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The rare semileptonic x.1(1p) — DT eb decay is analyzed by using the
three-point QCD sum rules. Taking into account the two-gluon conden-
sate contributions, the transition form factors related to this decay are
calculated and are used to determine the total decay width and branching
fraction. Our findings may be approved by future experiments.
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1. Introduction

Quarkonia are bound states of Q@Q where @ is a heavy quark, either a
charm quark, c¢ (charmonium) or a beauty quark, bb (bottomonium). To-
ponium does not exist, since the top-quark decays through the electroweak
interaction before a bound state can take form. In the case of the lighter
quarks (u, d, s), the physical states seen in experiments are quantum me-
chanical mixtures of the light quark states. The analysis of heavy quark and
anti-quark systems are a proper candidate for applying QCD. Production
and decays of quarkonium have long been used to investigate the nature of
QCD. Due to heavy, but not very heavy quark mass, one can get knowledge
of both perturbative and non-perturbative QCD through the analysis of the
nature of production and decays of quarkonium. Properties of these systems
have been theoretically calculated, mainly using a potential model, where
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the potential V = —%% + kr describes the static potential of the quarkonia,
or its extension like the Coulomb gauge model [1-5]. The first term in the
above potential is related to the one-gluon exchange and the second term is
called the confinement potential.

A recent study on the calculation of ground-state decay constant by
QCD sum rules and potential models shows that they both follow the same
pattern. In addition, it has been revealed that using the QCD sum rules,
we can get a more precise calculation of the bound-state characteristics as
compared to the potential models [6]. The QCD sum rules are a reliable
method for spectroscopy and obtaining the properties of the hadrons [7-10].
Furthermore, this method has been used for the calculation of masses and
decay constants of the mesons [11-18]. Semileptonic decay of heavy mesons
has been the aim of many recent studies. Semileptonic decay of the scalar,
pseudoscalar, vector and axial-vector mesons using three-point QCD sum
rules were the subject of these papers [19-29].

The present research was undertaken to study the semileptonic decay of
axial-vector p-wave charmonium x.;(1p) with the quantum numbers .J PC —
17* into the pseudoscalar D} meson. The objective of this work is to eval-
uate the decay width of x.1(1p) — DJer by considering two-gluon conden-
sates as the first non-perturbative contribution to the correlation function.
Heavy quark condensates are suppressed here by the inverse powers of the
heavy quark mass.

This paper includes the following sections: in Section 2, the calculation
of sum rules is presented for the related form factors in which the two-gluon
condensates contributions to the correlation function is considered. Section 3
consists of the numerical analysis of the form factors and the estimation of
the branching fraction. In the last section, the conclusions are discussed.

2. Theoretical analysis of form factors for x.1(1p) — D;"eD
in the context of QCD sum rules

The decay of x.1(1p) — Dfev is described in the Standard Model, in
terms of quark degrees of freedom by the process ¢ — sev at tree-level
(Fig. 1). The effective Hamiltonian for this transition can be written as

Ha = 9Ly, (1 = 75)esyu(l — s)c (1)
e \/§ cs 5 i 5)C,
where Gy stands for Fermi constant and V,; is the element of the Cabibbo—
Kobayashi-Maskawa (CKM) matrix. The transition amplitude of the x.1(1p)
— Dtev is obtained by sandwiching Eq. (1) between the initial and final
meson states

Gr Veshpy" (1 = v5)the (DF (9') [57u(1 = v5)c|xea (1p) (p€)) - (2)
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Fig. 1. (a) Bareloop. (b) Light quark condensates. (c), (d) Light quark condensates
with one-gluon emission for x.1(1p) — D e decay.

To continue, we need to calculate the matrix element (D] (p')[5v,(1 — 75)
c|xe1(1p)(p,e)). We parameterize the matrix element in terms of the form
factors

) 2V (¢?)

DY (1) [57(1 = 75)elxer (1p) (P, €)) = —€pwape™ p*p”
(DF (p') [57u(1 = v5)elxe1 (1p) (p, €)) €uvape PP Mp+ + My, (1p)

. Az (¢%)

* A 2) _ (e* P
+i |g, (ij + mxcl(lp)> 1 (q ) (") “mD;r + My, (1p)
2m +

) T (4 ()~ A0 ()] ] ®

In Eq. (3), P, = (p+ )y g = (p —p') and € is the polarization vector
of the axial-vector meson. To have finite results at ¢ = 0, the condition of
A3(0) = Ap(0) is required. The form factors V', A; and Ay can be written
as a linear combination of A; and A, as follows

m +m m —-m
A3 (¢%) = XCI;IZD+ LHY'S (¢*) - XCI;IQD+ DY 4, (). (1)
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The form factors V, A; and A, are calculated by using the following three-
point correlation function

=7 [ dtadtye P QT {1 ) I0T] @} 10 (5)

where J, (1p)(7) = €y,75¢ is the interpolating current of the axial meson
and J Dj(y) = Y55 is the interpolating current of the pseudoscalar meson.
The transition current is J,(0) = 57,(1 — vs)c.

The above correlation function is calculated in two different approaches:
first, in the hadron context which is called the phenomenological or phys-
ical part and the second is the QCD or theoretical approach, obtained in
the quark—gluon language. The form factor expressions are determined by
equating the corresponding coefficients of the two parts. We use a double
Borel transformation with respect to p and p’ to suppress the contributions
coming from higher states and continuum. To obtain the physical part, a
complete set of intermediate states with the same quantum numbers are
inserted in Eq. (5). Therefore, we obtain

1, (V. p'% %)

(0|0 D 1)) (DF @) 1940 xer (1) 0)) (xa1 ) | T 1| )
B 2 _ 2 2 _ 2
(2 =) (97 = %)
+ the higher resonances and continuum . (6)

The matrix elements in Eq. (6) can be parameterized in terms of the leptonic
decay constants of D} and y.1(1p) mesons as:

+ 0,0\ _
(0] | D7 () = T
<O}JV7X61(1P)‘Xd(lp)(p)> = fxa () My (1p)Ev - (7)

To obtain the physical part, Eq. (3) and Eqgs. (7) are substituted in Eq. (6)
and the summation is performed over the polarization of y.1(1p) meson

2
Fp# Fxer i) Mo (1)

(me-+ma) (2 =2 ) (2 =2 1)
18 2V (qz)

ng_ + mXcl

X(_mw+<P+q>UI+@y>A1@%

I (p°,0"%¢%) =

X {i€waﬁpap 1p) - (ij + mxc1(1p)>
P

2
4 xc1(1p)
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1 P+q),
+ P, —q + pq(Qiq) A (¢%)
mp+ + My (1p) 2 Xe1(1p)

+2W;D+ QU ( Qv + W) [A3 (¢%) — Ao (qz)]} -

My 1 (1p)
(8)

To find the expressions for the form factors V, A; and As, the coefficients
of the Lorentz structures iewagpo‘p’ﬂ, 9w and P,q, are required. Therefore,
the correlation function is written in terms of the chosen Lorentz structures
as follows:

H,ul/ (p27p/27 q2) = HVie,u,Vaﬁpap,IB + HAlg/JJ/ + HAQPMqV + ... (9)

where ... stands for other tensor structures. To find the QCD part of the
correlation function, the three-point correlator is determined by using the
operator product expansion method (OPE) in the deep Euclidean region
p? < 4m?, p? < (m? + m?2). Then, the correlation function may appear in
perturbative and non-perturbative parts as follows:

II; (p*,p'%, ¢%) = 1P (p°, 0%, ¢%) + 11" (02,02, ¢°) (10)

where we use 7 to indicate V', A; and Ay. The bare loop diagram (Fig. 1 (a))
is considered for the perturbative part. Only the gluon condensate dia-
grams are considered as first non-perturbative part (Fig. 2 (a)—(f)) because
the double Borel transformations eliminate the light-quark condensates, con-
tributing to the correlation function. Diagrams (b)—(d) in Fig. 1 show the
light-quark condensates. Double dispersion representation used for the bare-
loop contribution is written as
pg)er s, s q )
(s'—p

per __
7

ds' ds

+ subtraction term. (11)

/2)

The quark propagators are replaced by Dirac function, using the Cutkosky
rules, i.e., 1)2%7712 — 27i6(p? — m?). Such replacement gives the following
inequality:

2ss' + (s + 8 — ¢*) (—s) + 2s (m2 — m?)
A2 (s, 8',q%) A2 (mZ, m2, )

(12)

where \(a,b,c) = a? + b? + ¢ — 2ab — 2ac — 2bc. s’ has a lower limit equal
to (me + ms)?, and the lower limit of s is also determined from Eq. (12).
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Fig. 2. Gluon condensate contributions to x.1(1p) — Dfev decay.

Once all calculations are carried out, the spectral densities may be writ-
ten as follows:

oV (s, s',q2) = 4N, ((ms — m¢) By —2m.B1 — m.lp) , (13)
PA, (s, s q2) = 2N, (4 (—ms +me) Ay +2m ATy + (—mg + me) IpA
+2m2 (—2me + my) Iy — me (u — 2mems) Ip) (14)

pas (8,8,6%) = 2N ((=ms +me) (—As + As) — meBs —mgBi1) ,  (15)

where u = s+ —¢?, A =5, A" = ' + m2 —m? and N. = 3 is the number
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of colors. By, By, A1, Ay, A5 and I are as follows:

1
AN/2 (s,8',¢%)
)\(s,s’,qQ) = 32+s’2+q4—2 ¢ —25'q> — 2s¢',

— / /
Bl = 4)\3/2 (QSA A )
By = )\3/2 (QSA/ )
Al = )\3/2 (A%s + A% — dmZss’ — AAw+mZu?) |
1
Ay = D 2A?ss' + 6A%5"% — 8m?Pss’? — 6AAN sy + APu?
+2m2 / 2) ,
1
As = Y3 (—6AAs"u + 65 A — 85%s'm?2 + 2usm? + u? A
—|—2ss’A2) . (16)

In order to calculate gluon condensate contributions, we should perform
proper integrals which are discussed next [20, 24, 26, 30]. We use Fock—
Schwinger fixed-point gauge, z#Gj, = 0, where G}, is the gluon field
[24, 31-33]. Let us list the necessary integrals to calculate the corresponding
diagrams:

d*k 1
Tola,b,¢] = / ) 2 — 2 [(p+ k)2 — m2)? [ + k)? —m2|"
B d*k Ky
Tula,bre] = / Y k2 — 21 [(p+ k)2 — m2) [0 + k)2 —m2|
d*k Kk
Iwla,b,c] = / (2m)? 2 — m2]" [(p + k)? — mg]b _(p’ n k)2 B mg_ z. (17)

These integrals can be solved using Schwinger representation for propagators
as follows:

1 1 7 —a(p?m?
) = T ] e, (18)
0

The Borel transformation which is proper here is:

B, (M?) e =§ (1 —aM?) . (19)
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The transformed results of the integrals after solving them and applying
double Borel transformations over p? and p'? are written as

(_1)a+b+c+1

j‘ b _ M2 2—a—b M2 2—a—c
o(a,b,c) 2167T2F(G)F(b)F(C) ( 1) ( 2)
xUpla+b+c—4,1—c—b),
Tu(ab.c) = % [Ti(a,b.0) + Bo(a.b, )| Put § [Ti(a.bic) = Taa,b, )] g,
Luw(ab.e) = I(a,b, g + % (2T + L+ 1) PP+ 3 (< I + s ) Puay
1 (B + 1) P+ 1 (2L + T+ T5) guay (20)
where
> . (_1)a+b+c+1 2\2—a—b 2\3—a—c
I b = M M.
1(a,b,c) ZIGWQF(a)F(b)F(C) ( 1) ( 2)
xUp(a+b+c—51—c—0),
T . (71)a+b+c+1 2\ 3—a—b 2\2—a—c
I b = M M.
2(a, b, c) 2167T2F(G)F(b)F(C) ( 1) ( 2)
xUp(a+b+c—51—c—0),
> . (_1)a+b+c+1 2\2—a—b on4—a—c
I b = M M.
3(a,b,c) Z167T2F(a)F(b)F(c) ( 1) ( 2)
xUp(a+b+c—6,1—c—0),
T . (_1)a+b+c+1 2\ 3—a—b 2\3—a—c
L b = M M.
4(a,b,c) Z167T2F(G)F(b)F(C) ( 1) ( 2)
xUp(a+b+c—6,1—c—0),
~ . (_1)a+b+c+1 2\4—a—b 2\2—a—c
I b = M M.
5(a, b, c) Z167r2f(a)F(b)F(c) ( 1) ( 2)
xUp(a+b+c—6,1—c—0),
T . (_1)a+b+c+1 2\ 3—a—b 2\3—a—c
I b = M M.
6(a, b, c) Z32W2F(Q)F(6)F(C) ( 1) ( 2)
xUp(a+b+c—6,2—c—D). (21)

In Egs. (20) and (21), M# and M2 are the Borel parameters in the s and
s’ channels, respectively, and the function Uy(a, ) is defined as:

[e.e]

o B
Uo(e, B) = /dy(y+M12+M22) yPexp _TI—BO—BM/ , (22)
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1
1442
By = 1 [(m2+m2) M + 2m2M3] | (24)
1442
2
m
B = —%5. 25
After doing the calculations, the following results are obtained for gluon
condensate contributions
G*) _ Ci
1! < 2) ot 2
; ) ot (26)

where expressions for C; are given in Appendix A.

Double Borel transformations with respect to p?(p? — M#) and p?(p'? —
M32) are applied on the physical side and QCD side of the correlation func-
tion to find the form factors. After matching the coefficient of the Lorentz
structures of these two representations of the correlator and doing the contin-
uum subtraction to suppress the higher states and continuum, the following
sum rules for the form factors, A; and Ay are obtained:

71'1,2+ 'm2
(mc + ms) My 1 (1P) + mp+ 7D25 7%1(21}3)
e M3 o MP

V=

2fD+ch1 (1P) D+mXc1(1P)

/ ds' /dspv s, s q) F2267W—i-i]\/[12M22< GZ>§Z ,

mc+m5
m2 2
DI Mxe1(1P)
m m 5 <
Ay = (me + ms) e Me M
It FxatPyM3 My (1P) (de(uD) + ij)

Sl

!
S

0
1 2N T 2 CA
e / ds'/dspAl(s,s',q )e M3 o M} —|—’LM1M2< G > 241 ,

(mc+m5)2 SL
! W < ) "ot maar)
A2 _ mXcl( ) mXcl(lp) + mD;O— (mc —'— mS) . M22 . X]é[%
fD+pr1 lP) D+mX 1(1P) (3m 1(1p) —+ mQD;r _ q2>

!

v Py o Ca
/ ds /dspA2 s,8',q*) e Mie Mi +ZM12M22<?SG2>2742 ,

mc +m5

(27)
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where s and s, are the continuum thresholds in x.1(1p) and D channels,
respectively and sy, is as follows

m?2 (q2 — s’)2

—m2) (g =)

LT (28)

Now, let us apply the quark—hadron duality assumption to subtract the
contributions of the higher states and continuum in Eq. (27)

phigher states (S, 8/) _ pOPE (8, 3/) 9(3 — 30)(9 (S — 86) . (29)

The form of Borel transformation which is used is as follows:
~ 1 1 2 /172
2 —m2/M
B, (M ) {p2 } = —MQe m* /M= (30)

The differential decay width dI'/dg? for the process x.1(1p) — Dfev in
terms of the form factors is obtained as follows:

dr VA

= M2, 31
dg?d cos 0 25673m?3 |M] (31)
Xe1(1p)
G
M = 7I;X/CSL“HN, (32)
GQ
IM|? = 7F|Vcs|2LWHHHl, (33)
2
2 2 c 2
LM H,H = 1 (12mXcl(1P)q J”\SH; 9) (mXcl(lp) +ij) A2
3 m
Xcl(lp)
—L—QJF? +¢*) Asin?604; A
2 Mp+ T My (1p) T4 S 1412
Xcl(lp)
1
+ 2)\2 sin? # A2

2
My (1p) (mxcl(lp) +mpt

+16V g2 cos A,V } , (34)

oy 4 4 o2 2 92
where A = myap) T mp+ +4q 2mXc1(1p)mD5+ 2mxc1(1p)

Finally, the integration of Eq. (31) over ¢? in the interval 0 < ¢% <
(Myor (1p) — ij)2 is carried out to find the total decay width.

q2 — 2m%j q2.



Rare Semileptonic Decay of X1 (1p) Meson in QCD 1949

3. Numerical calculations and results

Considering the expressions for form factors, it is clear that input param-
eters entering our calculations are gluon condensate, elements of the CKM
matrix Vs, leptonic decay constants, f, (1, and fD;“ quark and meson
masses, continuum thresholds sy and sj, as well as the Borel parameters
M} and M3. The values of these parameters are chosen to be: (2:G?) =
0.012 GeV* [7], |Ves| = 0.957 £ 0.11 [34], fpr = 0274 £ 0.013 GeV [35],
fxa(ip) = 344 £ 27 MeV [36], m. = 1.275 4+ 0.015 GeV, my(1 GeV) ~
142 MeV [37], mp+ = 1.968 GeV [34], My, (1p) = (3.510664-0.00007) GeV [36].
Form factors contain four parameters: Borel mass squares M and M2, and
continuum thresholds sy and s{. These are mathematical parameters, so the
physical quantities, such as form factors, should not depend upon them. The
parameters so and s{, the continuum thresholds of x.1(1p) and D7 mesons,
are determined from the conditions that guarantee the sum rules to have the
best stability in the allowed M? and M2 region. The value of the contin-
uum thresholds, s, calculated from the two-point QCD sum rules is taken
to be sf, = 6-8 GeV? [38] and sp = 16 £ 2 GeV? [39]. The allowed regions
of M? and M2 for the form factors are determined from the condition that
guarantees the best stability for the form factors. This condition is satisfied
in the regions of 10 GeV? < M12 < 15 GeV? and 20 GeV? < M22 < 30 GeV?
as shown in figure 3. The values of the form factors at ¢ = 0 are shown in
Table 1.

TABLE I
The values of the form factors at g2 = 0, for MZ = 12.5 GeV?2, M2 = 25 GeV?.

Xe1(1p) — DFev
Vv (0) 0.479
A1(0) ~0.017
A5(0) 0.733

Since the sum rules for the form factors are truncated at some points, in
order to extend our calculations to the full physical range, i.e., the region
0 < ¢* < 2.38 GeV?, we use suitable parameterization for the form factors.
Our numerical calculations show that the best parameterization of the form
factors with respect to ¢2 are as follows:

(35)

The values of the parameters, a and b are given in Table II.
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Fig. 3. Dependence of the form factors on Borel parameters.
TABLE 11

Parameters in the fit function of the form factors, for M7 = 12.5 GeV?, M3 = 25 GeV2.

a b My
1% 0.25 0.22 2.1
Ay 0.50 —0.51 2.6
Ay —51.20 51.88 2.4

Performing the integration over ¢? in Eq. (31) in the interval 0 < ¢ <
(Myor (1p) — mD;)Q, we get the expression for the total decay width. Our

calculated value of the branching fraction is presented in Table III.
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TABLE III

Branching fraction of x.1(1p) — DT ev.

Decay Branching fraction
Xe1(1p) — Dfev 8.67 x 1010

4. Conclusion

In the present work, we studied the rare x.1(1lp) — Dfev decay in
the context of the three-point QCD sum rules. Taking into account the
two-gluon corrections to the correlation function as a first non-perturbative
contribution, we obtained the form factors. Implementing our findings, we
used proper parametrization for the form factors to calculate the branching
fraction. The present predictions can be confirmed by the experimental data
in the future.

Appendix A

Cy = 16mely (1,2,2) — 96m21y (1,4,1) 4+ 64m21y (2,3,1)
F16medo (3,1,1) — 16mP1o (3,1,2) — 16m 0" (3,1,2)
—16m I (3,2, 1) — 32m31"Y (3,2,2) — 16m31"" (3,2, 2)
+16meit Y (3,2,2) + 32me 1y (1,2,2) — 96m, 1y (1,3,1)
—192mP1, (1,4,1) — 32medy (2,2,1) + 32m 01 (2,3,1)
F16medy (3,1,1) — 48mP1; (3,1,2) — 16m. 1Y (3,1,2)
—32m 1 (3,2,1) — 64m3 710 (3,2,2) — 32m3 1Y (3,2, 2)
+32m I (3,2,2) + 16me 1, (1,2,2) — 96m3 1y (1,4, 1)
+64m I (2,3,1) — 16m3 1, (3,1,2) — 16me i (3,1,2)
—64m?1, (3,2,1) — 32m31" (3,2, 2) — 16m311-% (3,2, 2)
+1em it (3,2,2) |

Ca, = —8mely(1,1,2) — 16mely (1,2,1) — 16m31y (1,2,2)
+8m A0 (1,2,2) + 96m3 1y (1,3,1) — 48m 10 (1,3,1)
+96m3 Iy (1,4, 1) — 48m31"Y (1,4, 1) + 16m31y (2,2,1)
+16m I (2,2, 1) + 32m3 10 (2,3, 1) + 16m3 10 (2,3, 1)
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Ca,

where

187 (a,b,¢) = (M7)" (3)’
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“16me i) (2,3,1) + 8mely Y (3,1,1) — 8mclo ¥ (3,1,1)

+24m? 1y (3,1,2) + 8m3 10 (3,1, 2) + sm3 iV (3,1, 2)
—8m i (3,1,2) + 32m2 10V (3,2, 1) — 24m 5 (3,2,1)
+8m 1P (3,2,1) + 32m3 10 (3,2, 2) — 16m3 17 (3,2, 2)
+16m2 I (3,2,2) — 24mP 1Y (3,2,2) + 8m i (3,2,2)
+32melg (1,2,2) — 192m3 g (1,4, 1) — 64m I (2,3,1)
—64m "% (2,3,1) — 64m3I"Y (3,2,2) — 32m31"% (3,2, 2)
+32m 1" (3,2,2) |

—16m31 (3,1,2) + 16m31 (3,2, 1) — 4mcI; (1,2,2)
+24m.0y (1,3,1) + 24m31, (1,4,1) — 8meIy (2,2,1)
—16m?1; (2,3,1) + 8m 1% (2,8, 1) — dmefy (3,1,1)
—8mP1 (3,1,2) + 16m311 (3,2, 1) + 8me11 (3,2, 1)
+8m310 (3,2, 2) + am30 (3,2, 2) — am 111 (3,2,2)
—4dmely (1,2,2) + 24meds (1,3,1) + 24m315 (1,4,1)

—8mely (2,2,1) — 16m315 (2,3, 1) + 8mei (2,3, 1)
—4mely (3,1,1) — 8m31y (3,1,2) + 16m315 (3,2,1)
+8m I (3,2, 1) + 8mP I (3,2,2) + 4mP 1l (3,2,2)
—dmedi (3,2,2) + 8meds (1,2,2) — 48m3is (1,4, 1)
—16mei (2,3,1) — 16m 2% (2,3,1) — 16m31Y (3,2, 2)
—8m? I (3,2,2) + 8m i (3,2,2) — 8med; (1,2,2)
+48m3T5 (1,4,1) + 16m I (2,3, 1) + 16m i (2,3, 1)
+16mP 10 (3,2,2) + 8mPIlY (3,2,2) — 8m I (3,2,2)

d
d(ar)" (M)’

(M) (M3) T, (a,,0)]
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