
Vol. 45 (2014) ACTA PHYSICA POLONICA B No 5

KINETIC DESCRIPTION OF MIXTURES
OF ANISOTROPIC FLUIDS

Wojciech Florkowskia,b†, Oskar Madetkob‡

aThe Henryk Niewodniczański Institute of Nuclear Physics
Polish Academy of Sciences

Radzikowskiego 152, 31-342 Kraków, Poland
bInstitute of Physics, Jan Kochanowski University

Świętokrzyska 15, 25-406 Kielce, Poland

(Received February 11, 2014)

A simple system of coupled kinetic equations for quark and gluon
anisotropic systems is solved numerically. The solutions are compared with
the predictions of the anisotropic hydrodynamics describing a mixture of
anisotropic fluids. We find that the solutions of the kinetic equations can be
well reproduced by anisotropic hydrodynamics if the initial distribution are
oblate for both quarks and gluons. On the other hand, the solutions of the
kinetic equations have a different qualitative behavior from those obtained
in anisotropic hydrodynamics if the initial configurations are oblate–prolate
or prolate–prolate. This suggests that an extension of the anisotropic hy-
drodynamics scheme for the mixture of anisotropic fluids is needed, where
higher moments of the kinetic equations are used and present simplifica-
tions are avoided.
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1. Introduction

Soft hadronic matter production in ultrarelativistic heavy-ion collisions
is most successfully described within the framework of relativistic viscous
hydrodynamics [1–13]. Nevertheless, the presence of large gradients at the
very early stages of the collisions leads to conceptual problems connected
with the application of viscous hydrodynamics. Even if the viscosity to en-
tropy ratio is very small, large gradients imply substantial corrections to
the equilibrium pressure [14, 15]. This, in turn, leads to high anisotropy of
the produced system in the momentum space [16]. The energy-momentum
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tensor of viscous fluid becomes significantly different from the tensor describ-
ing the perfect fluid. Since the standard viscous hydrodynamics approach
is based on a linearization around an isotropic background, large pressure
anisotropies pose a problem, especially for the 2nd-order viscous hydrody-
namics.

This type of problems have stimulated new theoretical developments
which propose a reorganization of the viscous hydrodynamics expansion.
The new approach, referred to as anisotropic hydrodynamics, incorporates
the possibility of large momentum-space anisotropy at leading order
[17–23]. The newest developments in anisotropic hydrodynamics include the
calculation of the next-to-leading corrections to the spheroidal ansatz for the
leading order distribution function [24] and generalization of the spheroidal
ansatz to the ellipsoidal one in the leading order [25]. For a recent discussion
of the concepts of anisotropic hydrodynamics, see Ref. [26].

Recently, it has been also demonstrated that for one-dimensional and
boost-invariant simple (one-component) systems the results of anisotropic
hydrodynamics agree very well with the predictions of kinetic theory
[27, 28]. In this paper, we continue this type of investigations and confront
the results of the kinetic theory with the results of anisotropic hydrodynam-
ics for mixtures of anisotropic fluids introduced in Refs. [29, 30].

The paper is organized as follows: In Sec. 2 we introduce the kinetic
equations. In Sec. 3 we implement the baryon number conservation into our
model. Section 4 discusses the Landau matching condition which couples
the kinetic equations for quarks, antiquarks and gluons, and is used to de-
termine the effective temperature of our system. In Sec. 5 we present the
formulas used to calculate the longitudinal and transverse pressures in the
kinetic approach. In Sec. 6 we introduce the equations of anisotropic hy-
drodynamics. Our numerical results are presented in Sec. 7. The paper is
closed with summary and conclusions in Sec. 8.

2. Quark, antiquark and gluon kinetic equations

In this paper, we consider simple boost-invariant and one-dimensional
kinetic equations of the form

df(τ, w, pT)

dτ
=
f eq(τ, w, pT)− f(τ, w, pT)

τeq
, (1)

where f(τ, w, pT) may be the phase-space distribution function of quarks
(f = Q+), antiquarks (f = Q−) or gluons (f = G), τ =

√
t2 − z2 is the

longitudinal invariant time, w = tpL − zE describes the longitudinal mo-
mentum, pT is the magnitude of the transverse momentum of particles, and
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τeq is the equilibration time. The formal solutions of Eq. (1) have the form
(see [27, 28] and also [31, 32]),

f(τ, w, pT) = D(τ, τ0)f0(w, pT) +

τ∫
τ0

dτ ′

τeq
D
(
τ, τ ′

)
f eq
(
τ ′, w, pT

)
, (2)

where we have introduced the damping function

D(τ2, τ1) = exp

− τ2∫
τ1

dτ ′′

τeq(τ ′′)

 . (3)

The function D(τ2, τ1) satisfies the two differential relations

∂D(τ2, τ1)

∂τ2
= −D(τ2, τ1)

τeq(τ2)
,

∂D(τ2, τ1)

∂τ1
=
D(τ2, τ1)

τeq(τ1)
, (4)

and converges to unity if the two arguments are the same, D(τ, τ) = 1.
These properties imply the identity

1 = D(τ, τ0) +

τ∫
τ0

dτ ′

τeq(τ ′)
D
(
τ, τ ′

)
. (5)

In our considerations, we restrict ourselves to the case of the constant relax-
ation time and use the form

D(τ2, τ1) = exp

(
−τ2 − τ1

τeq

)
. (6)

For the initial distribution functions, we take the Romatschke–Strickland
form [33]

f0(w, pT) =
g0

4π3
exp

λ0
Λ0
−

√
(1 + ξ0)w2 + p2Tτ

2
0

Λ0τ0

 . (7)

The parameter τ0 specifies the initial time, ξ0 is the initial momentum
anisotropy, and Λ0 is the initial transverse-momentum scale. We use the
same values of the parameters ξ0 and Λ0 for quarks and antiquarks, de-
noted below as ξq and Λq. On the other hand, the values of the parameters
ξ0 and Λ0 for gluons, denoted below as ξg and Λg, might be different from
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those used for quarks. The parameter λ0 is a generalization of the chemical
potential. The values of λ0 for quarks and antiquarks are opposite, and its
value for gluons is zero, λg = 0.

The equilibrium distributions functions are simply the Boltzmann dis-
tributions rewritten in the boost-invariant way, which gives

feq(τ, w, pT) =
g0

4π3
exp

µ(τ)

T (τ
−

√
w2 + p2Tτ

2

T (τ)τ

 . (8)

The parameter T appearing in the equilibrium distribution functions (8) is
an effective temperature. We use the same value of T for quarks, antiquarks
and gluons. It is determined by the Landau matching. In this way, the quark,
antiquark and gluon kinetic equations become a system of the three coupled
equations. The parameter µ is the baryon chemical potential. It vanishes
for gluons and has opposite values for quarks and antiquarks. Below, we use
the letter µ to denote the quark baryon chemical potential.

In Eqs. (7) and (8) the factor g0 accounts for internal degrees of freedom
other than spin. In the numerical calculations, we use g0 = gq = 6 for
quarks (color and isospin degrees of freedom) and g0 = gg = 8 for gluons
(color degrees of freedom).

3. Baryon number conservation

In this section, we analyze the baryon number conservation in our model.
The baryon number density is calculated from the equation

b(τ) =
1

3

∫
dP p · u

(
Q+(τ, w, pT)−Q−(τ, w, pT)

)
=

1

3τ

∫
dP v

[
D(τ, τ0)

(
Q+

0 (w, pT)−Q−0 (w, pT)
)

+

τ∫
τ0

dτ ′

τeq
D
(
τ, τ ′

) (
Q+

eq

(
τ ′, w, pT

)
−Q−eq

(
τ ′, w, pT

)) ]
, (9)

where uµ = (t, 0, 0, z)/τ is the boost-invariant (Bjorken) flow characterizing
the longitudinal expansion of our system and dP is the element of the three-
momentum space1

dP =
d3p

E
=
dw d2pT

v
, v = τ p · u =

√
w2 + p2Tτ

2 . (10)

1 The boost-invariant variables w and v were introduced in Refs. [34, 35].
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A straightforward calculation where the variable w is rescaled by the factor√
1 + ξq leads to the expression

b(τ) =
4gq
3π2

[
D(τ, τ0) sinh

(
λq
Λq

)
τ0
τ

Λ3
q√

1 + ξq

+

τ∫
τ0

dτ ′

τeq
D
(
τ, τ ′

)
sinh

(
µ′

T ′

)
τ ′

τ
T ′ 3

 . (11)

In our one-dimensional boost-invariant model the baryon number conserva-
tion law, ∂µ(buµ) = 0, leads to the equation

db(τ)

dτ
+
b(τ)

τ
= 0 , (12)

which has the scaling solution

b(τ) =
b0τ0
τ

. (13)

The parameter b0 is the initial baryon number density given by the expres-
sion

b0 =
4gq
3π2

sinh

(
λq
Λq

)
Λ3
q√

1 + ξq
. (14)

One may check, for details see Ref. [29], that the baryon number is conserved
if the baryon density b(τ) is equal to the baryon density of the equilibrium
background beq(τ)

b = beq =
4gq
3π2

sinh
(µ
T

)
T 3 . (15)

Using Eqs. (13) and (15) in Eq. (11), we find that Eq. (11) is automatically
fulfilled due to the identity (5). This suggests that we should use the initial
baryon density b0 as a free parameter of our model and the ratio µ/T should
be always calculated directly from Eq. (15), namely

µ

T
= sinh−1

(
3π2b0τ0
4gqT 3τ

)
. (16)

In this way, we guarantee that the baryon number is conserved in our model.
In addition to (16), it is convenient to use the formula

λq
Λq

= sinh−1

(
3π2b0

√
1 + ξq

4gqΛ3
q

)
. (17)

With the help of Eq. (17), we may eliminate the parameter λq from our
considerations and treat b0, Λq, and ξq as initial parameters.
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4. Landau matching

The phase-space distribution functions may be used to obtain further
characteristics of our system. In particular, the energy density is obtained
as the integral

ε =
1

τ2

∫
dP v2

[
Q+(τ, w, pT) +Q−(τ, w, pT) +G(τ, w, pT)

]
. (18)

In the case of local equilibrium, one integrates the equilibrium distribu-
tions (8) and obtains

εeq =
6

π2

(
2gq cosh

µ

T
+ gg

)
T 4 . (19)

The Landau matching condition requires that the energy of the system is
equal to the equilibrium energy density. In this way, we obtain

6

π2

(
2gq cosh

µ(τ)

T (τ)
+ gg

)
T 4(τ)

=
1

τ2

∫
dP v2

[
D(τ, τ0)

(
Q+

0 (w, pT) +Q−0 (w, pT) +G0(w, pT)
)

+

τ∫
τ0

dτ ′

τeq
D
(
τ, τ ′

) (
Q+

eq

(
τ ′, w, pT

)
+Q−eq

(
τ ′, w, pT

)
+Geq

(
τ ′, w, pT

)) ]
.

(20)

Using Eqs. (7) and (8) in Eq. (20), we find(
2gq cosh

µ(τ)

T (τ)
+ gg

)
T 4(τ) =

D(τ, τ0)

2

×

[
2gq cosh

(
λq
Λq

)
Λ4
q H

(
τ0
τ

1√
1 + ξq

)
+ ggΛ

4
g H

(
τ0
τ

1√
1 + ξg

)]

+

τ∫
τ0

dτ ′

2τeq
D
(
τ, τ ′

)(
2gq cosh

µ′

T ′
+ gg

)
T ′ 4H

(
τ ′

τ

)
, (21)

where we have introduced the function H defined by the integral2

H(y) = y

π∫
0

dφ sinφ

√
y2 cos2 φ+ sin2 φ = y

(
y +

cosh−1 y√
y2 − 1

)
. (22)

2 The two integrations on the right-hand side of (20) may be done by changing to the
polar coordinates. In the initial distributions, we use the substitutions: r cosφ =
w
√
1 + ξ0/(Λ0τ0) and r sinφ = pT/Λ0. Similarly, in the thermal (integral) part we

use: r cosφ = w/(T ′τ ′) and r sinφ = pT/T
′.
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By T ′ and µ′, we denote the values T (τ ′) and µ(τ ′). We stress that the
ratios µ/T and µ′/T ′ appearing in Eq. (21) should be expressed by the
formula (16). In this situation, it is useful to introduce the notation

h(b0, T, τ) = 2gq cosh
(µ
T

)
+ gg = 2gq

[(
3π2b0τ0
4gqT 3τ

)2

+ 1

]1/2
+ gg (23)

and

ḡq = 2gq cosh

(
λq
Λq

)
= 2gq

[
(1 + ξq)

(
3π2b0
4gqΛ3

q

)2

+ 1

]1/2
. (24)

Here, we used the property of the hyperbolic functions cosh(sinh−1(x)) =
(x2 + 1)1/2. For vanishing baryon number density, b0 = 0, the function h
reduces to the total number of the internal degrees of freedom, h(0, T, τ) =
h0 = 2gq+gg. Similarly, for b0 = 0 the parameter ḡq reduces to total number
of the quark and antiquark degrees of freedom, ḡq = 2gq.

The definitions (23) and (24) allow us to rewrite the Landau matching
condition in a more compact form as

h (b0, T (τ), τ)T 4(τ) =
D(τ, τ0)

2

×

[
ḡqΛ

4
q H

(
τ0
τ

1√
1+ξq

)
+ ggΛ

4
g H

(
τ0
τ

1√
1+ξg

)]

+

τ∫
τ0

dτ ′

2τeq
D
(
τ, τ ′

)
h
(
b0, T

′, τ ′
)
T ′ 4H

(
τ ′

τ

)
. (25)

We note that Eq. (21) is an integral equation for the function T (τ) that may
be solved with the iterative method [36].

5. Longitudinal and transverse pressures

Within the kinetic approach, the transverse and longitudinal pressures
are obtained from the expressions

PT(τ) = 1
2

∫
dP p2T

[
D(τ, τ0)

(
Q+

0 (w, pT) +Q−0 (w, pT) +G0(w, pT)
)

+

∫
dτ ′

τeq
D
(
τ, τ ′

) (
Q+

eq

(
τ ′, w, pT

)
+Q−eq

(
τ ′, w, pT

)
+Geq

(
τ ′, w, pT

))]
(26)
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and

PL(τ) =
1

τ2

∫
dP w2

[
D(τ, τ0)

(
Q+

0 (w, pT) +Q−0 (w, pT) +G0(w, pT)
)

+

∫
dτ ′

τeq
D
(
τ, τ ′

) (
Q+

eq

(
τ ′, w, pT

)
+Q−eq

(
τ ′, w, pT

)
+Geq

(
τ ′, w, pT

))]
. (27)

Equations (26) and (27) may be rewritten as

PT =
3

π2

[
D(τ, τ0)

2

(
ḡqΛ

4
qHT

(
τ0
τ

1√
1 + ξq

)
+ ggΛ

4
gHT

(
τ0
τ

1√
1 + ξg

))

+

τ∫
τ0

dτ ′

2τeq
D(τ, τ ′)h

(
b0, T

′, τ ′
)
T ′4 HT

(
τ ′

τ

) (28)

and

PL =
6

π2

[
D(τ, τ0)

2

(
ḡqΛ

4
qHL

(
τ0
τ

1√
1 + ξq

)
+ ggΛ

4
gHL

(
τ0
τ

1√
1 + ξg

))

+

τ∫
τ0

dτ ′

2τ eq
D
(
τ, τ ′

)
h
(
b0, T

′, τ ′
)
T ′4 HL

(
τ ′

τ

) , (29)

where we have introduced the two auxiliary functions

HT(y) = y

π∫
0

dφ sin3 φ√
y2 cos2 φ+ sin2 φ

=
y

1− y2

(
y +

1− 2y2√
y2 − 1

cosh−1 y

)
(30)

and

HL(y) = y3
π∫

0

dφ cos2 φ sinφ√
y2 cos2 φ+ sin2 φ

=
y3

y2 − 1

(
y − cosh−1 y√

y2 − 1

)
. (31)

These functions have been originally introduced in Ref. [27, 28]. The relation
ε = 2PT +PL valid for massless particles considered in this paper as well as
the explicit definitions of the functionsH lead to the conditionH = HT+HL.

There are simple relations connecting H, HL, and HT with the functions
R, RL, and RT defined in Ref. [18], namely
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H
(

1√
1 + ξ

)
= 2R(ξ) ,

HL

(
1√

1 + ξ

)
=

2

3
RL(ξ) ,

HT

(
1√

1 + ξ

)
=

4

3
RT(ξ) . (32)

We shall use the functions R in the framework of anisotropic hydrodynamics
introduced in the next section.

6. Anisotropic hydrodynamics for a mixture of fluids

The results of the kinetic calculations will be compared in the next sec-
tion to the results of anisotropic hydrodynamics for a quark–gluon mixture.
Such hydrodynamic equations were derived in [29] and for the vanishing
baryon density they have the form

3

Λ

dΛ

dτ
− 1

2(1 + ξq)

dξq
dτ

+
1

τ
=

1

τAH
eq

[(
R(ξq) + rR(ξg)

1 + r

)3/4√
1 + ξq − 1

]
,

3

Λ

dΛ

dτ
− 1

2(1 + ξg)

dξg
dτ

+
1

τ
=

1

τAH
eq

[(
R(ξq) + rR(ξg)

1 + r

)3/4√
1 + ξg − 1

]
,

4

Λ

dΛ

dτ
(R(ξq) + rR(ξg)) +R′(ξq)

dξq
dτ

+ rR′(ξg)
dξg
dτ

=
2

τ

(
(1 + ξq)R′(ξq) + r(1 + ξg)R′(ξg)

)
. (33)

Here, ξq and ξg are the anisotropy parameters for quarks and gluons, re-
spectively, Λ is the transverse-momentum scale, common for quarks and
gluons, r = gg/(2gq) = 2/3 is the ratio of the internal degrees of freedom,
and R is the function defined in the first line of Eq. (32). The parameter
τAH
eq is the relaxation time used in anisotropic hydrodynamics. In Ref. [28],
where a simple (one-component) fluid was studied, it has been found that
τAH
eq is related to the relaxation time used in the kinetic theory through the
expression

τAH
eq =

τeq T

2Λ
. (34)

In our case (see, for example, Eq. (44) in [29]), Eq. (34) takes the form

τAH
eq =

τeq
2

(
R(ξq) + rR(ξg)

1 + r

)1/4

. (35)
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If the solutions of Eqs. (33) are known, one may calculate the time de-
pendence of the energy density and the two pressures from the following
equations

ε =
6Λ4

π2
[2gqR(ξq) + ggR(ξg)] ,

PT =
2Λ4

π2
[2gqRT(ξq) + ggRT(ξg)] ,

PL =
2Λ4

π2
[2gqRL(ξq) + ggRL(ξg)] . (36)

Since in the hydrodynamic calculations quarks and antiquarks are included
together, there is an additional factor of 2 multiplying gq in (36).

7. Results

The cornerstone of our approach is the Landau matching condition which
yields the equation for the effective temperature. In the case of zero baryon
density, the Landau matching condition (25) is reduced to the form

T 4(τ) =
D(τ, τ0)

2(2gq + gg)

[
2gqΛ

4
q H

(
τ0
τ

1√
1 + ξq

)
+ ggΛ

4
g H

(
τ0
τ

1√
1 + ξg

)]

×
τ∫

τ0

dτ ′

2τeq
D
(
τ, τ ′

)
T ′ 4H

(
τ ′

τ

)
. (37)

We solve this equation numerically and obtain the function T (τ). Knowing
the effective temperature, we calculate further observables like the energy
density and the two pressures. In order to directly compare the results of the
kinetic theory and anisotropic hydrodynamics, we construct different ratios
of these quantities.

Since the scheme of anisotropic hydrodynamics assumes that the trans-
verse momentum scales are the same for all the components of the mixture,
in the kinetic calculations we assume that the initial scales Λq and Λg are
the same. We note that a particular value of Λq is irrelevant for our study,
as all physical observables scale with the appropriate power of Λq and this
parameter cancels in the ratios. The initial time for solving the kinetic and
hydrodynamic equations is τ0 = 0.1 fm/c and the relaxation time is kept
constant τeq = 0.25 fm/c.

In the four panels of Figs. 1–3, we show the results obtained in the
frameworks of the kinetic theory and anisotropic hydrodynamics for the
ratio of the transverse pressure to the energy density, PT/ε, and for the
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ratio of the two pressures, PL/PT. The two upper panels show the ratios
PT/ε and PL/PT where ε, PT, and PL describe the whole system (ε, PT, and
PL are sums of the quark and gluon contributions). The two lower panels
show the ratios PT/ε and PL/PT for the quark and gluon contributions
separately. The solid lines show always the results of the kinetic theory,
while the dashed lines represent the anisotropic hydrodynamics results for
the quark–gluon mixture.

In Fig. 1 we present an example of our results for the case where the two
initial anisotropy parameters are positive, hence, the two initial momentum
distributions are oblate. In this case, we find a rather good agreement
between the kinetic calculation and the anisotropic hydrodynamics result.
One can notice that the agreement is better for the global quantities (which
characterize the sums of quarks and gluons, shown in the two upper panels of
Fig. 1) than for the individual contributions (shown in the two lower panels
of Fig. 1).
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Fig. 1. (Color online) Time evolution of the ratios PT/ε (left columns) and
PL/PT (right columns) for the system which is initially oblate–oblate, i.e., the
two anisotropy parameters are positive, in this case ξg = 10 and ξq = 1. The two
upper panels show the global characteristics of the system, while the two lower
panels show the individual results for quarks and gluons, separately. The results of
the kinetic calculation are represented by the solid lines, while the hydrodynamic
results are represented by the dashed lines.



1114 W. Florkowski, O. Madetko

In Fig. 2 we present an example of our calculations for the case where one
anisotropy parameter is positive while the second one is negative. This cor-
responds to a mixed oblate–prolate initial configuration in the momentum
space. Compared to the oblate–oblate case presented in Fig. 1, we find now
much worse agreement. The solutions of the kinetic equation and anisotropic
hydrodynamics differ in a qualitative way. In the framework of anisotropic
hydrodynamics for mixtures, it has been found that the initial oblate–prolate
and prolate–prolate configurations lead to the exponential decay of initial
anisotropies. This is indicated by the dashed lines in Fig. 2 which tend fast
to the equilibrium values (1/3 for PT/ε and 1 for PL/PT). This type of be-
havior is not supported by the kinetic calculations. The critical behavior and
exponential decays of the anisotropy parameters in anisotropic hydrodynam-
ics were connected with the highly non-linear structure of the hydrodynamic
equations. Such critical behavior is not expected on the grounds of the ki-
netic theory where all quantities depend very smoothly on the evolution
time.
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Fig. 2. (Color online) The same as Fig. 1 but for the initial oblate–prolate config-
uration, ξg = 10 and ξq = −0.5.



Kinetic Description of Mixtures of Anisotropic Fluids 1115

In Fig. 3 we show our results for the initial prolate–prolate configura-
tions. Similarly to the prolate–oblate case, there are qualitative differences
in the time behavior of the system. Again, the anisotropy parameters in
the hydrodynamic approach decay exponentially to zero, while the kinetic
theory results show the power law behavior.
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Fig. 3. (Color online) The same as Fig. 1 but for the initial prolate–prolate config-
uration, ξg = −0.25 and ξq = −0.5.

The presented results show limitation in the application of the anisotropic
hydrodynamics for the mixture of fluids with initial oblate–prolate or
prolate–prolate configurations. Clearly, the approximations used in the
anisotropic hydrodynamics are too restrictive. We recall that the approach
introduced in Ref. [29] was based on the zeroth and first moments of the
kinetic equations and, consequently, the number of independent parameters
in the ansatz for the anisotropic distribution functions was restricted. In
particular, the transverse momentum scales in the quark and gluon distri-
butions were set to be equal for the whole evolution time of the system.
Our present calculation indicates that such an assumption must be relaxed
and, probably, higher moments of the kinetic equation should be used to
derive extra equations that allow for the determination of the independent
evolution of these two scales.
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Finally, in Fig. 4 we compare the results obtained for vanishing and finite
initial baryon density, both obtained from the kinetic equation. The zero-
baryon density results are shown as the solid lines and the finite density
results are represented by the dashed lines. The initial baryon density is
b0 = 1 fm−3. Other parameters are the same as those used in Fig. 1. We
find that the effects of finite baryon density are negligible even for relatively
high initial baryon density as used in the presented calculation.
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Fig. 4. (Color online) The same as Fig. 1 but for the zero (solid lines) and finite
(dashed lines) initial baryon density b0 = 1 fm−3, oblate–oblate configuration with
ξg = 10 and ξq = 1.

8. Conclusions

In this paper, we have derived and analyzed a system of coupled ki-
netic equations for quarks, antiquarks and gluons. The results of the kinetic
equations have been compared to the predictions of the anisotropic hydro-
dynamics describing a mixture of anisotropic fluids. We have found that
the solutions of the kinetic equations can be well reproduced by anisotropic
hydrodynamics in the case where the initial distribution are oblate for both
quarks and gluons. Especially, the good agreement is found if one looks
at the global characteristics of the system such as the total energy density
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or total longitudinal and transverse pressures. On the other hand, the so-
lutions of the kinetic equations have a different qualitative behavior from
those obtained in anisotropic hydrodynamics if the initial configurations
are oblate–prolate or prolate–prolate. In the latter case, the solutions of
anisotropic hydrodynamics exhibit exponential behavior which is absent in
the solutions of the kinetic equations. Our study suggests that the assump-
tion of equal transverse-momentum scales for quarks and gluons used in the
derivation of the hydrodynamic equations in [29] should be relaxed and an
additional equation should be added to the scheme from the second moment
of the kinetic equation.

We thank Mike Strickland and Radek Ryblewski for useful discussions
and comments. This work was supported in part by the Polish National
Science Center with Decision No. DEC-2012/06/A/ST2/00390.

REFERENCES

[1] W. Israel, J.M. Stewart, Ann. Phys. 118, 341 (1979).
[2] A. Muronga, Phys. Rev. C69, 034903 (2004).
[3] R. Baier, P. Romatschke, U.A. Wiedemann, Phys. Rev. C73, 064903 (2006).
[4] P. Romatschke, U. Romatschke, Phys. Rev. Lett. 99, 172301 (2007).
[5] K. Dusling, D. Teaney, Phys. Rev. C77, 034905 (2008).
[6] M. Luzum, P. Romatschke, Phys. Rev. C78, 034915 (2008).
[7] H. Song, U.W. Heinz, J. Phys. G 36, 064033 (2009).
[8] G.S. Denicol, T. Kodama, T. Koide, J. Phys. G 37, 094040 (2010).
[9] B. Schenke, S. Jeon, C. Gale, Phys. Lett. B702, 59 (2011).
[10] C. Shen, U. Heinz, P. Huovinen, H. Song, Phys. Rev. C84, 044903 (2011).
[11] P. Bozek, Phys. Lett. B699, 283 (2011).
[12] H. Niemi et al., Phys. Rev. Lett. 106, 212302 (2011).
[13] P. Bozek, I. Wyskiel-Piekarska, Phys. Rev. C85, 064915 (2012).
[14] M.P. Heller, R.A. Janik, P. Witaszczyk, Phys. Rev. Lett. 108, 201602 (2012).
[15] M.P. Heller, R.A. Janik, P. Witaszczyk, Phys. Rev. D85, 126002 (2012).
[16] M. Martinez, M. Strickland, Phys. Rev. C79, 044903 (2009).
[17] W. Florkowski, R. Ryblewski, Phys. Rev. C83, 034907 (2011).
[18] M. Martinez, M. Strickland, Nucl. Phys. A848, 183 (2010).
[19] R. Ryblewski, W. Florkowski, J. Phys. G 38, 015104 (2011).
[20] M. Martinez, M. Strickland, Nucl. Phys. A856, 68 (2011).
[21] R. Ryblewski, W. Florkowski, Eur. Phys. J. C71, 1761 (2011).
[22] M. Martinez, R. Ryblewski, M. Strickland, Phys. Rev. C85, 064913 (2012).

http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1103/PhysRevC.69.034903
http://dx.doi.org/10.1103/PhysRevC.73.064903
http://dx.doi.org/10.1103/PhysRevLett.99.172301
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.78.034915
http://dx.doi.org/10.1088/0954-3899/36/6/064033
http://dx.doi.org/10.1088/0954-3899/37/9/094040
http://dx.doi.org/10.1016/j.physletb.2011.06.065
http://dx.doi.org/10.1103/PhysRevC.84.044903
http://dx.doi.org/10.1016/j.physletb.2011.04.020
http://dx.doi.org/10.1103/PhysRevLett.106.212302
http://dx.doi.org/10.1103/PhysRevC.85.064915
http://dx.doi.org/10.1103/PhysRevLett.108.201602
http://dx.doi.org/10.1103/PhysRevD.85.126002
http://dx.doi.org/10.1103/PhysRevC.79.044903
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1088/0954-3899/38/1/015104
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.003
http://dx.doi.org/10.1140/epjc/s10052-011-1761-8
http://dx.doi.org/10.1103/PhysRevC.85.064913


1118 W. Florkowski, O. Madetko

[23] R. Ryblewski, W. Florkowski, Phys. Rev. C85, 064901 (2012).
[24] D. Bazow, U.W. Heinz, M. Strickland, arXiv:1311.6720 [nucl-th].
[25] L. Tinti, W. Florkowski, Phys. Rev. C89, 034907 (2014) [arXiv:1312.6614

[nucl-th]].
[26] M. Strickland, arXiv:1401.1188 [nucl-th].
[27] W. Florkowski, R. Ryblewski, M. Strickland, Nucl. Phys. A916, 249 (2013).
[28] W. Florkowski, R. Ryblewski, M. Strickland, Phys. Rev. C88, 024903 (2013).
[29] W. Florkowski, R. Maj, R. Ryblewski, M. Strickland, Phys. Rev. C87,

034914 (2013).
[30] W. Florkowski, R. Maj, Acta Phys. Pol. B 44, 2003 (2013).
[31] G. Baym, Phys. Lett. B138, 18 (1984).
[32] G. Baym, Nucl. Phys. A418, 525C (1984).
[33] P. Romatschke, M. Strickland, Phys. Rev. D68, 036004 (2003).
[34] A. Bialas, W. Czyz, Phys. Rev. D30, 2371 (1984).
[35] A. Bialas, W. Czyz, Z. Phys. C28, 255 (1985).
[36] B. Banerjee, R.S. Bhalerao, V. Ravishankar, Phys. Lett. B224, 16 (1989).

http://dx.doi.org/10.1103/PhysRevC.85.064901
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.1103/PhysRevC.87.034914
http://dx.doi.org/10.5506/APhysPolB.44.2003
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/0375-9474(84)90573-6
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.30.2371
http://dx.doi.org/10.1007/BF01575732
http://dx.doi.org/10.1016/0370-2693(89)91041-1

	1 Introduction
	2 Quark, antiquark and gluon kinetic equations
	3 Baryon number conservation
	4 Landau matching
	5 Longitudinal and transverse pressures
	6 Anisotropic hydrodynamics for a mixture of fluids
	7 Results
	8 Conclusions

