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We discuss the use of the hydrodynamic model for the description of the
evolution of dense matter formed in ultrarelativistic heavy-ion collisions.
The collective flow observed in heavy-ion collisions at the BNL Relativistic
Heavy Ion Collider and at the CERN Large Hadron Collider is consistent
with the assumption that a fireball of strongly interacting matter is formed.
Experimental results from p–Pb and d–Au collisions show similar phenom-
ena, which suggests that collective expansion appears in small systems as
well. We review the recent application of the hydrodynamic model to small
systems and discuss limitations and possible further checks of this scenario.
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1. Introduction

Nuclear collisions at ultrarelativistic energies lead to the formation of a
dense fireball of quark–gluon plasma [1–4]. The observation of the elliptic
flow, the asymmetry in the particle spectra between the in and out of the
reaction plane directions, is a strong evidence in favor of the existence of col-
lective flow [5–10]. The interpretation of these experimental results assumes
the expansion of a droplet of strongly interacting medium.

If the systems evolves close to local thermodynamic equilibrium, rela-
tivistic hydrodynamic equations

∂µT
µν = 0 (1)
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can be used to describe the dynamics of the local energy density ε, pressure P
and flow velocity uµ, where the energy momentum tensor

Tµν = (ε+ P )uµuν − Pgµν + πµν +Π (gµν − uµuν) . (2)

The stress tensor πµν and the bulk viscosity correction Π are solutions of
dynamical equation in the second order viscous hydrodynamic framework
[11–22]. The shear and bulk viscosity coefficients are important character-
istics of the quark–gluon plasma. The estimated small value of the shear
viscosity to entropy ratio η/s is not far from the AdS/CFT estimate η/s =
0.08 [23], which shows that the medium formed in heavy-ion collisions is
strongly interacting. The extraction of the shear viscosity coefficient is a
difficult task, as it requires the comparison of model calculations to experi-
mental data on the elliptic and triangular flow at different collision central-
ities [24–27]. The problem comes from the uncertainty on the initial values
of the spatial ellipticity and triangularity. Another issue is related to the
temperature dependence of η/s; in particular, η/s can be very different in
the plasma and the hadronic phase [17, 19].

The shape of the overlap region in the collision fluctuates from event
to event and the eccentricity increases due to these fluctuations [28]. For
each initial state, the hydrodynamic evolution is performed independently
[18, 29–34]. The appearance of the triangular deformation from fluctuations
brings in a qualitatively new observation, a non-zero triangular flow [35].
The initial density of the fireball is generated from a Monte Carlo model,
the Glauber model, f-KLN, IP-Glasma, URQMD, or AMTP. The density
and flow velocity evolves according to hydrodynamic equations and is driven
by pressure gradients in the fireball. The collective expansion ends at the
freeze-out hypersurface. That surface is usually defined as a constant tem-
perature surface, or equivalently as a cut-off in local energy density. For
smaller densities the collective expansion does not occur; individual hadrons
are emitted from the freeze-out hypersurface. After freeze-out only hadron
rescattering, resonance decay or creation can occur. In the model calcula-
tions presented below, we use Glauber Monte Carlo initial conditions [36],
event-by-event hydrodynamic evolution with bulk and shear viscosity [37],
and the Therminator code to simulate statistical hadron emission at freeze-
out and subsequent resonance decays [38, 39].

The fireball is elongated in the longitudinal direction (space-time rapid-
ity) and in the transverse direction it is deformed. The azimuthal deforma-
tion can be effectively parametrized using n-order eccentricity coefficients

εne
inφn =

∫
ρ(x, y)einφrndxdy∫
ρ(x, y)rndxdy

, (3)
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where φn defines the n-order event plane direction. The transverse momen-
tum spectra of emitted particles can be written as

dN

d2⊥dy
=

dN

2πp⊥dp⊥dφdy
(1 + 2v1 cos(φ− ψ1) + 2v2 cos(2(φ− ψ2))

+2v3 cos(3(φ− ψ3)) + . . .) . (4)

For n = 2 and 3, the hydrodynamic response is approximately linear [30]

vn ' Aεn . (5)

The hydrodynamic response A depends on the details of the hydrodynamic
evolution, in particular, it is sensitive to the value of the shear viscosity. The
flow component in the two-particle correlation function in relative azimuthal
angle ∆φ and relative pseudorapidity ∆η is approximately independent of
∆η, while its harmonic expansion in azimuthal angle is given by the flow
coefficients

C(∆φ,∆η) ∝ 1 + 2v21 cos(∆φ) + 2v22 cos(2∆φ) + 2v23 cos(3∆φ) + . . . (6)

The two-dimensional plot of the correlation function has a same- (∆φ ' 0)
and away-side side (∆φ ' π) ridge (Fig. 1). Non-flow correlations con-
tribute to the two-particle correlation C(∆φ,∆η): the jet-like correlations,
resonance decays, and the local charge conservation at small ∆η and ∆φ [40],
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Fig. 1. Two particle correlations function (R(∆φ,∆η) = C(∆φ,∆η)) in relative
pseudorapidity and relative azimuthal angle for unlike charged hadrons emitted
with p⊥ > 0.8 GeV in 30–40% centrality Au–Au collisions at 200 GeV. The calcu-
lation is based on event-by-event viscous hydrodynamics with local charge correla-
tions included.
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and transverse momentum conservation in the away-side ridge region [41].
Experimental estimates of the flow coefficients from the second order cu-
mulants are equivalent to an event average of the two-particle correlation
function 〈v2n〉 = 〈C(∆φ) cos(n∆φ)〉, which sums up the flow fluctuations as
well as the average flow.

The space-time pattern of particle emission from the expanding fluid
can be extracted from the same particle interferometry correlations [42, 43].
The interferometry radii measure the size of the emission region for pairs
of particles of a given momentum [44]. The value of the femtoscopy radii
serves as an estimate of the size of the fireball at freeze-out, and it is con-
sistent with the size of the initial fireball assumed in hydrodynamic models,
supplemented with the increase during the collective expansion phase. The
reduction of the interferometry radii with the average momentum of the pair
indicates a strong correlation between the flow and position. This correla-
tion can be reproduced in hydrodynamic calculations when a realistic, hard
equation of state is used [45–48].

2. Collective flow in small systems

Experimental results from relativistic heavy-ion collisions present strong
evidence for the formation of a dense fireball that expands collectively. Ul-
trarelativistic d–Au and p–Pb collisions have been performed in order to
study phenomena unrelated to plasma formation and to obtain reference
data for heavy-ion experiments [49]. On the other hand, extrapolations of
the initial energy density from peripheral Pb–Pb to p–Pb collisions indicate
that collective expansion could take place in p–Pb collisions at the LHC.
The hydrodynamic model predicts a significant transverse expansion of the
fireball formed in high multiplicity p–Pb collisions [50].

The observed two-particle correlation functions in p–Pb collisions [51–53]
are qualitatively similar to the A–A case, as two ridge-like structures elon-
gated in the pseudorapidity direction are clearly visible. These structures
can be explained as due to the collective flow and the transverse momentum
conservation [54]. The elliptic and triangular collective flow components, to-
gether with the cos(∆φ) contribution from momentum conservation, qualita-
tively reproduce the observed projected correlation function C(∆φ) (Fig. 2).
In the one-dimensional correlation function presented in Fig. 2, the short
range non-flow correlations are reduced using a cut |∆η| > 2 in the projec-
tion. We note that a similar mechanism could explain the ridge structures
observed in the high multiplicity p–p collisions [55], but definite conclusions
are more difficult here due to stronger non-flow contributions [56]. The ob-
served two ridge structure of the correlation function can arise due to initial
state effects [57–60], leading an enhancement of the gluon emission at small
angles. It is important to be able to disentangle the two scenarios.
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Fig. 2. The ZYAM subtracted correlation function in p–Pb collisions. The CMS
measurement [51] is shown as filled circles. The results of the hydrodynamic model
with the normalized correlation functions are shown with the solid lines. The
dashed lines represent the ZYAM subtracted results of the hydrodynamic model
and no rescaling. The dotted lines show the results obtained with an initial time
of 0.2 instead of 0.6 fm/c (from [54]).

The extraction of the flow coefficients v2 and v3 in p–Pb collisions is diffi-
cult due to significant non-flow correlations. Methods involving subtraction
of peripheral from central correlation functions, employing the rapidity gap,
or higher order cumulants can be used for that purpose [61–63]. The ellip-
tic and triangular flow of charged particles in high multiplicity p–Pb events
is well described by the hydrodynamic model [64] (Fig. 3). Qualitatively
similar results are obtained in hydrodynamic calculations using various as-
sumptions about the initial density [65–68]. In p–Pb collisions the initial
density is formed from a small number of independent sources. This leads
to the approximate equality of eccentricities from higher order cumulants
v2{4} ' v2{6} ' v2{8} [69–71].

The fireball is smaller and lives shorter than in A–A collisions. It makes
the quantitative prediction of the hydrodynamic model more sensible to the
assumed initial state scenario or to changes in phenomenological parameters.
The shape of the fireball depends on the modeling of the energy deposition
on small scales and should be described using subnuclear degrees of freedom
[64, 66]. The amount of the transverse flow generated changes noticeably
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Fig. 3. v2 and v3 for charged particles from the hydrodynamic calculation compared
to CMS Collaboration data [62] (from [72]).

when the initial thermalization time or the freeze-out density are lowered.
More importantly, we should be aware that the applicability of second or-
der viscous hydrodynamics is less justified in small systems, when velocity
gradients are large.

The elliptic flow coefficient as function of transverse momentum, v2(p⊥),
splits for different particles. In particular, the elliptic flow of pions is larger
than for protons, for p⊥ < 1.5 GeV. This appears in hydrodynamic models
as the mass splitting of the elliptic flow. The results for the elliptic flow
of identified particles reproduce qualitatively the experimental pion–proton
splitting [72] (Fig. 4).
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Fig. 4. v2(p⊥) for pions, kaons, and protons from the hydrodynamic model, com-
pared to ALICE Collaboration data [63] (from [72]).
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The momentum of particles emitted from a moving fluid element gets a
contribution from the collective velocity, it is bigger for massive particles.
This yields a mass hierarchy in the average transverse momentum of par-
ticles [74]. Scenarios without collective expansion can predict the increase
of the average transverse flow with particle mass in p–p collisions [75], in
accordance with experimental results, but models based on the convolution
of independent nucleon–nucleon collisions cannot reproduce the experimen-
tal results in p–Pb interactions [76]. An example of the average transverse
momentum from a superposition model (HIJING) is given in the right panel
of Fig. 5, where the value of 〈p⊥〉 and its mass splitting are smaller than in
the experiment. A hydrodynamic calculation [72] can reproduce the mass
hierarchy of the average transverse momenta (Fig. 5, left panel). The rapid-
ity dependence of the average transverse momentum could serve as a way
to disentangle between the collective expansion and color glass condensate
scenarios [77]. In the hydrodynamic model, the transverse push is smaller
when going to the proton side, while the reverse is true in the color glass
condensate approach.
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Fig. 5. Average transverse momentum for pions, kaons, and protons in p–Pb colli-
sions from the hydrodynamic model (left panel) and from the HIJING model (right
panel), compared to ALICE Collaboration data [73] (from [72]).
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The scenario based on the formation and expansion of a dense fireball
brings the question about the possibility of measuring its size. The inter-
ferometry radii could measure the size of the fireball at freeze-out and its
momentum dependence could provide information on the transverse flow. If
the initial size of the fireball increases during the expansion, the femtoscopy
radii measured in p–Pb collisions should be larger than in p–p interaction
[78]. The initial size of the interaction region is small in the IP-glasma sce-
nario [66], hence measuring such small radii in the experiment would indicate
that the expansion does not happen.

The collective flow in d–A collisions is another interesting possibility.
It has been noted that the ellipticity in high multiplicity d–A collisions
is big, with the central (highest-multiplicity) events corresponding to the
deuteron hitting the bigger nucleus side-wise [50]. An intrinsic deformation
of the fireball appears, unlike for p–Pb collisions where the deformation is
entirely due to fluctuations. The two-particle correlation functions in the
d–Au collisions at 200 GeV have been analyzed using similar methods as
for the p–Pb collisions at the LHC energies [79]. The extracted elliptic flow
coefficient is large as expected from hydrodynamic calculations, while the
triangular flow is negligible.

3. Discussion

3.1. Summary of results

The relativistic heavy-ion research program has provided a strong evi-
dence for the formation of strongly interacting quark–gluon plasma in A–A
collisions. Recent experimental results indicate that final state interaction
followed with collective evolution could also be important in ultrarelativistic
collisions of small on large systems, p–Pb at 2.76 TeV and d–Au collisions
at 200 GeV. Observations favoring this scenario are:

• The observation of elliptic and triangular flow in p–Pb collisions
[61–63], consistent with model calculations [64–68].

• An even larger elliptic flow in d–Au collisions [79], in line with hydro-
dynamic predictions [50].

• The mass hierarchy of the elliptic flow and of the average transverse
flow [63, 73, 80].

• Similarity between p–Pb collisions and peripheral Pb–Pb collisions
[62, 81].
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The experimental results listed in the previous section motivate further
studies:

• The analysis of the proton–proton and peripheral A–A collision carried
out in a similar way as in p–A and d–A collisions. Such a program
could be used to find the possible onset of collectivity in small systems.
The study of the onset of jet quenching in very peripheral A–A and
p–A collisions would give additional information on the nature of the
matter formed in small systems.

• The energy scan of p–A and d–A collisions to find the onset of collec-
tivity as a function of the energy density.

• Experimental studies of collisions of small deformed projectiles on big
nuclei. This subject is discussed in the next subsection.

3.2. Why small on big collisions?

We now briefly discuss motivations for performing experiments with a
very asymmetric projectile and target, other than to study various aspects
of the initial state dynamics [49]. In view of the results indicating that col-
lective flow appears in such collisions, it is important to study such systems
in more detail. The extraction of flow coefficients is difficult because of sig-
nificant non-flow contributions. It should be kept in mind that alternative
scenarios based on the color glass condensate approach are used to interpret
the observations. Therefore, further experiments are needed to validate or
disprove the collectivity in small systems.

A mechanism to control the eccentricity has been discussed for d–A colli-
sions [50]. The collision of a deformed projectile with a large nucleus can be
viewed as a small deformed (in this case a dumbbell shaped) nucleus hitting
a wall. The orientation of the projectile determines the ellipticity of the
fireball. By triggering on high multiplicity events we choose collisions where
the projectile makes the largest damage when colliding, i.e., events with a
large number of participants. The configurations relevant in this case are
those where the deuteron hits the larger nucleus side-wise. Thus we expect
the largest ellipticity for the most central collisions (Fig. 6). The PHENIX
Collaboration indeed observes a large v2 in d–Au collisions [79], consistent
with such estimates. A larger nucleus with a quadrupole deformation, such
as 9Be, could be used instead of the deuteron.

When using a small deformed projectile of triangular shape [82], such
as triton or 3He, a significant triangular flow should appear. Hydrodynamic
simulations show that v3 in 3He–Au is larger than in d–Au or p–Au collisions
[68].
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Fig. 6. The ellipticity and triangularity in d–Pb collisions as function of the number
of participants (from [50]).

A very promising and interesting systems to study the triangularity of
the projectile is to use 12C [83]. Nucleons in the ground state of the 12C
nucleus are strongly clustered into three α particles (see, e.g., [84] for an
early review, [85] for some history, or [86–89] for references). For 12C–208Pb
events with a large number of participants, the triangularity can be as high as
0.3 (Fig. 7). Moreover, due to the intrinsic triangular shape of the carbon,
the triangularity of the fireball increases with the number of participants
(in analogy to the ellipticity in the d–A case shown in Fig. 6), providing
a vivid qualitative signal of the clusterization. We note that the size of
the interaction region and the multiplicity are much larger than in 3He–Au
collisions, ranging up to 85 wounded nucleons for the highest RHIC energy.
Thus the collective scenario is anticipated for the 12C–Au collisions. Finally,
we stress that from the quantum-mechanical point view, the flow analysis
would present a unique way to get snapshots of the intrinsic wave function
of the carbon nucleus at the instant of the collision.

Performing a series of experiments using small projectiles hitting a large
nucleus would clarify the role of the final state interactions. If the collective
expansion is valid, one expects a moderate v2 with a smaller v3 in p–A
collisions, a large v2 and negligible v3 in d–A or 9Be–A collisions, and a
large v3 and v2 in 3He–A or 12C–A collisions, with specific correlations with
multiplicity [83].

3.3. Limits of collectivity

Experimental indications of collective expansion in small systems rise the
question about the limits of applicability of the hydrodynamic model. At
the very early stage of the collision the system evolves far from equilibrium.
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and the fraction of the binary collisions a = 0.145.

A strong pressure asymmetry is expected between the longitudinal and trans-
verse direction. Since the total evolution time is shorter for p–A collisions,
one hopes to be able to investigate this early transient stage. Quantita-
tive predictions require going beyond the framework of the near-equilibrium
relativistic hydrodynamics [90, 91].

If the gradients of the transverse velocity get big in a small system,
the hydrodynamic approach would cease to be valid even for the transverse
expansion. This means that the second order viscous hydrodynamics breaks
down. Phenomenologically, as long as the scale at which hadrons are formed
is smaller than the size of the system, local correlations between flow and
position (collective flow) can appear. It remains a challenge to provide a
theoretical framework able to give quantitative predictions in that case.
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