2
5 −m2

g)(m
2
5 −m2

R)(m2
g −m2

R)

)
+

7
(
−m4

5 + 2m2
5m

2
R log

(
m2

5

m2
R

)
+m4

R

)
2
(
m2

5 −m2
R

)3
+

30
(
−m4

g + 2m2
gm

2
R log

(
m2
g

m2
R

)
+m4

R

)
(
m2
g −m2

R

)3
 . (B.72)

When (uu)(tt) chirality is (LL)(RR) or (RR)(LL), 4-Fermi operator is

Oqqqq(x) =
g4
s

192π2

[
f3(qγµq)(q′γµq′) + f4

(
qγµ

λ

2

a

q

)(
q′γµ

λ

2

a

q′
)]

,

(B.73)

and the coefficients f3, f4 are

f3(mq,mq′) = − 1(
m2
g −m2

q

)2 (
m2
g −m2

q′

)2 (
m2
q −m2

q′

)
×
[
8
(

2m2
gm

4
q′
(
m2
g − 2m2

q

)
log(mg)− 2m4

q′
(
m2
g −m2

q

)2 log(mq′)

+m2
g(m

2
g −m2

q)(m
2
g −m2

q′)(m
2
q −m2

q′)

+2m4
q

(
m4
g log

(
mq

mg

)
+ 2m2

gm
2
q′ log

(
mg

mq

)
+m4

q′ log(mq)
))]

, (B.74)
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f4(mq,mq′) =
9

2
(
m2

5 −m2
q

) (
m2

5 −m2
q′

)(
m2
q −m2

q′

)
×

(m2
5 −m2

q

) (
−m4

g + 4m4
g log(mg) +m4

q′ − 4m4
q′ log(mq′)

)
m2
g −m2

q′

−

(
m2

5 −m2
q′

) (
−m4

g + 4m4
g log (mg) +m4

q − 4m4
q log (mq)

)
m2
g −m2

q

+

(
m2
q −m2

q′

) (
−m4

5 + 4m4
5 log(m5) +m4

g − 4m4
g log(mg)

)
m2

5 −m2
g


+

9

2
(
m2

5 −m2
q

)2 (
m2

5 −m2
q′

)2 (
m2
q′ −m2

q

)
×
[
2m2

5m
4
q′
(
m2

5 − 2m2
q

)
log(m5)− 2m4

q′
(
m2

5 −m2
q

)2 log(mq′)

+m2
5

(
m2

5 −m2
q

) (
m2

5 −m2
q′
) (
m2
q −m2

q′
)

+2m4
q

(
m4

5 log
(
mq

m5

)
+ 2m2

5m
2
q′ log

(
m5

mq

)
+m4

q′ log(mq)
)]

− 30(
m2
g −m2

q

)2 (
m2
g −m2

q′

)2 (
m2
q −m2

q′

)
×
[
2m2

gm
4
q′
(
m2
g − 2m2

q

)
log(mg)− 2m4

q′
(
m2
g −m2

q

)2 log(mq′)

+m2
g

(
m2
g −m2

q

) (
m2
g −m2

q′
) (
m2
q −m2

q′
)

+2m4
q

(
m4
g log

(
mq

mg

)
+ 2m2

gm
2
q′ log

(
mg

mq

)
+m4

q′ log(mq)
)]

,

(B.75)

where mq,mq′ are mL or mR (mq, 6= mq′).

Appendix B.2.2. Coefficients in OqqG

q-q-G operator in UED takes the form as∫
d4xOqqG(x) = − g3

s

192π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k2

(2π)4
(2π)4δ4(−k1 + k2 + k3)

× q(k1)CµGµ(k3)q(k2) , (B.76)
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Cµ ≡ c1iε
αβµνγ5γν + c2g

µαγβ + c3g
µβγα + c4g

αβγµ , (B.77)
c1 ≡ c11k1αk2β , (B.78)
c2 ≡ c21k1αk1β + c22k1αk2β + c23k2αk1β + c24k2αk2β , (B.79)
c3 ≡ c31k1αk1β + c32k1αk2β + c33k2αk1β + c34k2αk2β , (B.80)
c4 ≡ c41k1αk1β + c42k1αk2β + c43k2αk2β . (B.81)

The coefficients are given as

c11 = 6
m4
g − 4m2

gm
2
q log

(
mg

mq

)
−m4

q(
m2
g −m2

q

)3 , (B.82)

c21 = 6
5m6

g − 27m4
gm

2
q + 27m2

gm
4
q + 12m4

g

(
m2
g − 3m2

q

)
log
(
mq

mg

)
− 5m6

q

18
(
m2
g −m2

q

)4 , (B.83)

c22 = 6
7m6

g − 27m2
gm

4
q + 12

(
m6
g − 6m4

gm
2
q + 6m2

gm
4
q

)
log
(
mg

mq

)
+ 20m6

q

18
(
m2
g −m2

q

)4 , (B.84)

c23 = 6
12m6

g log
(
mg

mq

)
− 11m6

g + 18m4
gm

2
q − 9m2

gm
4
q + 2m6

q

18
(
m2
g −m2

q

)4 , (B.85)

c24 = 6
12m6

g log
(
mq

mg

)
+ 11m6

g − 18m4
gm

2
q + 9m2

gm
4
q − 2m6

q

18
(
m2
g −m2

q

)4 , (B.86)

c31 =
1
3
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g − 27m4
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2
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gm
4
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g − 3m4
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q

)
log
(
mq
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)
− 5m6

q(
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g −m2

q

)4
−

6
(

2m6
5 − 9m4

5m
2
q + 18m2

5m
4
q + 12m6

q log
(
mq
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)
−11m6

q

)
(
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5−m2
q

)4
 , (B.87)

c32 =
1
3

3
(

7m6
5−36m4
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2
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4
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(
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4
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q

)
log
(
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mq

)
−16m6
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(
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+
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4
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q(
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 , (B.88)

c33 =
1
3

12m6
g log

(
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mq

)
− 11m6

g + 18m4
gm

2
q − 9m2

gm
4
q + 2m6

q(
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g −m2

q

)4
−

3
(
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5 − 9m4
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2
q + 18m2

5m
4
q + 12m6

q log
(
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)
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)
(
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5 −m2
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)4
 , (B.89)
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c34 =
1
3

12m6
g log

(
mq

mg

)
+ 11m6

g − 18m4
gm

2
q + 9m2

gm
4
q − 2m6

q(
m2
g −m2

q

)4
−

3
(
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2
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q

(
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)4
 , (B.90)

c41 =
18mgmq(

m2
g −m2

5

)3 (m5 −mq)(m5 +mq)(mg −mq)3(mg +mq)3

×
[
4m2

gm
2
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(
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q

)3
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2
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Appendix B.2.3. Coefficients in OqqGG

The q-q-G-G operator is written as

∫
d4xOqqGG(x) =

g4
s

192π2

∫
d4k1

(2π)4

d4k2

(2π)4

d4k3

(2π)4

d4k4

(2π)4
(2π)4δ4(−k1 + k2 + k3 + k4)

× q(k1)
[
FµνL,Rδ

ab +Hµν
L,RT

aT b
]
Gaµ(k2)Gbν(k3)PL,Rq(k4) , (B.94)

where Eµi , F
µν
i , Hµν

i , (i = L, R) are

Fµνi = f1iαiε
αµνβγ5γβ + f2iαg

µνγα + f3iαg
αµγν + f4iαg

ανγµ , (B.95)

Hµν
i = h1iαiε

αµνβγ5γβ + h2iαg
µνγα + h3iαg

αµγν + h4iαg
ανγµ . (B.96)
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The coefficients of color singlet part, Fµνi , are given as

f1α =
{

3[g1(mg,mq) + g4(mg,mq) + g7(mg,mq)]
+h1(mg,mq)− h4(mg,mq)− h7(mg,mq)
−1

2 [g1(m5,mq) + g4(m5,mq) + g7(m5,mq)− h1(m5,mq)
+h4(m5,mq)− h7(m5,mq)]
+1

4 [i1(mg,mq)− 2j1(mg,mq,m5) + 2s1(mg,mq)]

+1
2 [−s8(mg,mq,m5) + s12(mg,mq,m5)]

}
k1α

+
{

3[g2(mg,mq) + g5(mg,mq) + g8(mg,mq)]
+h2(mg,mq)− h5(mg,mq)− h8(mg,mq)
−1

2 [g2(m5,mq) + g5(m5,mq) + g8(m5,mq)
−h2(m5,mq) + h5(m5,mq)− h8(m5,mq)]
+1

4 [i2(mg,mq) + 2j2(mg,mq,m5)− 2s1(mg,mq)
+n1(mg,mq) + 2n11(mg,mq)]
−1

2 [−s8(mg,mq,m5) + s12(mg,mq,m5)]
}
k3α

+
{

3[g3(mg,mq) + g6(mg,mq) + g9(mg,mq)]
+h3(mg,mq)− h6(mg,mq)− h9(mg,mq)
−1

2 [g3(m5,mq) + g6(m5,mq) + g9(m5,mq)− h3(m5,mq)
+h6(m5,mq)− h9(m5,mq)]
+1

4 [i3(mg,mq) + 2j3(mg,mq,m5)− 2s1(mg,mq)

−1
2 [−s8(mg,mq,m5) + s12(mg,mq,m5)]

}
k4α , (B.97)

f2α =
{
− 3g1(mg,mq) + 3g4(mg,mq) + 2g7(mg,mq)

+h1(mg,mq)− h4(mg,mq)− h7(mg,mq)
−1

2 [g1(m5,mq)− g4(m5,mq) + g7(m5,mq)
−h1(m5,mq) + h4(m5,mq)− h7(m5,mq)]
+1

4 [i4(mg,mq)− 2j1(mg,mq,m5)− 2j1(m5,mq,mg)]
−3[e1(mg,mq,m5)− e1(m5,mq,mg)]
+1

4 [n2(mg,mq) + 2n12(mg,mq) + l1(mq,m5)− 2s2(mg,mq)]

+1
2 [r1(mg,mq,m5) + r10(mg,mq,m5)

−s8(mg,mq,m5) + s12(mg,mq,m5)]
}
k1α

+
{
− 3g2(mg,mq) + 3g5(mg,mq) + 2g8(mg,mq)

+h2(mg,mq)− h5(mg,mq)− h8(mg,mq)
−1

2 [g2(m5,mq)− g5(m5,mq) + g8(m5,mq)
−h2(m5,mq) + h5(m5,mq)− h8(m5,mq)]
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+1
4 [i5(m5,mq)− 2j2(mg,mq,m5)− 2j2(m5,mq,mg)

+n3(mg,mq) + 2n13(mg,mq) + l2(mq,m5)− 2s3(mg,mq)]
−1

2 [−r2(mg,mq,m5)− r11(mg,mq,m5)

−s8(mg,mq,m5) + s12(mg,mq,m5)]
}
k3α

+
{
− 3g3(mg,mq) + 3g6(mg,mq) + 2g9(mg,mq)

+h3(mg,mq)− h6(mg,mq)− h9(mg,mq)
−1

2 [g3(m5,mq)− g6(m5,mq) + g9(m5,mq)
−h3(m5,mq) + h6(m5,mq)− h9(m5,mq)]
+1

4 [i6(m5,mq)− 2j3(mg,mq,m5)− 2j3(m5,mq,mg)
−3[e2(mg,mq,m5)− e2(m5,mq,mg)]
+1

4 [n4(mg,mq) + 2n14(mg,mq) + l3(mq,m5)− 2s4(mg,mq)]

−1
2 [−r3(mg,mq,m5)− r12(mg,mq,m5)− s8(mg,mq,m5)

+s12(mg,mq,m5)]
}
k4α , (B.98)

f3α =
{

1
4 [g1(mg,mq) + 4g4(mg,mq)− 8g7(mg,mq)

+4(h1(mg,mq) + h4(mg,mq) + h7(mg,mq))]
−1

2 [g1(m5,mq) + g4(m5,mq)− g7(m5,mq)
−h1(m5,mq)− h4(m5,mq) + h7(m5,mq)]
+1

4(i7(m5,mq)− 2j1(mg,mq,m5))− 3e1(mg,mq,m5)

+1
4(n5(mg,mq) + 2n12(mg,mq)) + 1

4 [l4(mq,m5)− 2s2(mg,mq)]

−1
2 [−t1(mg,mq,m5)− r4(mg,mq,m5)− r13(mg,mq,m5)

+s9(mg,mq,m5)− s13(mg,mq,m5)]
}
k1α

+
{

1
4 [g2(mg,mq) + 4g5(mg,mq)− 8g8(mg,mq)

+4(h2(mg,mq) + h5(mg,mq) + h8(mg,mq))]
−1

2 [g2(m5,mq) + g5(m5,mq)− g8(m5,mq)
−h2(m5,mq)− h5(m5,mq) + h8(m5,mq)]
+1

4 [i8(m5,mq) + 2j2(mg,mq,m5) + n6(mg,mq) + 2n13(mg,mq)]

+1
4 l5(mq,m5)− 1

2 [−s3(mg,mq)− t2(mg,mq,m5)− r5(mg,mq,m5)

−r14(mg,mq,m5) + s10(mg,mq,m5)− s14(mg,mq,m5)]
}
k3α

+
{

1
4 [g3(mg,mq) + 4g6(mg,mq)− 8g9(mg,mq)

+4(h3(mg,mq) + h6(mg,mq) + h9(mg,mq))]
−1

2(g3(m5,mq) + g6(m5,mq)− g9(m5,mq)
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−h3(m5,mq)− h6(m5,mq) + h9(m5,mq))
+1

4 [i9(m5,mq) + 2j3(mg,mq,m5)]− 3e2(m5,mq,mg)

+1
4 [n7(mg,mq) + 2n14(mg,mq)]

+1
4 l6(mq,m5)− 1

2 [−s4(mg,mq,m5)− t3(mg,mq,m5)− r6(mg,mq,m5)

−r15(mg,mq,m5) + s11(mg,mq,m5)− s15(mg,mq,m5)]
}
k4α , (B.99)

f4α =
{

1
4 [12g1(mg,mq)− 12g4(mg,mq) + g7(mg,mq)

+4(−h1(mg,mq) + h4(mg,mq) + h7(mg,mq))]
−1

2(−g1(m5,mq) + g4(m5,mq) + g7(m5,mq)
+h1(m5,mq)− h4(m5,mq)− h7(m5,mq))
+1

4 [i10(m5,mq)− 2j1(mg,mq,m5)]− 3e1(m5,mq,mg)

+1
4 [n8(mg,mq) + l7(mq,m5)]

+1
2 [s5(mg,mq) + s2(mg,mq)]− 1

2 [−t4(mg,mq,m5)
−r7(mg,mq,m5)− r16(mg,mq,m5)
−s8(mg,mq,m5) + s12(mg,mq,m5)]

}
k1α

+
{

1
4 [12g2(mg,mq)− 12g5(mg,mq) + g8(mg,mq)

+4(−h2(mg,mq) + h5(mg,mq) + h8(mg,mq))]
−1

2(−g2(m5,mq) + g5(m5,mq)
+g8(m5,mq) + h2(m5,mq)− h5(m5,mq)− h8(m5,mq))
+1

4 [i11(m5,mq) + 2j2(mg,mq,m5) + n9(mg,mq) + l8(mq,m5)]

+1
2 [s6(mg,mq) + s3(mg,mq)]− 1

2 [−t5(mg,mq,m5)− r8(mg,mq,m5)

−r17(mg,mq,m5) + s8(mg,mq,m5)− s12(mg,mq,m5)]
}
k3α

+
{

1
4 [12g3(mg,mq)− 12g6(mg,mq) + g9(mg,mq)

+4(−h3(mg,mq) + h6(mg,mq) + h9(mg,mq))]
−1

2(−g3(m5,mq) + g6(m5,mq) + g9(m5,mq)
+h3(m5,mq)− h6(m5,mq)− h9(m5,mq))
+1

4 [i12(m5,mq) + 2j3(mg,mq,m5)]− 3e2(m5,mq,mg)

+1
4 [n10(mg,mq) + l9(mq,m5)]

+1
2 [s7(mg,mq)− s4(mg,mq)]− 1

2 [−t6(mg,mq)− r9(mg,mq,m5)

−r18(mg,mq,m5) + s8(mg,mq,m5)− s12(mg,mq,m5)]
}
k4α . (B.100)
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The coefficients of color octet part, Hµν
i , are given as

h1α =
{
− 2(g1(mg,mq) + g4(mg,mq) + g7(mg,mq))

−2
3(h1(mg,mq)− h4(mg,mq)− h7(mg,mq))

+1
3(g1(m5,mq) + g4(m5,mq) + g7(m5,mq)
−h1(m5,mq) + h4(m5,mq)− h7(m5,mq))
+3

2 [i1(m5,mq)− 2j1(mg,mq,m5)]− 18e1(m5,mq,mg)
}
k1α

+
{
− 2(g2(mg,mq) + g5(mg,mq) + g8(mg,mq))

−2
3(h2(mg,mq)− h5(mg,mq)− h8(mg,mq))

+1
3(g2(m5,mq) + g5(m5,mq) + g8(m5,mq)
−h2(m5,mq) + h5(m5,mq)− h8(m5,mq))
+3

2 [i2(m5,mq) + 2j2(mg,mq,m5)]
}
k3α

+
{
− 2(g3(mg,mq) + g6(mg,mq) + g9(mg,mq))

−2
3(h3(mg,mq)− h6(mg,mq)− h9(mg,mq))

+1
3(g3(m5,mq) + g6(m5,mq) + g9(m5,mq)− h3(m5,mq)

+h6(m5,mq)− h9(m5,mq)) + 3
2 [i3(m5,mq)− 2j3(mg,mq,m5)]

−18e2(m5,mq,mg)
}
k4α , (B.101)

h2α = −
{

2g1(mg,mq)− 2g4(mg,mq)− 4
3g7(mg,mq)

−2
3(h1(mg,mq)− h4(mg,mq)− h7(mg,mq))

+1
3(g1(m5,mq)− g4(m5,mq) + g7(m5,mq)
−h1(m5,mq) + h4(m5,mq)− h7(m5,mq))
+3

2 [i4(m5,mq)− 2j1(mg,mq,m5)− 2j1(m5,mq,mg)]
−18[e1(mg,mq,m5)− e1(m5,mq,mg)]
+3

2 [l1(mq,m5)− 2r1(mg,mq,m5)− 2r10(mg,mq,m5)]
}
k1α

−
{

2g2(mg,mq)− 2g5(mg,mq)− 4
3g8(mg,mq)

−2
3(h2(mg,mq)− h5(mg,mq)− h8(mg,mq))

+1
3(g2(m5,mq)− g5(m5,mq) + g8(m5,mq)
−h2(m5,mq) + h5(m5,mq)− h8(m5,mq))
+3

2 [i5(m5,mq)− 2j2(mg,mq,m5)− 2j2(m5,mq,mg)]

−3[r2(mg,mq,m5) + r11(mg,mq,m5)]
}
k3α

−
{

2g3(mg,mq)− 2g6(mg,mq)− 4
3g9(mg,mq)

−2
3(h2(mg,mq)− h5(mg,mq)− h8(mg,mq))
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+1
3(g3(m5,mq)− g6(m5,mq) + g9(m5,mq)
−h3(m5,mq) + h6(m5,mq)− h9(m5,mq))
+3

2 [i6(m5,mq)− 2j3(mg,mq,m5)− 2j3(m5,mq,mg)]
−18[e3(mg,mq,m5)− e3(m5,mq,mg)]
+3

2 [l3(mq,m5)−2r3(mg,mq,m5)−2r12(mg,mq,m5)]
}
k4α ,(B.102)

h3α = −1
6(g1(mg,mq) + 4g4(mg,mq)− 8g7(mg,mq)

+4(h1(mg,mq) + h4(mg,mq) + h7(mg,mq)))
+
{

1
3g1(m5,mq) + g4(m5,mq)− g7(m5,mq)

−h1(m5,mq)− h4(m5,mq) + h7(m5,mq)
+3

2 [i7(m5,mq)− 2j1(mg,mq,m5)]− 18e1(mg,mq,m5)

+3
2 l4(mq,m5)−3(t1(m5,mq)+r4(mg,mq,m5)+r13(mg,mq,m5))

}
k1α

−1
6(g2(mg,mq) + 4g5(mg,mq)− 8g8(mg,mq) + 4(h2(mg,mq)

+h5(mg,mq) + h8(mg,mq)))
+
{

1
3g2(m5,mq) + g5(m5,mq)− g8(m5,mq)− h2(m5,mq)

−h5(m5,mq) + h8(m5,mq))
+3

2 [i8(m5,mq) + 2j2(mg,mq,m5)] + 3
2 l5(mq,m5)

−3(t2(m5,mq) + r5(mg,mq,m5) + r14(mg,mq,m5))
}
k3α

−1
6(g3(mg,mq) + 4g6(mg,mq)− 8g9(mg,mq) + 4(h3(mg,mq)

+h6(mg,mq) + h9(mg,mq)))
+
{

1
3g3(m5,mq) + g6(m5,mq)− g9(m5,mq)− h4(m5,mq)

−h6(m5,mq) + h9(m5,mq))
+3

2 [i9(m5,mq)− 2j3(mg,mq,m5)]− 18e3(mg,mq,m5) + 3
2 l6(mq,m5)

−3(t3(m5,mq) + r6(mg,mq,m5) + r15(mg,mq,m5))
}
k4α , (B.103)

h4α = −
{

1
6(12g1(mg,mq)− 12g4(mg,mq) + g7(mg,mq)

+4(−h1(mg,mq) + h4(mg,mq) + h7(mg,mq)))
+1

3(−g1(m5,mq) + g4(m5,mq) + g7(m5,mq)
+h1(m5,mq)− h4(m5,mq)− h7(m5,mq))
+3

2 [i10(m5,mq)− 2j1(mg,mq,m5)]− 18e1(mg,mq,m5)

+3
2 l7(mq,m5)−3(t4(m5,mq)+r7(mg,mq,m5)+r16(mg,mq,m5))

}
k1α

−
{

1
6(12g2(mg,mq)− 12g5(mg,mq) + g8(mg,mq)

+4(−h2(mg,mq) + h5(mg,mq) + h8(mg,mq)))
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+1
3(−g2(m5,mq) + g5(m5,mq) + g8(m5,mq)

+h2(m5,mq)− h5(m5,mq)− h8(m5,mq))
+3

2 [i11(m5,mq)− 2j2(mg,mq,m5)] + 3
2 l8(mq,m5)

−3(t5(m5,mq) + r8(mg,mq,m5) + r17(mg,mq,m5))
}
k3α

−
{

1
6(12g3(mg,mq)− 12g6(mg,mq) + g9(mg,mq)

+4(−h3(mg,mq) + h6(mg,mq) + h9(mg,mq)))
+1

3(−g3(m5,mq) + g6(m5,mq) + g9(m5,mq) + h3(m5,mq)
−h6(m5,mq)− h9(m5,mq))
+3

2 [i12(m5,mq)− 2j3(mg,mq,m5)]− 18e3(mg,mq,m5) + 3
2 l9(mq,m5)

−3(t6(m5,mq) + r9(mg,mq,m5) + r18(mg,mq,m5))
}
k4α . (B.104)

These coefficients, g(ma,mb), h(ma,mb), · · · , are written in terms of
Feynman integral as follows:

g1(ma,mb) = −α(mb,ma, 1, 3) + 3α(mb,ma, 1, 2) , (B.105)

g2(ma,mb) = g8(ma,mb) =
1
2
g3(ma,mb) = g4(ma,mb) = g7(ma,mb))

= −α(mb,ma, 1, 3) , (B.106)
g5(ma,mb) = g6(ma,mb) = g9(ma,mb)

= −α(mb,ma, 1, 3) + 3α(mb,ma, 1, 2) , (B.107)
h1(ma,mb) = h2(ma,mb) = h8(ma,mb))

= −m2
bα(mb,ma, 2, 3) + 3m2

bα(mb,ma, 2, 2) , (B.108)

h3(ma,mb) = −2m2
bα(mb,ma, 2, 3) , (B.109)

h4(ma,mb) = h7(ma,mb)

= −m2
bα(mb,ma, 2, 3) , (B.110)

h5(ma,mb) = h6(ma,mb) = h9(ma,mb)

= −m2
bα(mb,ma, 2, 3) + 3m2

bα(mb,ma, 2, 2) , (B.111)
i1(ma,mb) = i4(ma,mb)

= 6α(ma,mb, 1, 3) + f9α(ma,mb, 1, 2) , (B.112)
i2(ma,mb) = i5(ma,mb)

= 6α(ma,mb, 1, 3)− 24α(ma,mb, 1, 2) , (B.113)
i3(ma,mb) = i6(ma,mb)

= 12α(ma,mb, 1, 3)− 12α(ma,mb, 1, 2) , (B.114)
i7(ma,mb) = −12α(ma,mb, 1, 3) + 3α(ma,mb, 1, 2) , (B.115)
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i8(ma,mb) = 12α(ma,mb, 1, 3) + 6α(ma,mb, 1, 2) , (B.116)
i9(ma,mb) = −24α(ma,mb, 1, 3) , (B.117)
i10(ma,mb) = −35α(ma,mb, 1, 3) , (B.118)
i11(ma,mb) = −26α(ma,mb, 1, 3) + 42α(ma,mb, 1, 2) , (B.119)
i12(ma,mb) = −52α(ma,mb, 1, 3) + 66α(ma,mb, 1, 2) , (B.120)

j1(ma,mb,mc)= 3m2
bβ (ma,mc,mb, 2, 1, 3) , (B.121)

j2(ma,mb,mc)= 6m2
bβ (ma,mc,mb, 2, 1, 1)

−6m2
bβ (ma,mc,mb, 2, 2, 0) , (B.122)

j3(ma,mb,mc) = 6m2
bβ (ma,mc,mb, 2, 0, 3)

− 3m2
bβ (ma,mc,mb, 2, 1, 3) , (B.123)

e1(ma,mb)= e2(ma,mb)
= α (a, b, 1, 2) , (B.124)

n1(ma,mb)= 6α (ma,mb, 1, 1)− 6α (ma,mb, 1, 2) , (B.125)

n2(ma,mb)= n8(ma,mb) = n4(ma,mb)= 1
2n7(ma,mb) = n10(ma,mb)

= 12α (ma,mb, 1, 3)−24α (ma,mb, 1, 2)+12α (ma,mb, 1, 1) ,
(B.126)

n5(ma,mb)= −24α (ma,mb, 1, 2)− 24α (ma,mb, 1, 1)
+48α (ma,mb, 1, 0) , (B.127)

n6(ma,mb)= −24α (ma,mb, 1, 3) + 84α (ma,mb, 1, 2)
−27α (a, b, 1, 1) , (B.128)

n11(ma,mb)= 6m2
bα (ma,mb, 2, 2)− 6m2

bα (ma,mb, 2, 1) , (B.129)

n12(ma,mb)= 6m2
bα (ma,mb, 2, 3)− 12m2

bα (ma,mb, 2, 2)

+6m2
bα (ma,mb, 2, 1) , (B.130)

n14(ma,mb)= 6m2
bα (ma,mb, 2, 1)− 12m2

bα (ma,mb, 2, 1)

+6m2
bα (ma,mb, 2, 1) , (B.131)

t1(ma,mb,mc)= t2(ma,mb,mc)
= −12mambγ (ma,mb,mc, 2, 1, 0, 0)

+6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.132)
t3(ma,mb,mc)= 12mambγ (ma,mb,mc, 2, 1, 0, 0)

−12mambγ (ma,mb,mc, 2, 0, 0, 1)
+6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.133)

t4(ma,mb,mc)= 12mambγ (ma,mb,mc, 2, 1, 0, 0) , (B.134)
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t5(ma,mb,mc)= 12mambγ (mc,mb,ma, 2, 0, 1, 0)
−12mambγ (mc,mb,ma, 2, 0, 1, 0)
+6mambγ (mc,mb,ma, 2, 0, 0, 0) , (B.135)

t6(ma,mb,mc)= 12mambγ (mc,mb,ma, 2, 1, 0, 0)
−12mambγ (mc,mb,ma, 2, 0, 0, 1)
+12mambγ (mc,mb,ma, 2, 0, 0, 0) , (B.136)

l1(mb,mc) = l2(mb,mc) = 1
2 l3(mb,mc) = l7(mb,mc)

= 4α(mc,mb, 1, 3) , (B.137)
l4(mb,mc) = l5(mb,mc) = l8(mb,mc)

= 4α(mc,mb, 1, 3)− 6α(mc,mb, 1, 2) , (B.138)
l6(mb,mc) = 8α(mc,mb, 1, 3)− 6α(mc,mb, 1, 2) , (B.139)
l9(mb,mc) = 8α(mc,mb, 1, 3)− 12α(mc,mb, 1, 2) , (B.140)

r1(ma,mb,mc)= r4(ma,mb,mc) = −1
2r7(ma,mb,mc)

= −6mambδ (ma,mb,mc, 2, 1, 0, 0) , (B.141)
r2(ma,mb,mc)= 6mambδ (ma,mb,mc, 2, 0, 1, 0)

−6mambδ (ma,mb,mc, 2, 0, 0, 1)
+6mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.142)

r3(ma,mb,mc)== 6mambδ (ma,mb,mc, 2, 1, 0, 0)
−6mambδ (ma,mb,mc, 2, 0, 0, 1)
+6mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.143)

r5(ma,mb,mc)= 6mambδ (ma,mb,mc, 2, 0, 1, 0)
−6mambδ (ma,mb,mc, 2, 0, 0, 1) , (B.144)

r6(ma,mb,mc)= 6mambδ (ma,mb,mc, 2, 1, 0, 0)
−6mambδ (ma,mb,mc, 2, 0, 0, 1)
+6mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.145)

r8(ma,mb,mc)= 12mambδ (ma,mb,mc, 2, 0, 1, 0)
−12mambδ (ma,mb,mc, 2, 0, 0, 1)
−6mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.146)

r9(ma,mb,mc)= 12mambδ (ma,mb,mc, 2, 1, 0, 0)
−12mambδ (ma,mb,mc, 2, 0, 0, 1)
−12mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.147)

r10(ma,mb,mc)= 6mambδ (ma,mb,mc, 2, 1, 0, 0) , (B.148)
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r11(ma,mb,mc)= 6mambδ (ma,mb,mc, 2, 0, 1, 0)
−6mambδ (ma,mb,mc, 2, 0, 0, 1)
+6mambδ (ma,mb,mc, 2, 0, 0, 0) , (B.149)

r12(ma,mb,mc)= 6mambγ (ma,mb,mc, 2, 1, 0, 0)
−6mambγ (ma,mb,mc, 2, 0, 0, 1)
−6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.150)

r13(ma,mb,mc)= −12mambγ (ma,mb,mc, 2, 1, 0, 0)
+6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.151)

r14(ma,mb,mc)= 12mambγ (ma,mb,mc, 2, 0, 1, 0)
−12mambγ (ma,mb,mc, 2, 0, 0, 1)
+6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.152)

r15(ma,mb,mc)= 12mambγ (ma,mb,mc, 2, 1, 0, 0)
−12mambγ (ma,mb,mc, 2, 0, 0, 1)
+6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.153)

r16(ma,mb,mc)= 6mambγ (ma,mb,mc, 2, 1, 0, 0)
−6mambγ (ma,mb,mc, 2, 0, 0, 0) , (B.154)

r17(ma,mb,mc)= 6mambγ (ma,mb,mc, 2, 0, 1, 0)
−6mambγ (ma,mb,mc, 2, 0, 0, 1) , (B.155)

r18(ma,mb,mc)= 6mambγ (ma,mb,mc, 2, 1, 0, 0)
−6mambγ (ma,mb,mc, 2, 0, 0, 1) , (B.156)

s1(mb,mc)= 6α (mc,mb, 1, 1) + 6α (mc,mb, 1, 2) , (B.157)
s2(mb,mc)= 18α (mc,mb, 1, 3)− 30α (mc,mb, 1, 2)

+6α (mc,mb, 1, 1) , (B.158)
s3(mb,mc)= −3α (mc,mb, 1, 4) + 2α (mc,mb, 1, 3)

+6α (mc,mb, 1, 1)− 5α (mc,mb, 1, 0) , (B.159)
s4(mb,mc)= 6α (mc,mb, 1, 3) + 18α (mc,mb, 1, 2)

−12α (mc,mb, 1, 1) , (B.160)

s5(mb,mc)= 18m2
bα (mc,mb, 2, 3)− 36m2

bα (mc,mb, 2, 2)

+18m2
bα (mc,mb, 2, 1) + 18mα (mc,mb, 1, 3)

−36α (mc,mb, 1, 2) + 18α (mc,mb, 1, 1) , (B.161)
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s6(mb,mc)= −3m2
bα (mc,mb, 2, 4) + 2m2

bα (mc,mb, 2, 3)

+6m2
bα (mc,mb, 2, 1)− 5m2

bα (mc,mb, 2, 0)
−3α (mc,mb, 1, 4) + 2α (mc,mb, 1, 3)
+6α (mc,mb, 1, 1)− 5α (mc,mb, 1, 0) , (B.162)

s7(mb,mc)= −6m2
bα (mc,mb, 2, 2) + 12m2

bα (mc,mb, 2, 1)

−6m2
bα (mc,mb, 2, 0)− 6α (mc,mb, 1, 2)

+12α (mc,mb, 1, 1)− 6α (mc,mb, 1, 0) , (B.163)
s8(ma,mb,mc)= 6mambβ (mb,mc,ma, 2, 0, 0) , (B.164)
s9(ma,mb,mc)= −3mambβ (mb,mc,ma, 2, 0, 2)

+3mambβ (mb,mc,ma, 2, 0, 0) , (B.165)
s10(ma,mb,mc)= −12mambβ (mb,mc,ma, 2, 0, 2)

+6mambβ (mb,mc,ma, 2, 0, 1)
+12mambβ (mb,mc,ma, 2, 1, 1)
−12mambβ (mb,mc,ma, 2, 1, 0)
+6mambβ (mb,mc,ma, 2, 0, 0) , (B.166)

s11(ma,mb,mc)−6mambβ (mb,mc,ma, 2, 0, 2)
+6mambβ (mb,mc,ma, 2, 0, 1) , (B.167)

s12(ma,mb,mc)= −6mambβ (mb,ma,mc, 2, 0, 1)
+6mambβ (mb,ma,mc, 2, 0, 0) , (B.168)

s13(ma,mb,mc)= −3mambβ (mb,ma,mc, 2, 0, 2)
+3mambβ (mb,ma,mc, 2, 0, 0) , (B.169)

s14(ma,mb,mc)= −12mambβ (mb,ma,mc, 2, 0, 2)
+6mambβ (mb,ma,mc, 2, 0, 1)
+12mambβ (mb,ma,mc, 2, 1, 1)
−12mambβ (mb,ma,mc, 2, 1, 0)
+6mambβ (mb,ma,mc, 2, 0, 0) , (B.170)

s15(ma,mb,mc)= −6mambβ (mb,ma,mc, 2, 0, 2)
+5mambβ (mb,ma,mc, 2, 0, 1) , (B.171)

and other coefficients are zero.
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