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0(3) “sigma” model) and for the gauged baby Skyrme models: restricted
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1. Introduction

The O(3) nonlinear “sigma” model (called sometimes also as “O(3) non-
linear o model”, “O(3) model”, “CP! model” and so on) plays an important
role in physics. Its version in (2 4 0)-dimensions is integrable and describes
static field configurations in the Heisenberg ferromagnet (the dynamics of
the field configurations in planar ferromagnet has been studied in many pa-
pers, e.g. in [1, 2]). The Bogomolny equations for it have been found in [3].
In [4], the Bogomolny equations of nonlinear “sigma” model with a suitable
choice of the potential were derived and the interaction of their soliton solu-
tions was investigated in [5]. In [6, 7], some chiral o-model in (3+1) has been
investigated. In [8], toroidal soliton solutions for O(3)" nonlinear “sigma”
model were obtained and investigated. Some hopfions in CP™ model were
investigated in [9]. The baby Skyrme model appeared firstly as an analogon
(on plane) to the Skyrme model in three-dimensional space. The last one,
was introduced by Skyrme in [10-12]. It is being used for a description of
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the physics of strong interactions in the case of low energies [13]. The target
space of Skyrme model is SU(2) [10-13|, and for baby Skyrme model, the
target space is S?. In these both models, the topological classification of
the static field configurations, by their winding numbers, can be done. Sim-
ilarly to the Skyrme model, the following terms appear in the baby Skyrme
model: the term of nonlinear O(3) “sigma” model, the quartic term — the
analogon of the Skyrme term and the potential. The potential, in baby
Skyrme model, must occur, for existence of static solutions with finite en-
ergy. However, the form of the potential is not restricted. Many different
forms of the potentials were investigated, for example in [14-18|. In [19],
noncommutative baby Skyrmions were investigated and in [20], exact BPS
bound for noncommutative baby Skyrme model has been obtained. The
problem of peakons and @-balls in the baby Skyrme model was studied
in [21]. The Bogomolny bound and Bogomolny equations for gauged O(3)
“sigma” model, for some special form of the potential, were derived in [22].
In [23], the existence of soliton solutions of Bogomolny kind, in gauged
linear “sigma” model in (2 + 1)-dimensions, was proved. The Bogomolny
equations (Bogomol'nyi equations) for Abelian gauged O(3) “sigma”’ model
with some other specific form of the potential (and for generic nonminmi-
mal coupling constant) have been derived in [24]. The vortex solutions for
them have also been obtained there. The Bogomolny equations and their
vortex solutions for the gauged “sigma” model with Kéhler domain have
been obtained in [25]. In [26], it was shown that the Bogomolny bound of
(1 4+ 1)-dimensional gauged “sigma” models can be written down by using
terms of two conserved charges, similarly to the Bogomolny bound of the
BPS dyons in (3 + 1)-dimensions. Some new Dirac-Born-Infeld extension
of BPS Skyrme model was done in [27]. Gauged version of the Faddeev—
Skyrme model in (3 + 1)-dimensions, with Maxwell term, was discussed
in [28]. In [29] BPS vortices in (1 + 1)-dimensional N = (2,2) supersym-
metric gauged “sigma” model were studied. In [30], some soliton solutions
(in the case of V(Si)=1—7 -5, (i=1,2,3),7 = [0,0,1]) for gauged full
baby Skyrme model were studied. The Lagrangian of the mentioned gauged
full baby Skyrme model in (2 + 1)-dimensions, with some specific form of
V, is the sum of [30, 31]: O(3)-like (“sigma”) term D“,S_"-D“g, Skyrme term
(DS x DV S§)2, usual Maxwell term Fﬁy and the potential V' (S), where S is
three-component vector field, such that \5’ |2 =1, A >0 is a coupling con-
stant, Dugz 8H§ + A, (1 x S) is the covariant derivative of vector field S,
F,, is field strength, called also as the curvature and @ = [0,0,1] is an
unit vector and p,v = 0,1,2. The baby Skyrme model has simpler struc-
ture than three-dimensional Skyrme model and so owing to it, we have an
opportunity of better studying of the solutions of Skyrme model in (3 + 1)-
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dimensions. However, on the other hand, even in the ungauged version of
this model, it is still nonintegrable, topologically nontrivial and nonlinear
field theory, difficult for an exploration. These reasons cause that it is dif-
ficult to make analytical studies of this model and so, the investigations of
baby Skyrmions are very often numerical. Therefore, the simplification, but
of course, keeping us in the class of Skyrme-like models and simultaneously,
giving an opportunity for analytical calculations, is important. One may,
for example, simplify the problem of solving field equations, by deriving the
Bogomolny equations for the models mentioned above. All solutions of the
Bogomolny equations are also the solutions of the Euler—Lagrange equations
(their order is bigger than the order of Bogomolny equations). The Bogo-
molny equations for the ungauged restricted baby Skyrme model with the
special form of the potential V = V(S2) were derived in [17].

In [32], Bogomolny decompositions for both ungauged models: restricted
and full baby Skyrme one were derived. There was also showed that in the
case of ungauged restricted baby Skyrme model, Bogomolny decomposition
existed for arbitrary potential (in [18], the Bogomolny equations had been
obtained for the potential, which was a square of some non-negative function
with isolated zeroes, but by another way than used in [32]). Next, in [32], it
was also showed that for the case of ungauged full baby Skyrme model, the
set of the solutions of corresponding Bogomolny equations was some subset
of the set of the solutions of Bogomolny equations for ungauged restricted
baby Skyrme model.

The technique used in [31], for derivation of the Bogomolny equations
for gauged restricted baby Skyrme model in (2 + 0)-dimensions (in the case
of V(S')=1-7-5, (i=1,2,3)), was firstly applied by Bogomolny in [33],
among others, for the non-Abelian gauge theory. Independently, the results,
similar to some results obtained in [33|, were obtained in [34] and [35] — in
the context of the Bogomolny equations, this last paper has been cited only
in [36]. This method is based on some proper separation of the terms in the
functional of energy. The solutions of Bogomolny equations, found in this
way, minimalize the energy functional and saturate Bogomolny bound (Bo-
gomolny bound is an inequality connecting energy functional and topological
charge).

In [31], the Bogomolny equations for the gauged restricted baby Skyrme
model, in (2 + 0)-dimensions, but for the potentials of the form V(S3),
have been derived and some nontrivial solutions of these equations have
been obtained. Independently, in [37], the Bogomolny decomposition for the
gauged restricted baby Skyrme model, for the potential V' (S%) (written down
in stereographical variables), obtained by applying the so-called concept of
strong necessary conditions, has been presented. In [38], a novel BPS bound
for some gauged BPS submodel was investigated. Some topological duality
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between vortices and planar skyrmions in BPS theories with the so-called
APD symmetries (also for the case of the U(1) gauged versions of the models)
was established in [39].

In this paper, we derive the Bogomolny equations (we call them the Bo-
gomolny decomposition) for the gauged O(3) “sigma” model and for the both
gauged baby Skyrme models: restricted and full one, in (2 + 0)-dimensions,
for some general form of the potential. The gauged restricted baby Skyrme
model is characterized by absence of O(3)-like term (“sigma” term) in the
Lagrangian of gauged full baby Skyrme model. We investigate here the case
of the more general form of the potentials V' (than these ones, investigated
in [31] and [37]), i.e. we look for: the Bogomolny decomposition and the
condition, which must be satisfied by the potential V', in order to existence
of the Bogomolny decomposition.

We derive Bogomolny decompositions, for the gauged models: O(3)
“sigma”; restricted baby Skyrme (this paper contains among others, some
generalization of the results presented in [37]) and full baby Skyrme model,
by applying (in contrary to [30, 31] and [38]) just the concept of strong neces-
sary conditions, firstly presented in [40] and extended in [41, 42]. We derive
also the condition, which must be satisfied by the potentials of the form V',
for which the Bogomolny decomposition exists. The results, included in this
paper and concerning the gauged baby Skyrme models, have been included
in [37].

The procedure of deriving the Bogomolny decomposition, from the ex-
tended concept of strong necessary conditions, has been presented in [43, 44|
and developed in [45].

This paper is organized as follows. In the next subsections of this section,
we briefly describe the gauged models investigated in this paper. We assume
at the beginning, the dependency of their potentials V| on the gauge field
A, (k = 1,2). Obviously, the Lagrangian needs to be gauge invariant,
however, we want to investigate, whether the conditions for the potentials
in these models, in the case of existing of Bogomolny decomposition, will
permit the dependency of the gauge field Ag, (kK = 1,2) and whether we
obtain some model similar to the Proca theory [46] (or to the theory of a
massive vector field [47]). In Subsection 1.3, the concept of strong necessary
conditions is presented. At the beginning of Section 2, we derive the most
general (in the case of the topology, appropriate for the models investigated
here) expressions (in stereographical variables or in their real and imaginary
part) of the density of the topological invariant, needed for our computations.
Next, we derive the Bogomolny decompositions for the gauged models: O(3)
“sigma”; restricted baby Skyrme and full baby Skyrme model, by using the
concept of strong necessary conditions. There are derived also the conditions
for the potentials of these gauged models, which must be satisfied, in the
case of Bogomolny decompositions. Section 3 contains a summary.
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1.1. Gauged O(3) “sigma” model
The Lagrangian of gauged O(3) “sigma” model has the form

L=D,S D'S+F2% +V, (1)

where S is the three-component vector, such that |§ ]2 =1 and Dug =
8u§ + A, (7 x S) is covariant derivative of vector field S. The form of de-
pendency of the potential V', on the dependent variables, has not been spec-
ified, obviously, it depends on its arguments such that it is a real Lorentzian
scalar.

In this paper, we consider gauged O(3) “sigma” model in (2 + 0)-dimen-
sions, with the energy functional of the following form (cf. [22]):

1 1 " .

H=3; /d%; H=1 /d% ()\ODZ-S -D'S + F§ + 72v) : (2)
where 1 = x, 9 =y and i, k,l = 1,2. We make the stereographic projec-
tion
- wHw" =i (w—w) 1—ww

14wt T4wwr 14 wwr

51+ 15
e E)

where w = w(z,y) € C, z,y € R and w(z,y) = u(z,y) +iv(x,y),u,v € R.
After making the transformation (3), the density of the energy func-
tional (2) has the form

(A2 + A43) - (u® 4+ v?) — 241 - (ugv —uvy) — 242 - (uyv — uvy)
(1+u? +02)°

1.€.

H = Ao

2 .2 4 .2 | 2
U T Uy Vet

o= Pt e (Aaa— AV (v, A da) s (4

where after rescalling, the constants A\gg = 4o, A2 have appeared, u , = %

etc. The constant v has been included in V and u(z, y) =R(w(z,y)), v(z,y) =
S(w(z,y)) € R. The Euler-Lagrange equations for the gauged O(3) “sigma”
model have the form

d {2)\00 —Av+uy, } N d {2/\00 —Aov +uy }
dz (1+u2+0v2)*)  dy (1+u2 4 v2)?
[(AT + A3) u+ Ayvg + Agvy]
(1+u? +02)°
(A7 + A3) - (u? +v?) — 241 - (ugv —uvg) — 242 - (uyv — uvy)
(14 u? +02)°

+4Xoou

+4)\00uu?$ + u?, + v + 0,
(1+u? +02)°

_Vuzoa
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the analogical equation, following from varying the energy functional with
respect to v,

d Al . (u2—|—’l}2) — (u’mv—uv,z)
—2)\2@ (AQJ;—ALy) — 200 (1 T U2)2 —VAl =0,
d Ag- (v +v?) = (uyv — uvy)
2)‘2@ (AQ,I_Al,y)_2)‘00 (1+ u? + v2)2 —Va, =0, (5)

where V,, = %—Z etc.

1.2. Gauged baby Skyrme models

In this paper, we consider also the gauged baby Skyrme models: full
and restricted one. The Lagrangian of gauged full baby Skyrme model has
the form (in the Lagrangian of gauged restricted baby Skyrme model, the
O(3)-like term is absent), cf. [31, 37]

& ud 2 - N 2 5
L=D,5 D S+Z(DHS><D,,S) +F2, 4V, (6)

where § is three-component vector such that |[S]2 = 1 and Dug = (9M§ +
Ay (i x S ) is covariant derivative of vector field S, and the form of depen-
dency of the potential V' on the dependent variables has not been specified,
obviously, it depends on his arguments such that it is a real Lorentzian
scalar.

The gauged full baby Skyrme model (in (2 + 0)-dimensions), considered
in this paper, has the energy functional of the following form:

1 1 D ¢ - -\ 2
H:2/d2x 7—[:2/d2x ()\ODiS.DZS+41 (elekaDlS> +F,§,+y2v) ,
(7)
where 1 =z, xo = y and ¢, k,] = 1,2. We make the stereographic projec-
tion
= [w+w* —i (w—w*) l—ww*}

_ S1+ 1S
14+ ww*’ 14+ww* 1+ ww* -

i.e. 155,

(8)

where w = w(z,y) € C, z,y € R and w(z,y) = u(z,y) +iv(z,y),u,v € R.

The density of energy functional (7), but without O(3) term (this is the
Hamiltonian of gauged restricted baby Skyrme model), has the following
form after the stereographic projection [37]

@wj‘y — wﬂw’*z) —A; - (wyyw* + wwfy) +Aq - (www* + ww:*m)]Q
(14 ww*)4
g (Age — A1) 4V (w,w*, Ag, Ag) | (9)

H = 4)\1[71.((‘}
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where after rescalling, the constants A1, A2 have appeared instead of A and
v has been included in V' and w, = %’ ete.

The Euler-Lagrange equations for this model are as follows [37]:

d . * * * *

o [Nl . (2w7y+A2w )]—l—— [Nl (—zw — Ajw )]+EN w*(14+ww )3

—Np - (AW, + A’y — V =0,

c.c.

d

—2)\2d (Ao gz — A1 y) + Ny - ( W yw* +ww ) Va =0,

2)\2% (Agy — A1 y) — Ny - (w@w* + wwj‘x) —Va, =0, (10)
where

Ny = m [2- (w@wy - w,yw@) — A (w,yw + ww7y)

+ Ay - (w}xw* + wwf‘z)] .

After making the transformation (8), the density of the energy functional
(7) has the form (this is the Hamiltonian of gauged full baby Skyrme model
— it can be obtained, after adding the Skyrme term to the Hamiltonian of
gauged “sigma” model) [37]

(AF + A43) - (u? 4+ v?) — 241 - (ugv — uvy) — 242 - (uyv — uvy)

H o= A
" (1+u? +v2)?

o u2x + u?y + v?x —i;v?y
(14 u2+0v2)
(Uavy —uyvy) — A1 - (uuy +vvy) + As - (v g + U’U@)]2
(1+u2+02)°
Ao (Agy — Ar )2+ V (w0, Ay, Ag) (11)

+A11

where after rescalling, the constants A\gg = 4Xg, A11 = 161, A2 have ap-
peared. The constant v has been included in V' and u(z,y) = R(w(z,y)),
v(z,y) = S(w(z,y)) € R. Of course, in these both gauged baby Skyrme
models: restricted and full one, the potentials depend on their arguments
such that they are real Lorentzian scalars.

The Euler—Lagrange equations for the gauged full baby Skyrme model,
have the form [37]
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d —Av+uy
— 22—+ N> - A
dx { 0 (14+u?+ v2)2 TNz (v + 2U)}

d —Av+u

—< 2 —_— Ny - (— T A
+dy{ Aty = W)}
[(A% + A%) u+ A1, + Agv,y]

_2)\00 (1 n u2 n 02)2 — N2 . (—Alu,y + AQU@)
2
+——uNj - (1+u®+ v2)3
A1l
ey (AR AB) (02 4 0%) = 241 (0 — ug) — 24s - (uyv — wv,y)
00
(1+u? +02)°
2 .2 4,2 4 .2

uy, +uy, +v, +v

drgout T e Ty g,

(1+u? +02)°

the analogical equation, following from varying the energy functional with
respect to v,

d A - (u2 + v2) — (U gV —uvy)
_2)\2d7y (A2x — A1y) — 2X00 01 1 02)

+Ny - (uuﬁ/ + UUJJ) - ‘/:Al =0,

d Ay - (u? 4+ v?) — (uyv — uv
2X0—— (A2.2 — A1y) — 200 ( ) —( v v)
dx (14 u?+0v?2)

—Ny - (uu,x + UU,x) - V,A2 =0,

where

211

No=— 21
2T (12 02)t

[(U,gVy =y z)— A1 - (Ut y+vvy)+Ag - (Ut +v0,)] .

As we have mentioned in Introduction, it is obvious that the Lagrangians
of these models need to be gauge invariant, however, we have assumed at the
beginning, the dependency of their potentials V', on the gauge field Ay, (k =
1,2). This is because we want to investigate, whether the conditions for the
potentials in the models investigated in this paper, in the case of existing of
the Bogomolny decomposition for any of these models, will permit presence
(in the Lagrangian) of the terms of the kind A;A* k = 1,2 (the Lagrangian
must be real Lorentzian scalar), so, whether we obtain some model similar
to the Proca theory [46] or to the theory of a massive vector field [47].
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1.3. The concept of strong necessary conditions

The idea of the concept of strong necessary conditions is such that instead
of considering of the Euler-Lagrange equations,

dFu d

U dm YU,z dt ,Ut 0’ ( )

following from the extremum principle applied to the functional,

Dlu] = /F(u,uyx,uvt) dxdt , (13)
B2

we consider strong necessary conditions [40-42],

F, =0, (14)
Fﬂt,t =0, (15)
we = 0, (16)

where F,, = %—5 , etc.

Obviously, all solutions of the system of equations (14)-(16) satisfy the
Euler-Lagrange equation (12). However, these solutions, if they exist, are
very often trivial. So, in order to avoid such situation, we make gauge
transformation of the functional (13)

® — &+ Inv, (17)

where Inv is such functional that its local variation with respect to u(x,t)
vanishes: § Inv = 0.

By virtue of this feature, we have the equivalence of: the Euler-Lagrange
equations (12) and the Euler-Lagrange equations resulting from requiring
of the extremum of @ 4+ Inv. On the other hand, there is not the invari-
ance of the strong necessary conditions (14)—(16), with respect to the gauge
transformation (17) and so, we may expect to obtain nontrivial solutions.
As one can notice, the strong necessary conditions (14)—(16) constitute the
system of the partial differential equations of the order less than the order
of Euler-Lagrange equations (12).

We will use, among others, the so-called divergent invariants [41, 42]:
%f, d%g, where f = f(u,v, A1, A2), g = g(u,v, A1, A2) are some functions,
which are to be determined later. Let us notice here that by using the La-
grangian gauged on among others divergent invariants, we can obtain the
same Euler-Lagrange equations, as these ones obtained by using Lagrangian
ungauged on these invariants, even in that case, when the divergent invari-
ants are not invariant under gauge transformations of the field Ay, k =1, 2.
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2. Bogomolny decompositions for gauged models: O(3) “sigma”,
restricted baby Skyrme and full baby Syrme

2.1. Derivation of the general expressions for the density
of the topological invariant

The important step is to construct the general form of the density of
the topological invariant for the case of the topology of this model. Some
construction of the density of this topological invariant has been given in
22, 48]

11:§-D1§><D2§+F12-<1—ﬁ-§), (18)
where D;S = 8;5+ Aiii x S, (i = 1,2) is covariant derivative of vector field §

and Flo = 0149 — 0b Ay is magnetic field.
After making the stereographic projection (8), we have

1 . * * *
I = 7(1 e [2 (i (wow?, —wywh) — A1 - (wyw* +ww?)
2 *
o (o ) )| + T (e = Avy) (19)

It is useful to generalize the above expression such that there we place
some real functions (differentiable at least once) R; = Rj(w,w*, A1, Az),

(.] = 172)

I, = \;- {R1 (w,w*, A1, Ag) - i (wew?, —wywh) — A1 - (wyw* + ww?)

+Ay - (w@w* + wwj;) ] + Ry (w,w*, A1, Ag) - (A2 — A1) } . (20)

We make the functions R; (j = 1,2), as dependent not only on w,w?*,
but also on Ay (k = 1,2), in order to get the most general form of I3, as it is
possible. Next, we look for such conditions for the functions R; (j = 1,2),
that the expression (20) is the density of the topological invariant i.e. its
variations with respect to w,w*, Ay (k = 1,2) always vanish.

As it turns out, R; = G and Ry = G, hence, above expression has the
following form [37]:

I = Xs- {G’l i (waw?, —wywh) — Ar - (wyw” 4+ ww?)

A (waw” )]+ G (Are — Ary) b (21)

where A3 = const. G; = Gj(ww*) € R is some arbitrary function dif-
ferentiable at least twice. G) denotes the derivative of the function G
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with respect to its argument: ww*. As we see, here is the generalization in
comparison with [37], where G} = Gl(l%f:’:*). This generalization makes
possible deriving of the Bogomolny decomposition for more wide class of the
potentials.

When we need to express (21) in real functions u = R(w),v = J(w),

then [37]

I = X3- {G'l . [(u’zuy —uyVg) — A1 - (uuy +vuy)

+ A (uug +0vg) |+ 2Gr - (Aop — Ary) } ; (22)

where A\3 = const. G; = Gi(u? + v?) € R is some arbitrary function
differentiable at least twice. G denotes here the derivative of the function
G with respect to its argument: u? 4 v?.

When we investigate gauged restricted baby Skyrme model, we will use
(21) as the form of the density of the topological invariant, and when we
investigate gauged O(3) “sigma” model and gauged full baby Skyrme model,
we will use (22). In the next subsections, the symbol “-” will be neglected,
for simplicity.

2.2. Bogomolny decomposition for gauged O(3) “sigma” model

We make (according to Subsection 1.3) gauge transformation of (4) by
using the sum of the invariants Zk 1w H — H

4 - (A2 + A3) (u? +v?) — 241 (U0 — uvg) — 24 (uyv — uvy)
e (1+u? +02)?

+Xoo 7:(:(1 —1—712—1—7;62)2 Y+ Xa (Age — A1y)? + V (u,v, Ay, Ap)

+23 { G [(ugvy — uyvs) — A1 (uuy + voy) + As (uu gz + vo )]
+%G1 (A271- — Al,y)} + D,.Gs3 + DyG4 s (23)

Where I, is topological invariant of the form (22), Iy = D,Ga(u,v Al,Ag)

= DyG3(u,v, A1, Az), Dy, = dcivDy = dd The functlons G1 = G1(u*+v?)
and Gny1 = Gpyi(u,v,A1,A2),(n =1 2) are differentiable at least twice
and they are to be determined later. G’l means the derivative of G with
respect to its argument: (u2 + v2).



1010 .. T. STEPIEN

The strong necessary conditions for (23) have the form
- [2 (A3 + A3) u+ 24105 + 2450,]
H,u : )\00 2

(14 u? 4 v2)

(A3 + A43) (u? 4+ v?) — 241 (ugv — uvg) — 242 (ugyv — uvy)

—4 Aot
00 (14+u?+ v2)3

+Vu + X3 {G, [(wavy —uyva) — Ay (uty + vvy) + Ag (Ut e + vv )]
‘|‘G/1 (_Alu,y“‘AQu,z) + %Gl,u(AZx _Al,y) } +DxG3,u+DyG4,u =0 3 (24)

ST [2 (A% + A3) v — 2A1u, — 2A5u,)
w - A00 (1+u2+v2)2

—4)\00’0

(A2 + A3) (u? 4+ v?) — 241 (ugv — uvg) — 242 (uyv — uvy)

(1+u?+ 1)2)3

+Vo + X3 {G, [(uavy —uyva) — AL (uuy 4+ vvy) + Ag (vt g 4 v0,4)]
+G/1 (_Alv,y+A2v,m) + %Gl,v (AZ,x _Al,y) } +DmG3,v +DyG4,v =0 ’ <25)

_ 244 (u2 + v2) —2(uzv —uvy)
Hoa Moo 5
(1 +u?+0v?)

—\3G (uuy +vvy) + DyG3 o, + DyGaa, =0,

T oo 245 (u? +v?) — 2 (uyv — uvy)
e (1+u? +02)°

+A3G) (uu gy +vv4) + DyGs 4, + DyGaa, =0,

+Va,

(26)

(27)

=0, (30)

~ — A0+ Uy

Hou, : 2000—————5 + A3 {G [vy + Aou]} + G5, =0, 28
- —Asv +u

Hou —= Y L NG vy — Au]} +Gu =0, (29
Uy 00(1+u2+v2)2 3{ 1[ s 1 ]} 4, ( )
- Aju+ vy

Hoy : 2000———— + A3 {G [~uy + Av]} + G5,

, O a2 1 2 3 {G [~uy + A2v]} + Gy,

- A

way 2)\00% + A3 {Gll ['LL’;,; - Alv}} + G47v =0, (31)

(1 +u?+0v?)
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7_2,141,1 : G3,A1 =0, (32)
. A

H,ALy =29 (A273; — Al,y) - ;Gl +Gya, =0, (33)
- A

HoAy, o 202 (A2 — Ary) + 7301 +Gs4, =0, (34)
Hoa,,: Gaa,=0. (35)

Now we need to make equations (24)—(35) self-consistent. In this order,
we need to reduce the number of independent equations by a proper choice
of the functions Gy, (k = 1,2,3). Very often such Ansatze exist only for
some special forms of V and very often it is impossible to reduce the system
of corresponding dual equations to the Bogomolny equations. However, even
if we cannot make the reduction mentioned above, such system can be used
to derive at least some set of solutions of Euler—Lagrange equations.

At first we put

(1+u? +0?)?

u’m + U,y = —TG&U =+ Al'U — AQU, (36)
1+ u? 4 02)°
Wy — vy — ngerAlqusz, (37)
’ ’ 200 ’
1 A3
App—Ary = —o (22 :
2, ly T < 5 G1+ G37A2) (38)
2\
G = 90 G3ua, =0, Gaua, =0, (39)

A3 (1+u? +02)%’

where G denotes the derivative of the function Gi, with respect to its
argument: 1+ u? + v2.
Then, it turns out that

GS,u = G4,v7 G3,v = _G4,ua G4,A1 = _G3,A2 . (40)
Hence, from (32) and (35)
G3 = f(u; U)+02A2 5 G4 = f(uv v)_C2A1 , C2 = COIlSt, f,uu+f,vv =0 (41)

and equations (28)—(35) become the tautologies.

Equations (26), (27), after taking into account (32)—(35), (36)—(39), (41)
and the fact that the potential V' should be a Lorentzian scalar, implicate
that V.4, =0, (k=1,2). Hence, after eliminating all expressions including
the derivatives of the fields u,v, A, A2, from equations (24)—(27), by using
(36)—(39) (after taking into account (41)), we obtain some system of the
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partial differential equations for V(u,v) and f(u,v). The solutions of this
system are: f(u,v) = const and the condition for the potential has the
following form
12c122 (1 +u? 4 v2)2 — Ao (02 (1 +u? + v2) — %)
V(’LL, U) =35
2 A2 (14 u2 4 v2)?

where ¢; = const, co = const.
Hence, the Bogomolny decomposition for gauged O(3) “sigma” model in
(2 + 0)-dimensions, has the form

Uy +vy = A1v— Asu,
Uy — Ve = A1u+ Asv,

)

1 0o
Agw— Ay, = — [—200 ), 13
2, Ly 2\ <1+u2+'l)2 02) ( )

where the potential V' (u,v) needs to satisfy the conditon (42). As we see,
this is some generalization of the result (Bogomolny equations obtained for

the potential V = (1 — 7 - §)2, where i = [0,0,1]) included in [22].

2.3. The Bogomolny decomposition for gauged restricted baby Skyrme model

Now, we start to investigate gauged restricted baby Skyrme model.

We make the following gauge transformation of H, on the sum of the
. . 3 )
invariants > > | I, [37]:

[i (w,mw:*y —w,wax) —A; (w,yw* —i—wwfy) + Ay (w@w* +ww7*x)] 2

H—H=4)\ .
(14 ww*)
Ao (Age — A1) + V (w,w*, A1, Ag) + A3 {G) (i (waw?, — wyw?)
—A (w,yw*—i-wwfy)—i—Ag (w,xw*—l—ww,*x))] —i—Gl(Ag’gC—Aljy)}
+D$G2+DyG3 , (44)

where I is given by (21), Io=D,Ga(w,w*, A1, A2), I3 =DyG3(w,w*, A1, A3),
D, = %, D, = %. G1 = Gi(ww*) and Giy1 = Gii1(w,w*, Aq, As),
(k =1,2) are some functions (differentiable at least twice), which are to be

determinated later.
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After applying the concept of strong necessary conditions to (44), we
obtain the so-called dual equations [37]

- [i(w 2w —wywh ) — Ar (W ywtww? ) + Az (w 2wt ww® )] 20"
Ho 16X oy OV, ’ . ’ :
' (14+ww*)
+8)\1 [i (waw?, —wyw?) — Ar (Wyw* + ww?) + Az (waw* +ww?)]
(14 ww*)?
X (fAlw’*y + Agwfm) + Vo + A3 {G'I’w* [z (w’zw’*y — wyywy*m)
— A (wyw" + wwh)) + Ag (waw* +wwh)] + G (—A1w), + Aow?,)
+G/1w*(A27x — ALy)} + D;Gay, + DyG3, =0, (45)
- [z (w@w"; —w’yw*x) —A (w,yw*+ww*y) +A2(w,xw*+ww*z)] 20
H et =16 d d £ d
’ (14+ww*)
81 [z (w@w’*y - wvyw:';) — Ay (w’yw* + ww:"y) + Ao (w@w* + ww:“x)]
(1+ ww*)4
X (—Ajwy + Asw ) + Vi + A3 {G/{w [z (w,xwzj — w7yw7*$)
—A (w7yw* + wwfy) + Aoy (w@w* + ww;)] + G (—Ajwy + Asw )
+Gw (Asp — A1y)} + DyGawr + DyGs o =0, (46)

7:(7,41 : N3 (fwyyw* — ww:ky)
+Voa, + )\3G/1 (—wﬂw* — ww’*y) + D;Go a4, + DyGs a4, =0, (47)
7—17142 : N3 (w,zw* + ww;)

+V 4y + A3G) (waw” + ww?,) + DyGoa, + DyGsa, =0, (48)

ﬂ,w,z : N3 (iwfy + Agw*) + A\3GY (iw?‘y + Agw*) +Gaw =0, (49)
He, o N3 (—iwh, — Ajw*) + MG (—iw’, — Aiw*) + Ga, =0, (50)
7:{,%6 N3 (—iw,y + Asw) + A3G (—iwy + Aow) + Ga» =0, (51)
ﬂ,wfy : Ns (iwy — Ajw) + A3G] (iwy — Ajw) + G = 0, (52)
Hoay,: Gaa =0, (53)
7:[7A1,y i =2\ (A27x — Al,y) — 3G + G37A1 =0, (54)
Hoay,t 2X0(Asy — A1y) + A3G1 + Gaa, =0, (55)
ﬂ:AQ,y : G3,A2 =0, (56)
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where
Ny — 8AL [i (wow?, — wywh) — Ap (wyw* 4+ wwh)) + Ag (waw* + ww?) ]
(1 4 ww*)*

and G}, G/ denote the derivatives of the function Gy with respect to its
argument: ww*.

Now, we consider w,w*, A;, (i = 1,2),Gy, (k = 1,2,3) as equivalent
dependent variables governed by the system of equations (45)—(56). We
make two operations (similar operations were made firstly in [32], in the
cases of ungauged baby Skyrme models: full and restricted one).

Namely, as we see, after putting [37]

8\ [i (wow?, —wywh) — Al (wyw* +wwk ) +As (wew* +ww?,)]

o — y
Az (14 ww*)? ’
(57)
Ar = Ay = — 51 4G+ o) (58)
2
Gz, = —G2a,, Ga=c2ds, Gz=—coAi, co=const, (59)

equations (49)—-(56) become the tautologies and the candidate for the Bogo-
molny decomposition is [37]
8\ [i (www’*y—w,yw’*m) —A; (w,yw*-i—wwfy) +As (w7xw*+wwj‘x)] _
Az (1 4 wow)! b
2/\2(/127z — Al,y) + A3G1+co=0. (60)

Now, the next step is checking, when equations (45)—(48) are satisfied,
if (60) hold. Thus, we insert (59) and (60), into (45)—(48). From (47)—(48),
we obtain that V4, = 0, (k= 1,2). Hence, we get some system of partial
differential equations for V' (w,w*) and the solution of it is [37]

A
V(w,w) = 8A13A2 / ()\2)\3(1+ww*)4G’1’+2)\2)\3(1+ww*)3G’1—|—4)\1()\3(}1

A
—i—cQ))G'lw*dw + 8)\13/\2 / ()\2)\3(1 + ww*)4 /1/ + 2)\2)\3(1 + ww*)3G’1

+4X1(A3G1 —I—cz)) Twdw* + / 8)\1/\2 [A3< - </ <)\3(8)\2(WW*)3

+18X (ww™) 2 4+4( A1 +3X0)ww* +2X2) G + (A2 (Yww* +1) (ww* +1)3A3GY
Fww A Az (ww* + DAGY +40 (A3G1 +¢2))Gh +Glw* A Az (ww* + 1)AGY

NG + ) Jao ) ) (61)
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So, equations (60) are the Bogomolny decomposition for gauged re-
stricted baby Skyrme model in (24-0)-dimensions, for the potential V (w,w*),
satisfying (61), where G1 = G1(ww*) € C? and G, GY, G denote the deriva-
tives of the function G; with respect to its argument ww™*.

2.4. The Bogomolny decomposition for gauged full baby Skyrme model

We make gauge transformation of (11) by using two topological invariants
of the form (22) on the sum of the invariants Zi:l I, BT H—H

(A2 + A3) (u +v?) — 241 (uv — uvy) — 245 (uyv — uvy)

H=A\
o (1+u? +v2)°

u?, +u’, + v 407
(1 +u2 +v2)*
[(u,xuy - “,yv,x) - A (Uu,y + Uv,y) + Ay (uu,x + m’,x)]Q
(1 4+ u +02)*
o (Agy — A1) + V (u,v, Ay, Ag)

+)\00

+A11

+A3 {F{ (uzvy —uyvy) — Ar (uuy +vvy) + Ao (Ut g + v 4)]
+3 P (Asg — A1)} + M{F5 [(uzvy — uyvg) — Ay (uuy + voy)
+As (uu g +vvg)] + %FQ (Agy — A1 y)} + DoGs + DyGy (62)

where: I, (k = 1,2) are topological invariants of the form (22), I3 =
Dng(u,v,Al,Ag),Ll = DyG4(u,v,A1,A2),Dm = %,Dy = % Fk =
Fy(u? +?), (k= 1,2) and Gpy1 = Gpi1(u,v, A1, Az), (n = 2,3), are some
functions (differentiable at least twice), which are to be determined later
and F} means the derivative of Fy, with respect to its argument: (u? +v?).
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The strong necessary conditions for (62) have the form [37]

7 [2(A? + A%) u+ 2410, + 2450,
R (1+u2 +v2)*
(A3 + A43) (u? 4+ v?) — 241 (ugv — uvg) — 242 (uyv — uvy)

—4 A gou
o (1 4+ u? +02)°

11[(u7xv,y—u7yv@)—Al(uu,y—i-vuy)+A2(Uf,x+vv,x)](—A1u7y+A2u7I)
(1+u?+v?)
[(ugvy —uyvg) — Al (uuy +vvy) + Ag (uu 4 + vv,gc)]2 LV
(14 u2 +02)° "

+A3 {Fl'u (ugvy —uyve) — At (uuy +vvy) + Ao (uux + vv4)]

+F (—Ayuy + Agug) + 5F1u (Age — A1)}

+ A4 {Fé,u (Uavy —uyve) — Al (uuy +vvy) + Ao (Ut g + V0 4)]

+F) (—Aruy + Asu )+ (Asp— Al y) b+ Dy Gs oy +DyGay = 0, (63)

ST [2 (A3 + A3) v — 24A1u, — 2A0u,y]

W+ A00 (1—|—u2—|—112)2

A2+ A2) (u? +v?) — 241 (u v — uvy) — 245 (uyv — uvy,)
1 2 ; ; Y Y

—4)\001}
(1+u? +02)°

H[(u,zv,y—u7yv,x)—A1(uu7y+vv,y)—i—Ag(uu@—l—vv,x)](—Alv,y—i—Agv,x)
(1—|—u2—|—112)4
[(Ugy — uyv ) — Al (uuy +vvy) + Ag (uu 4 + vv,gc)]2
(1+u? +02)°

+A3 {F{v [(uzvy —uyvg) — Al (uuy +vvy) + A (v, + vV 4)]

+F{ (—A1vy + Aovg) + $Fiy (Asp — Ary) }

4+ {FQ’v (U a0y —uyvy) — Al (uuy +vvy) + Ag (Ut g + v 4)]

+F) (—A1vy + Aovg)+3Fo, (Agp— A1 y) }+ Dy G p+DyGay, = 0, (64)

+Vy

5
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- 244 (u2 + 112) —2(uv —uvy)
AL Ao 5
(1 +u?+v?)
[(uavy — uyve)—Ar (uuy +ovy)+ A (uug +vvg)] (uuy +vvy)
(1+u2+02)*
V4, = AsFY (uuy +vvy) = AaFy (uty + vvy)+DoGs a, + DyGaa, =0,
(65)

—2A 11

Ta oo 245 (u? +v?) — 2 (ugyv — uvy)
o (14 u? 4 v2)?
[(u,Vy — uyv o) — A1 (Uty + v0y)+As (Ut gz + v0e)] (Ut + VU 4)
(14 u?+0v2)*
+V 4y + A3 F] (wtt g + vv )+ AaFy (ut g + 00 ,3) + Dy G3 4, +DyGaa, =0,
(66)

+2A 11

~ —Av+u
,Hﬂix : 2)\001—73;2
(1 +u? +v?)

[(U,xv,y —UyVz)—Ar (uu,y + U”,y)"‘A? (uu g+ vv )] (”,y + Asu)

+2\11 (1422 1 v2)4

+A3 {Fl/ [U,y + Agu]} + M\ {Fé [Uyy + Agu]} +G3, =0, (67)

o —Asv +uy

,Hv“y : 2)\00(1 _|_u2 +U2)2

oA [(Uvy — Uyv ) — A1 (Ut y+vv )+ A (Ut gz + V0 4)] (—v2— A1)
(1+u?+02)!

+A3 {Fll [—Uﬂc — Alu]} + M\ {Fé [—1)75,; — Alu]} + G47u =0, (68)

H v QAOOAILU@Q

’ (1 4+ u2 +0v2)

o [(uzvy — uyve)—Ar (uuy+vv,y)+As iuu’z +vvz)] (—uy+A2v)
(14 u? +v?)

+A3 { F] [—uy + Aov]} + M {Fy [—uy + Asv]} + G0 =0, (69)

- Asu+ vy

Ho, 2)\00m

AL (wzvy —uyvg) — Al (uuy +vvy) + A (uuy +v04)] (0, — Arv)

(1 4+ u2 +02)*
+A3 {Fll [u,z — Aw]} + A\ {le [u,m — Aw]} + G4’v =0, (70)
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Hoa.: Gaa =0, (71)
. A A
7‘[7A1’y =29 (A27$ — Al,y) — ?3 1— ;FQ + G47A1 = 0, (72)
~ A3 A4
7‘[7‘42’Z 1 29 (Ag,x — Al,y) + ?Fl + ?FQ +G3.4, =0, (73)
Hoa,,: Gaa,=0. (74)

Now, we need to make equations (63)—(74) self-consistent. In this order,
at first we put [37]

(1+u?+ 02)2

Ug +Vy = — o Gg,u + Av — Asu, (75)
1+u? +0?%)?
Uy — Vg = (2)\00)G3’v + Aju + Asv, (76)
. )\4 2 N4
U Uy — Uy o — A1 (Wt y+00 )+ Ao (ut x+v0 4) =5 (1+u +v ) F,
11
(77)
1 /)3 M
Ao —A1y=—— | =F; — I+ G 78
2.z ly 2/\2<2 1+ 2 2+ 3,A2)7 (78)
2\
Fi = - Gaua, =0,  Giua, =0, (79)

N (1l +u? +02)2

where F| denotes the derivative of the function Fj, with respect to its ar-
gument: 1+ u? 4+ v? and F} denotes the derivative of the function F, with
respect to its argument: u? + v?.

Then it has turned out that
G3u=Gap, Gz = —Gau, Gaa, = —G3.4,- (80)
Hence, from (71) and (74)

Gz = f(u? 'U) + 24 ) Gy = f(u7 U) — Ay , Co = const, f,uu + fﬂ)’U =0
(81)
and equations (67)—(74) become the tautologies.

Equations (65)—(66), after taking into account (71)—(74), (75)—(79), (81)
and the fact that the potential V' should be a Lorentzian scalar, implicate
that V.4, =0, (k=1,2). Hence, after eliminating all expressions including
the derivatives of the fields u, v, Ay, As, from equations (63)—(66), by using
(75)—(79) (after taking into account (81)), we obtain the system of the partial
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differential equations for V(u,v) and f(u,v). The solutions of this system
are: f(u,v) = const and the condition for the potential [37],
1

Viu,v) = 22022 (1 4+ u? + v? 0 2
() )\11)\2(1+u2+v2)3<< i ) B

+ A4 ()\2)\4 (1 +u? + v2)5 FY + % (%)\4 (1 +u? + 2)2) y

+co (1 + U2 + 1)2) — )\00) )\11) (1 + u2 + ’U2)2 FQI + (%/\4 (1 + u2 + U2) F2
+co (1 + u2 + ’U2) — )\00) )\00/\11) u) du

1 1 3 1
+ —= (1+u?+2? (/
/A11>\2(1+u2+v2)3{{ 3 ( ) (14 u?+02)?

x (4 (6/\?l <)\2u4+2)\2 (14+0?)u? +2X90% + 2%1)‘” + (140 A2>(1+u2+v2)4F2'2

+A4 (8/\2/\4 (1 +u?+ U2)5 Fg” + Aoy (1 +u? + ’1)2)6 F2/// + /\00/\11>
X (1 +u? + 212)2 Fy + Xo)2 (1 + u? + v2)8 Fy?

+%A11>\4 (1+u?+2)° </\24 (14 u? +0?) By + 2 (1 + u? + 0?) —/\00> 24

A 3
—2)\00)\11 <24 (1 + ’LL2 + U2) F2 + c2 (1 + UQ + ’UQ) — 2)\00)) u) du)
#2203 (14 w2 +0%)° B+ A (Qeha (1402 +0%)° FY

e <A24 (v e (1+u2+02)—Aoo)> (14w’ +v)" F

A
+AooA11 (24 (1 + u? + U2) Fs+co (1 + u? + ’02) - )\00>:| U} dv+ ¢y, (82)
where ¢; = const, co = const, Fy = Fy(u? +v?) € C3 and F}, FY, F}' denote
the derivatives of the function Fy, with respect to its argument: u? + v2,

Hence, the Bogomolny decomposition for gauged full baby Skyrme model
in (2 + 0)-dimensions has the form [37]

Uz +vy = A1v— A, (83)

Uy — Vg = Atu+ Asv, (84)
A

U zVy—UyVe— AL (Ut y+00,y)+ A (Ut z+0v ) = _Wil (1+u2+v2)4 F,

(85)

1 A 0o
As g —Aly=—- | —=Fh — ———— ,
2 Ly 2)\2 < 2 2 1 + u2 + 1)2 + 62> (86)
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where Fy = Fp(u? + v?) and F} denotes the derivative of the function F,
with respect to its argument: u? + v2, and the potential V(u,v) needs to
satisfy the conditon (82).

3. Summary

We started from finding the most general form of the functions R; =
Rj(w,w*, A1, A2), (j = 1,2), in the density of the topological invariant
(20), written down in complex field variables, and the most general form
of these functions in the density of the topological invariant (an analogon
to (20)), written down in real field variables u,v. It has turned out that
Ry = G and Ry = G1, where G1 = G1(ww*) (or G1 = G1(u® + v?), then
the factor 1/2 appears, by the function Gy (u? + v?), in the density of the
corresponding topological invariant). The form of the dependency of the
function G, on the field variables w,w* (or u,v) and the independence of
G1 on Ay (k= 1,2) have the influence on the dependency of the potential
V' on these field variables. As we explained it in Introduction and later, the
necessity of gauge-invariance of the Lagrangian is obvious, but we planned
to investigate whether the conditions for the potentials in these models,
in the case of existing of the Bogomolny decomposition, would permit the
dependency of the gauge field A, (k = 1,2) and then whether we would
obtain some model similar to the Proca theory [46] (or to the theory of a
massive vector field [47]).

Next, we applied the concept of strong necessary conditions for the
gauged models in (2 + 0)-dimensions: O(3) “sigma”, restricted baby Skyrme
and full baby Skyrme model. In result, we obtained the Bogomolny decom-
position, i.e. the Bogomolny equations, for each of them: (43), (60) and (86),
correspondingly, for wide class of the potentials: V (ww*) (or V (u?+4v?)). We
derived also the conditions (for the potentials) of existence of this Bogomolny
decomposition, these conditions have the forms: (42), (61) and (82), corre-
spondingly. In the case of gauged O(3) “sigma” model and gauged restricted
baby Skyrme model, obtained results are some generalizations of the results
obtained in [22] and [31], [37], correspondingly. Moreover, at the beginning
of this paper, we have assumed that for the gauged O(3) “sigma” model and
for the gauged baby Skyrme models: restricted and full one, the potentials
in their Hamiltonians, depend on w,w™*, A1, As or u,v, A1, As. Next, it has
turned out that the most general forms of the topological invariant for these
models, are built on, among others, function G and its derivative with re-
spect to the argument of G1: ww* and u? + v?, respectively. Finally, this
function and its derivatives have been included into the expression, that V'
needs to be equal to, if we want to get Bogomolny decomposition. On the
other hand, it has turned out that in the case of existence of the Bogomolny
decompositions for any of the gauged models, investigated in this paper,
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the potential V' does not depend on A,k = 1,2. Hence, in the case of the
Bogomolny decompositions for these models, the potentials of them cannot
include the expression Ay A¥ (k = 1,2), which occurs in the potential in the
Proca theory [46] or in the theory of a massive vector field [47].

As it has turned out, the BPS equations (or zero-pressure equations) of
BPS baby Skyrme model can be extended to first order equations with a
non-zero pressure [49, 50|. Their solutions are topologically nontrivial so-
lutions of Euler—Lagrange equations, however then, the pressure does not
vanish — this has been showed for the BPS Skyrme model in [51]. As we
think, applying the concept of strong necessary conditions (CSNC) for the
case of non-zero pressure configurations would be possible. Obviously, as
usual, if we apply CSNC, we need to possess a complete set of the invariants
appropriate to the present topology. In the case of the BPS Skyrme model,
the homotopy group is 73(S%) (and the topological charge is here identified
with the baryon number [52]). After deriving dual equations, probably, the
next steps will be analogical to the ones presented in this paper or in [32],
among others, it will be interesting to see what the contributions from the
densities of the invariants will be, to the condition for the potential. An-
other interesting matter is the existence of the solutions of Euler-Lagrange
equations and Bogomolny equations of the gauged BPS baby Skyrme model.
In [31] and [53], some analytical arguments and numerical exploration have
been included, according to which, the gauged BPS baby Skyrme model with
a double vacuum potential does not support any baby skyrmions even in the
non-BPS sector (i.e. solving the full Euler-Lagrange equations). The explo-
ration of the problems of: applying of CSNC in the case of non-zero pressure
configurations and existence of the solutions in BPS sector, especially, for
some more wide class of the potentials, is in proceed [54].
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