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Using the pairing-deformation-frequency self-consistent total-Routhian-
surface and configuration-constrained potential-energy-surface calculations,
we have studied nuclear deformation and its effect on the structure of nu-
clei. It was found that the high-order multipolarity-six (β6) deformation
plays a significant role in superheavy nuclei. Possible non-collective high-
spin isomeric states which locate in the second well of actinide nuclei have
been investigated with the predictions of excitation energies and configura-
tions. High-spin isomers can extend shape coexistence in A ∼ 190 neutron-
deficient nuclei. Triaxiality with γ ∼ 30◦ is found in the ground and excited
rotational states of the A ∼ 70 germanium isotopes. Octupole correlations
have also been discussed in different mass regions. In recent experiments,
the textbook nucleus 158Er has been reached at ultrahigh spins around 65~.
We have studied 158Er ultrahigh-spin states by means of the self-consistent
tilted-axis-cranking method based on the Nilsson shell correction and the
Skyrme–Hartree–Fock model. The calculation with a γ ≈ 12◦ triaxial-
strongly-deformed (TSD) excited configuration can well reproduce the ob-
served large transitional quadrupole moment. It is demonstrated that the
TSD minimum at negative γ deformation which appears in the principal-
axis-cranking approach is a saddle point if allowing the rotational axis to
change direction.
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1. Introduction

Nuclear shape is an essential property of nucleus. A systematic investi-
gation based on the Nilsson potential has suggested that about 85% of nu-
clides are prolate in their ground states [1]. The deformation and incurred
effects originate from the fillings of high-j orbits. As seen in the deformed
diagrams of single-particle levels, high-j low-Ω orbits have strong prolate-
driving force, while high-j high-Ω orbits drive nucleus towards oblate shape.
For certain numbers of protons and neutrons, however, nuclei can have var-
ious coexisting shapes. For example, experiment addressed that the lowest
three 0+ states observed in the neutron-deficient nucleus 186Pb are spherical,
oblate and prolate [2]. Nuclear shape can be also changed by particle-hole
excitation, broken-pair excitation and rotational motion.

Usually, the axially symmetric quadrupole deformation (i.e., β2) is dom-
inant, but other types of deformations can play important roles in the
determination of nuclear properties. Triaxial deformation results in the
specific features of the associated rotational bands, such as wobbling [3],
spin-chirality [4] and signature-inversion [5–7] rotations. Octupole defor-
mation leads to enhanced E1 transitions connecting interleaved positive-
and negative-parity bands, which is similar to rotational bands observed in
reflection-asymmetric molecules [8]. The inclusion of hexadecapole deforma-
tion can significantly improve the calculations of collective rotations. It has
been found that the multipolarity-six deformation plays an important role
in stabilizing superheavy nuclei, which leads to enlarged shell gaps [9, 10].
The nucleus, 158Er, has been claimed to undergo a beautiful shape evolu-
tion from prolate via oblate to triaxial strong deformation, with increasing
rotational angular moment from I = 0 to ≈ 65 [11, 12].

2. Calculations and discussions

In the past years, we studied various deformations for different mass
regions, using different models including the cranked Woods–Saxon, con-
figuration-constrained potential energy surface and tilted cranked Skyrme–
Hartree–Fock. The β6 deformation was seen in superheavy nuclei. Highly-
elongated high-K fission isomers were found in actinide nuclei. The β3
deformation or β3 softness was studied as well. Triaxial deformations in
A ∼ 70 nuclei and in 158Er at ultrahigh spins were investigated.

2.1. The multipolariy-six β6 deformation in superheavy nuclei

Superheavy nuclei have been predicted to have various shapes including
spherical, axial and triaxial deformations, with possible shape isomers exist-
ing [13, 14]. It has been well known that deformations can change the shell
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fillings of single-particle orbits and hence result in the changes of nuclear
properties. The deformation information can be obtained in many cases
by spectroscopy in experiment. For example, in 254No a quadrupole defor-
mation of β2 ≈ 0.27 has been extracted from the measured ground-state
band [15]. It is of special interest that high-order deformations are remark-
able in superheavy mass region [16, 17]. The inclusion of the β6 deformation
brings an extra binding energy of more than 1MeV, giving an improved
reproduction of experimental masses [16]. Large β6 deformation has been
predicted in the A ≈ 250 mass region [18].

It is hard to extract direct information about high-order deformations.
However, we found that we can analyze high-order deformations and their
effects by calculating the excitation energies of broken-pair isomeric states.
The broken-pair excitation energy is sensitive to the level spacing of single-
particle orbits. We have performed Woods–Saxon potential-energy-surface
(PES) calculations with the inclusion of the multipolariy-six deformation
β6 [9]. An approximate particle-number projection was employed by means
of the Lipkin–Nogami method with paring strengths determined by the av-
erage gap method. The details can be found in Ref. [9].

As commented above, 254No is a good example for the study of defor-
mation and its effects, in which high-spin states with I ≤ 20~ [15, 19] and
broken-pair multi-quasiparticle (multi-qp) isomers [20, 21] have been ob-
served. The PES calculation for the 254No ground state gives a deformation
of (β2 = 0.25, β4 = 0.011) with β6 = −0.03. Due to the β6 deforma-
tion, our calculations give enlarged Z = 100 and N = 152 deformed shell
gaps (increased by 0.5 and 0.2MeV, respectively) [9], which enhances the
stabilities of superheavy nuclei around the Z = 100 and N = 152 shells, evi-
denced already by experiments [22]. The multipolarity-six deformation also
brings an extra binding energy of 0.8MeV to the ground state of 254No [9].
Multi-qp high-K isomer is a sensitive probe into the level spacing of single-
particle orbits. We found that β6 has a remarkable effect on level spacing. In
order to include the shape polarization effect from the single-particle orbits
which specify the configuration of a given multi-qp state, we have performed
configuration-constrained PES calculations [23]. Several 2-qp and 4-qp iso-
mers have been observed in 254No [20, 24]. It was found that excitation
energy calculations with the inclusion of the β6 deformation are much bet-
ter than calculations without β6, compared with the data of the observed
isomers, see Ref. [9]. Calculations with β6 reproduce well the experimental
energies of the observed 2-qp and 4-qp isomers, see Ref. [9].

The moment of inertia is another sensitive probe into the deformation of
rotational states. It is amazing why 254No has a slower rotational alignment
than its neighboring even isotope 252No, which were observed experimen-
tally [15, 19, 25]. For collective rotation, we have performed the paring-
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deformation-frequency self-consistent cranked Woods–Saxon calculation in
the (β2, β4, β6, β8) deformation space [10] with quadrupole pairings consid-
ered [26]. Calculations incorporating high-order deformations reproduce well
the observed fast alignment in 252No and slow alignment in 254No [10]. The
254No has a slightly larger β6 deformation than 252No [10]. We found that
the β6 deformation mainly influences the rotational alignment of the neu-
trons [10]. The neutron Fermi surface in 254No locates just in the N = 152
deformed shell. Our calculations show that the rotational alignments of the
nuclei with neutron Fermi surfaces in or above the N = 152 shell are de-
layed due to the presence of the β6 deformation, while the alignments of
nuclei with neutron Fermi surfaces below the N = 152 shell are not or less
influenced [10]. Figure 1 displays the slower rotational alignments calcu-
lated with the inclusion of high-order deformations in nuclei with N = 152,
compared with those with N = 150. The slow alignments are due to the β6
deformation (β8 is less important).
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Fig. 1. Comparisons in moments of inertia for N = 152 (top panels) and N = 150

(bottom panels) nuclei, calculated with (open circles) and without (open triangles)
the high-order β6 and β8 deformations. The filled squares are for experimental
values.
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2.2. High-K fission isomers with highly elongated shapes in actinide nuclei

In actinide nuclei, there is a kind of metastable states that appear in the
second well of the PES with a highly elongated shape having the major-to-
minor axis ratio of about 2:1 (where the first well generates the ground state).
The shape-trapping states decay mostly by spontaneous fission and hence are
called fission isomers. The emergence of the second energy minimum is due
to the special shell structure of nucleon orbits, where clear shell gaps exist at
large deformation. We have performed configuration-constrained PES cal-
culations for low-lying two-qp high-K states in the second well [27]. The K
isomerism could increase the stability of an isomer against fission, which we
called high-K fission isomer with the double isomerism of high-K and shape.
We have investigated high-K fission isomers for nuclei 238U, 236,238,242Pu
and 240,242,244Cm in which there exist some experimental observations of the
broken-pair excited isomers [28]. The high-K fission isomers were calculated
to have highly elongated prolate shapes around β2 ≈ 0.60–0.65, with the de-
tails of configurations predicted [27]. These calculations should be useful for
further studies of the highly deformed isomers. The experimental energies of
the isomers are well reproduced by our calculations [27]. It has been found
that broken-pair multi-qp excitations extend nuclear shape coexistence, e.g.,
in A ∼ 190 neutron-deficient mass region [29]. In neutron-deficient Pb iso-
topes, the ground states have spherical shape, while the studied 2-qp high-K
states have well-deformed oblate shapes [29]. For neutron-deficient Po iso-
topes, the ground states can be spherical, prolate, or oblate, while all the
investigated 2-qp high-K states are oblate [29].

2.3. Reflection-asymmetric deformations in heavy nuclei

With an improved PES calculation by including the reflection-asym-
metric deformations of β3 and β5 in the Woods–Saxon potential [30], we
have investigated possible octupole deformations in superheavy mass re-
gion. Calculations were done in a deformation space (β2, β3, β4, β5). No
static octupole deformation was found in their ground states of superheavy
nuclei [31]. However, some of the heaviest nuclei have octupole-soft char-
acteristic. Actinide nuclei have been known to have octupole deformation.
We focused on octupole properties in even 220−230U [32] where the octupole
correlation has been expected with observed alternate-parity enhanced E1
transitions in rotational bands [33, 34]. Our calculations gave static octupole
deformations for 222,224,226U ground states [32]. The 222U nucleus remains
reflection-asymmetric up to high spins, while 224,226U become axially sym-
metric prolate at a rotational frequency of ~ω ≈ 0.3MeV. A phase transition
from reflection-asymmetry to reflection-symmetry was suggested to occur at
228U of uranium isotopes [32]. The near-proton-dripline nucleus 108Te and
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nuclei around were observed to have collective rotational bands with the
octupole feature of E1 transitions [35, 36]. We have carried out the detailed
TRS calculations focusing on 106,108Te, predicting that these two nuclei have
reflection-symmetric prolate shapes at low spins and octupole deformation
appears at rotational frequencies ~ω ≈ 0.5–0.7MeV [37].

2.4. Triaxial deformations in Ge and Se isotopes

The γ deformation breaks the axial symmetry of rotation, which leads to
breaking down the conservation of the quantum number K that is the spin
projection onto the symmetry axis in an axially symmetric shape. Non-axial
γ deformation has been widely found in collective rotational states. Quest
for stable triaxial shapes in ground states, with a maximum triaxial defor-
mation γ ≈ 30◦, is still a major theme in nuclear structure. An investigation
employing the Skyrme–Hartree–Fock and Gogny–Hartree–Fock–Bogoliubov
models pointed out that most of germanium isotopes are γ-soft in their
ground states, but the calculations are sensitive to the choices of model
parameters [38]. Experimentally, it is difficult to determine the γ deforma-
tion. When the axial symmetry breaks, one cannot determine at the same
time the quadrupole deformation parameters of both β2 and γ from the
experimental B(E2) value. It was suggested to use a sum-rule method to
estimate the asymmetry from experimental electromagnetic transition ma-
trix elements [39]. With the sum-rule approximation, in Refs. [39, 40] the
asymmetry of about 70 even–even nuclei in A ≈ 50–80 and 90–190 have been
estimated with available experimental E2 matrix elements. The most pro-
nounced triaxiality in ground states was found in the nuclei of 70−76Ge and
74−82Se [40]. However, such an analysis is unable to distinguish whether
the triaxiality is caused by real static γ deformation or dynamic γ soft-
ness [39, 40]. According to the works of Refs. [41, 42], one should not expect
rigid triaxiality in the ground state of any nucleus.

Employing the TRS method, we have investigated the shapes of even
Ge and Se isotopes [43]. For the ground states of germanium isotopes, the
calculations give shape transitions from a |γ| ≈ 30◦ triaxial shape in 64Ge
to nearly oblate shapes in 66−72Ge and to a |γ| = 30◦ triaxial shape again in
74Ge, and towards weakly deformed prolate shapes in 78,80Ge [43]. This is in
agreement with the possible existence of a shape transition around N = 40,
as predicted in Ref. [44]. It is of special interest that the stable nucleus 74Ge
has a γ = 30◦ maximum triaxiality in the ground state. The TRS calculation
shows that the triaxial minimum at β2 ≈ 0.23 and γ ≈ −30◦ exists starting
from the ground state up to a spin of I ≈ 18 and keeps yrast to I ≈ 14 [43].
However, it should be noted that the triaxial shape of 74Ge is γ-soft in
the ground state and at low spins. Figure 2 shows shape evolutions with
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increasing rotational frequency for other even isotopes. We see that these
Ge isotopes are also deformation-soft. 70,72Ge keep well-deformed triaxial
shapes with increasing frequency.
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Fig. 2. Evolutions of calculated quadrupole deformations with increasing rotational
frequency for even 66−72Ge isotopes.

For selenium isotopes, 68−76Se have large oblate deformations and a
change into a weakly deformed prolate shape at 78Se [43]. This is con-
sistent with the experimental suggestions of well-deformed oblate shapes for
the ground states in 68−74Se [45–47]. The origin of the triaxiality has been
analyzed by a plot of the Woods–Saxon single-particle orbits against the
γ deformation. There exists a deformed γ ≈ 30◦ shell at Z(N) = 32 [43].
At Z(N) = 34, however, an oblate shell appears, which would be the reason
why 66Ge (N = 34) and 68−76Se (Z = 34) become oblate [43]. In general,
though maximum triaxiality |γ| = 30◦ was found in Ge isotopes, the triaxial
shapes are γ-soft, resulting in significant dynamical triaxial effects.

2.5. Triaxial strong deformation in 158Er at ultrahigh spins
158Er is a textbook nucleus for high-spin study. It exhibits various shapes

with increasing the angular moment of rotation, evolving from collective pro-
late to non-collective oblate to triaxial strong deformation (TSD) [11]. Three
rotational alignments at spins I ∼ 10, 26 and 38 have been observed in the
same nucleus [48–50], which would be a unique case so far. Also, band termi-
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nating phenomenon was seen in the spin range of I ≈ 40–50 at non-collective
oblate shapes (see Ref. [11] and references therein). Recently, experiments
have reached ultrahigh spins of about 65~ in 158Er [11, 12]. The experiment
measured a large transitional quadrupole moment Qt ∼ 11 eb [12] at the ul-
trahigh spins, which should correspond to a large quadrupole deformation.
Principal-axis-cranked (PAC) Nilsson calculations gave two TSD minima
in the TRS with one positive and another negative γ deformations in the
ultrahigh-spin range [12]. At the lowest minimum TSD1 with positive γ, the
PAC calculation gave Qt ∼ 7.5 eb significantly underestimating the observed
value. This led to the suggestion that the observed ultrahigh-spin band may
be associated with TSD2 at a negative γ or with TSD3 which has a large
quadrupole deformation [12]. For a triaxial shape, the rotational axis may
not be in one of the principal axes.

In a recent work [51], we used both the Nilsson shell-correction tilted-
axis cranking (SCTAC) [52] and for the first time the three-dimension self-
consistent Skyrme–Hartree–Fock (SHF) tilted-axis cranking (SHFTAC) [53]
to investigate the observed ultrahigh-spin band. The descriptions of numer-
ical calculations of these two approaches can be found in Ref. [51]. In the
SCTAC calculations, if we assume that the axis of rotation is in one of the
principal axes (i.e., principal axis cranking) we obtain the lowest triaxial
minimum TSD1 at (β2 = 0.33, γ = 22◦) which is a rotation about the short
axis and the second TSD2 at (β2 = 0.31, γ = −15◦) for a rotation about
the medium axis [51], agreeing with the results of Ref. [12]. If we allow the
rotational axis to tilt, however, the PAC minimum at γ = −15◦ becomes
a saddle [51]. Therefore, TSD2 does not exist in fact. But TSD1 gives
Qt ∼ 8 eb which is too small as compared with the experimental value of
∼ 11 eb [12].

In the SCTAC method, the tilt angle of the rotational axis is defined
relative to one of principal axes, which is a straightforward way. In SHFTAC,
the tilted cranking is introduced by means of a constraint on the orientation
of J along with the constraints Im(Q22) = Q2±1 = 0 on the orientation of
the principal axis of the nucleus defined in terms of total (mass) quadrupole
moment Q2µ. In Ref. [51], we have performed the self-consistent tilted-
axis-cranking SHF calculations with two sets of Skyrme parameters SkM∗

and Sly4L for four different configurations of 158Er in the ultrahigh-spin
range of I ≈ 40–70. The SHFTAC calculations give consistent results with
the SCTAC [51] for the lowest configuration. In addition, the SHFTAC
calculation brings an excited configuration (indicated by “D” in Fig. 3) which
has larger mass quadrupole deformation: Q20 ≈ 29 b and Q22 ≈ −6b, giving
γ = − arctan(Q22/Q20) ≈ 12◦ [51], leading to a large charge transitional
quadrupole moment Qt ≈ 10.5 eb which is well close to the experimental
value of ≈ 11 eb. The calculations of tilted cranking total Routhians for the
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excited TSD configuration “D” are given in Fig. 3. It is seen that the excited
TSD configuration has a stable minimum at a tilt angle of θ = 0◦ (a rotation
about the short axis) while it is unstable with respect to a reorientation of
the rotational axis. Further theoretical study would be needed for a full
understanding of the experimental observation including the energies of the
ultrahigh-spin states.
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Fig. 3. Tilted cranking total Routhians of the excited TSD configuration “D” as a
function of the tilt angle θ of the rotational axis, at different rotational frequencies,
calculated with the Skyrme force SkM∗. A configuration in SHFTAC is defined
by the number of states occupied in four parity-signature (π, ρ) blocks, see [54]
for the detail. The excited TSD “D” has the configuration: ν[23, 23, 22, 22] ⊗
π[17, 17, 17, 17].

3. Summary

We have employed various models to study nuclear deformations and
incurred effects on the behaviors of nuclei. The investigation based on the
Woods–Saxon potential with the inclusion of high-order deformations shows
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that the multipolarity-six, β6, deformation plays an important role in super-
heavy mass region. The β6 deformation leads to the enlarged Z = 100 and
N = 152 deformed shell gaps, which increases the stabilities of superheavy
nuclei. The Woods–Saxon TRS calculations reproduce well the observed
collective rotational bands of superheavy nuclei. The β6 deformation can
explain the delayed rotational alignments observed in even–even superheavy
nuclei with N ≥ 152 (compared with the alignments with N < 150). The
effect from the β6 deformation has also been seen in broken-pair multi-qp ex-
citations. The configuration-constrained PES calculations with the inclusion
of the β6 deformation can remarkably improve the calculations of excitation
energies of the observed isomeric states. The energies are sensitive to the
level spacing of single-particle orbits.

Further, the configuration-constrained PES calculation has been applied
to the investigation of multi-qp high-K isomeric states of actinide nuclei
in the second well of the PES with highly elongated shapes at β2 ≈ 0.60–
0.65. The K isomerism plus shape trapping may cause the double isomerism
against spontaneous fission, called high-K fission isomer. Our calculations
reproduced well available experimental observations about high-K fission
isomers, and predicted many possible high-K isomeric states in the second
well. It is calculated that broken-pair multi-qp excitations can extend shape
coexistence in A ∼ 190 neutron-deficient nuclei, driving nuclei from sphere
to be oblate in neutron-deficient Pb isotopes.

Based on the Woods–Saxon potential, the reflection-asymmetric defor-
mations of β3 and β5 have been investigated for superheavy, actinide and
near-proton-dripline Te nuclei. No static octupole deformation was found
in their ground states of superheavy nuclei, while it appears in 222,224,226U
ground states and possibly in high-spin states. The TRS calculations predict
that 106,108Te might have reflection-symmetric prolate shapes at low spins
and octupole correlation appears at certain rotational frequencies. Triaxial-
ity in atomic nuclei is an important deformation degree of freedom. Using
TRS method based on the Woods–Saxon potential, germanium isotopes are
found to have triaxial deformation with a maximum triaxiality γ ≈ 30◦

in 74Ge. Selenium isotopes are more likely to be γ soft. To understand
the observed large transitional quadrupole moment of ultrahigh-spin states
in 158Er, we have performed the sophisticated tilted-axis-cranking calcula-
tions based on the Nilsson and Skyrme–Hartree–Fock models. It is found
that the second TSD minimum at negative γ deformation which appears in
the PAC approach is a saddle point if allowing the rotational axis to tilt.
An excited TSD configuration which appears at γ ≈ 12◦ in the tilted-axis-
cranking Skyrme–Hartree–Fock calculation can well reproduce the observed
large quadrupole moment.
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