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At the LHC, the strong collective flow is observed in Pb+Pb collisions,
as shown by the azimuthal correlations in the transverse-momentum distri-
butions of the produced particles. We calculate flow components in a rela-
tivistic fluid dynamical model at constant time freeze out (FO) for massless
equilibrated post FO pion gas. Our results indicate that at the LHC the
v1 flow is expected to peak at forward rapidities, at the same side and di-
rection as the projectile residue. The effect of initial state center-of-mass
rapidity fluctuations is taken into account. In order to better study the
transverse-momentum flow dependence, we suggest a new “symmetrized”
vS
1 function; and we also propose a new method to disentangle global v1
flow from the contribution generated by the random fluctuations in the ini-
tial state. The result is sensitive to the global initial state, where different
parameterizations exist.
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The strong elliptic flow effect was indicated by the LHC heavy ion ex-
periments [1]. This effect exceeded the results obtained by the former lower
energy measurements. Strong equilibration and thermalization phenomenon
was expected to arise in the collisions. The directed flow v1 was also mea-
sured by ALICE six months later [2].

RHIC and LHC results indicate that the flow has two origins [2, 3]:
(i) the global collective (GC) flow correlated with the reaction plane of the
event (EP), and (ii) the random fluctuation (RF) flow of all vn varieties,
where the corresponding symmetry axes (e.g., for v1 and v3) have no corre-
lation with the reaction plane EP, instead they are observed with respect to
a participant plane (PP) event-by-event (EbE) [4,5]. The participant planes
are different for the neighboring flow harmonics.

Here, we discuss the behavior of the first type, (i), of these flow phe-
nomena, the GC flow, which is the weakest at RHIC and LHC energies. We
will also discuss, how to separate the global v1 flow, from the one produced
by EbE RFs of the initial state, (ii). Fluctuations, which do not follow the
required symmetries can be removed, but this may not be sufficient. If we
know the general features of fluctuations, this may help. If we know the
features of some well defined disturbing effects, we might exploit this to our
advantage.

Collective global flow in non-central collisions leads to the asymmetric
azimuthal distributions, quantified by the functions vn(y, pt) in the expan-
sion

d3N

dydptdφ
=

1
2π

d2N

dydpt
[1 + 2v1(y, pt) cos(φ) + 2v2(y, pt) cos(2φ) + · · · ] ,

(1)
where y is the rapidity, pt is the transverse momentum, and φ is the az-
imuthal angle in the transverse plane with respect to the impact parameter
vector, ~b. The observed large v2(pt) has important consequences. It indi-
cates that QGP is strongly interacting and, at the same time, it also indicates
that QGP is a nearly perfect fluid with minimal shear viscosity at the phase
transition point [6, 7].

In a recent perfect-fluid dynamical model calculation [8], with small nu-
merical viscosity and dissipation (see Fig. 1), we have shown that the energy
density distribution in the reaction plane, 6–8 fm/c after the formation of
fluid dynamics, is strongly rotated with respect to the initial configuration,
due to the large initial angular momentum, so that the direction of strongest
transverse expansion points to Θ = 75◦(255◦). Thus, the upward moving
matter is moving now forward and the downward moving matter backward,
in contrast to what happens at RHIC and SPS energies. The substantial
angular momentum is most visible at large impact parameters, b > 0.6 bmax,
or for centrality exceeding 50%.
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Fig. 1. The entropy per baryon estimated in the fluid-dynamics (FD) model
with the cell sizes dx = 0.4375–0.35 fm, and different impact parameters
b = 0.5–0.8 bmax. The value of entropy per baryon increases with larger cells, be-
cause the numerical viscosity is larger in bigger cells. At late stages (t > 8–10 fm/c)
the matter is dilute; in a large part of the volume the pressure vanishes and the
applicability of the FD approach gradually ceases.

In the simplest approach, we assume a constant time FO hypersurface.
The transition from pre FO QGP to post FO ideal massless pion Jüttner
gas is calculated according to the method described in Ref. [9], satisfying
the conservation laws. In this way, for each fluid cell, i, we obtain a post
FO flow velocity, ~vi = (~vti, viz), and temperature, T i, as parameters of the
gas. We calculate the flow observables from the contribution of these post
FO contributions cell by cell.

The flow parameters, for example v2, can be calculated from the final
post FO distribution by the Cooper–Frye formula. Assuming a constant time
FO hypersurface, we obtain simple expressions for final observables, follow-
ing the arguments of Refs. [10, 11]. Thus the expression for the transverse
momentum dependence of the flow is

vn (p⊥) =

N∑
i=1

ViAiB
(
i,mi

⊥
)
In
(
γivi⊥p⊥/Ti

)
cosnφi0

N∑
i=1

ViAiB
(
i,mi

⊥
)
I0
(
γivi⊥p⊥/Ti

) , (2)

where

Ai =
1

(2π~)3
exp

(
µi

T

)
=

ni
4πm2TiK2(m/Ti)

,
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µi is the chemical potential of the given particle type in the cell i, ni is
the density in the cell, uµi is a cell flow 4-velocity: uµi = γi(1, vix, v

i
y, v

i
z)

= γi(1,vi
⊥, v

i
z), m2

⊥ = m2 + p2
⊥, and Ti is a temperature of the given cell.

Furthermore,

B(m⊥) =
2m⊥√
1−v2

z

K1

(
γm⊥

√
1−v2

z

T
,
γm⊥
T

)
− 2m⊥|vz|e−

γpt
T

1− v2
z

,

where Kn(z, w) = 2nn!
(2n)!z

−n ∫∞
w dx(x2 − z2)n−1/2e−x is the modified Bessel

function of the second kind.
The calculated v2(pt) distributions are similar to the experimental trends

both in the magnitude and the centrality dependence. The pt-dependence
is also similar, especially at the smaller centralities.

As v1 is an antisymmetric function of y, the y-integrated v1(pt) value
must vanish. In our calculation this is realized to an accuracy better than
10−16. Considering this obvious asymmetry, we propose to construct a sym-
metrized function, vS

1 , reversing the ~pt direction of backward going (y < 0)
particles. In this way, we get a non-vanishing vS

1 (pt) function, which will be
less sensitive to the initial state fluctuations,

vS
1 (p⊥) =

cells∑
i

2D
(
~v i, T i, p⊥

)
I1
(
γivitp⊥/T

i
)
cos
(
φi0
)

cells∑
i
B (~v i, T i, p⊥) I0

(
γivitp⊥/T

i
) , (3)

where D(~v, T, p⊥) = e−γp⊥/T vz
1−v2z

T
γ . The vS

1 (p⊥) parameter calculated in
this way is shown in Fig. 2.

The ALICE team has made a symmetry analysis of the v1 flow compo-
nents. The even and odd rapidity combinations gave almost identical v1(pt)
distributions [2], indicating that the global azimuthal symmetry does not
influence the measured data, thus the measured azimuthal asymmetry must
originate from random initial fluctuations. These results were based on data
with 0–80% centrality percentage, where the central and semi-central col-
lisions may show azimuthal fluctuations, which originate exclusively from
random fluctuations. However, we can gain information about the pt de-
pendence of the global directed flow, if we repeat the same analysis, i.e.,
we make separation into even and odd components, for the vS

1 (pt) function
introduced above in Eq. (3).

We have also evaluated the rapidity dependence of the v1 flow compo-
nent. Due to the sufficiently strong rotation of the initial state at the present
LHC energy, the earlier “anti-flow” peak rotates forward, before the expan-
sion overwhelms the rotation effect, and so the v1 flow peak appears at small,
but forward rapidities.
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Fig. 2. The vS
1 parameter calculated for the ideal massless pion Jüttner gas, versus

the transverse momentum pt for b = 0.5 (0.7) bmax at the FO time t = 10 (8) fm/c,
shown as the thin/blue (thick/red) line. The magnitude of vS

1 is increasing with
the impact parameter and it is about 3% at b = 0.7 bmax.

The calculated v1 parameter versus the rapidity y is shown in Fig. 3. As
we can see the v1 is relatively large and easily measurable in the experimental
rapidity range |y| ≤ 0.8, reaching a peak of 26% at y = ±0.5. The most
important change with respect to the similar simulations for RHIC [13] is
that the v1 now peaks in forward direction, i.e., the positive (negative) peak
appears now at positive (negative) rapidity.
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Fig. 3. The v1 parameter calculated for ideal massless pion Jüttner gas versus the
rapidity y for b = 0.7bmax at t = 8 fm/c FO time. The curve represents semi
analytical calculations. The v1 peak appears at positive rapidity, in contrast to
lower energy calculations and measurements. This is a consequence of the stronger
rotation of the expanding system at higher beam energy.
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At lower energies, in the same FD model calculations we obtained that
the v1 peaks in the backward direction (3rd-flow component) [12, 13], with
a magnitude of about 5% and 2–3% for 158 and 65 + 65AGeV energies,
respectively. The position of the peaks also moved from |y| ≈ 1.5 to |y| ≈ 0.5
with the energy increasing from SPS to RHIC. Experimentally, the 3rd-
flow component was indeed measured at these energies [12,14], although the
peak values were smaller. Especially at the RHIC energies, where the highest
values were v1 ≈ 0.6% and 0.2% for for 65 + 65 and 100+100AGeV energies,
respectively. The peaks appeared at |y| ≈ 1 around the far end of the
acceptance of the central TPC. Thus, at RHIC the v1 magnitude was about
5 times smaller than the FD prediction. Also, the move towards the more
central rapidities was weaker in the experiment than in FD calculations.

The reason for such a disagreement is the effect of initial state fluctua-
tions, which may be decisive in the case of v1 due to the sharp change around
y = 0.

Initial state fluctuations may arise from the event-to-event fluctuations
of nucleon positions in the transverse, participant plane. Fluctuations may
also arise from individual nucleon–nucleon collisions in an event, so that
even if a projectile nucleon is within the transverse domain of participants,
it may not collide with any of the target nucleons, and may not become a
participant. The effect of these fluctuations on different flow component has
been recently analyzed, see for example [15,16].

In both cases, the experimental cuts on the rapidity range lead to an
increase of the asymmetry. Now, it should not be forgotten that v2(pt) and
vS
1 (pt), constructed from the observables within the limited rapidity range,
will be affected by the initial CM rapidity fluctuations. One can expect that
the vS

1 (pt) will be very much reduced, because, as we have seen, the CM
rapidity fluctuations smooth out the strong v1 peaks at central rapidities
and strongly reduce the v1 magnitude to be integrated up.

Interestingly, the initial yCM-fluctuations lead to some increase of the
elliptic flow, v2(pt), putting it in a reasonable agreement with the ALICE
data [1], see Fig. 4 and, please, note that no fine-tuning was done. At the
same time, yCM-fluctuations strongly reduce vS

1 (pt). Thus, we predict for
the LHC the vS

1 (pt) flow parameters to be about 0.5–1%.
Other works have addressed the directed flow problem at RHIC ener-

gies [17, 18]. In these works, the initial state was not obtained from a dy-
namical model but these were parameterizations based on some assumptions.
The initial flow velocity distributions were taken to be longitudinal Bjorken
scaling flow solutions, identical at each point of the transverse plane. The
transverse mass distribution was determined based on the Glauber model,
while the longitudinal distribution was parametrized in different ways and
this determined the angular momentum of the of the initial configuration.
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Fig. 4. The v2 parameter calculated for ideal massless pion Jüttner gas, versus the
transverse momentum pt for b = 0.7bmax, at t = 8 fm/c FO time. The magnitude
of v2 is comparable to the observed v2 at 40–50% centrality. See the text for more
explanations of different curves.

Both models gave a forward peaking directed flow for RHIC energies (where
the experiments observed the anti-flow). In Ref. [18] this initial state was
“tilted”, and this could already reproduce the experimental anti-flow. The
problem is that these parametrized states can hardly be reproduced in dy-
namical models starting from the pre-collision space-time configuration.

Our FD simulations of the LHC heavy ion collisions suggest that the
collective directed flow v1(y) and a newly introduced vS

1 (pt) function can
and should be measured [19], although these are strongly suppressed due to
initial state yCM-fluctuations (see Fig. 2). For the first time in hydrodynam-
ical calculations we see that the v1 global flow can change the direction to
forward, in contrast to what happened at lower energies. This is a result of
our tilted and moving initial state [20], in which the effective “angular mo-
mentum” from the increasing beam momentum is superseding the expansion
driven by the pressure. We have also proposed a new method to distinguish
contributions to v1(pt) from global flow (i) and from random fluctuations in
the initial state (ii). The method is based on vS

1 (pt) function.
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