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1. Introduction

In this paper, we derive difference equations satisfied by the recurrence
coefficients of a family of polynomials orthogonal with respect to the weight
supported on [0, c0),

:L.Ol

(—(1=9)2;@)oc(—(1 = @)L @)0
t >0, a>-—1, 0<g<1, (1.1)
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where -
(@)oo =[] (1-ad’) .
=0

In the special case of ¢ — 17, this reduces to

xae—xe—t/x ’

first considered by Chen and Its [1], which is a singular deformation of the
ordinary Laguerre weight. It was shown in that case that the log-derivative
of the Hankel determinant (with respect to t) is the 7-function of a particular
Painlevé III.

In the limit ¢ — 0T, the weight (1.1) reduces to the g-Laguerre weight
introduced by Moak [2]. Other deformations of the ¢g-Laguerre weight have
been studied in [3-5] and [6]. It transpires that for t = ¢/(1 — ¢)? and
a = 0, the corresponding orthogonal polynomials are the Stieltjes—Wigert
polynomials. For this value of ¢t and « # 0, the orthogonal polynomials were
studied in [7] by Askey.

Let {P,(x)} be the monic polynomials orthogonal with respect to a
weight w on the interval [0,00). That is

/ Po(@) Py (2)10(2) dzt = By Sy (1.2)
0

where h,, is the square of the L? norm. It is well-known that the polynomials
satisfy a three term recurrence relation

zPy(x) = Ppyi1(z) + anPp(x) + BnPr-i(z). (1.3)

We take the initial conditions to be P_;(z) = 0 and Py(x) = 1. Our monic
polynomial has a monomial expansion

Pu(z) = 2" +p(n)z" 1 + ... (1.4)

It is clear from the recurrence relation that
n—1
Y aj=—p(n). (1.5)
=0

In [8], Chen and Ismail showed that under suitable conditions on the weight w,
the polynomials satisfied a first order structural relation with respect to the
operator D, defined by

f(x) — flgz)

Specifically, they proved the following theorem.
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Theorem 1.1. Let

o) = o [ g r e dy 06)
0
and -
Bu(w) = 1 [ =M gy . (1)
0
where D
u(z) = — qwl(j)(’“’) (1.8)
Then, the orthogonal polynomials satisfy the q-difference relation
D,P,(z) = BnAn(x)Pp—1(x) — Bp(x)Pp(x). (1.9)

The above theorem is a g-analog of the structural relation appearing
in [9]. Furthermore, it was shown in [8] that the functions A, (x) and B, ()
satisfy the supplementary conditions

Bus1(z) + By(x) = (v — an) An() + (g = 1) Y Aj(x) —ulgz),  (¢51)
§=0

and

Brt1Ans1(2) = BpAn—1(x) = 1+ (z—on)Bpi1(x) = (g — o) Bn(x) . (¢52)

Equations (¢S1) and (gS2) are g-analogs of the supplementary conditions
(S1) and (S2) appearing in [9]. Chen and Its also made use of the following
equation that can be thought of as the first integral of (S7) and (S2)

n—1

B2(x) +u(x)Bn(x)+ > Aj(z) = BnAn(2)An1(x). (S5)
Jj=0

A derivation of (S5) is given in [1] and the equation first appeared in [10].
In [1], they found a pair of coupled non-linear difference equations whose
solutions were related to the recurrence coefficients. In this context, they
also found a particular Painlevé-III differential equation in the parameter t.
Equation (S%) appeared in [11] in connection with a Painlevé-V equation,
in [12], in connection with a Painlevé-IV equation and in [13], in connection
with a Painlevé-V equation.
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For the weight appearing in (1.1), we make use of Theorem 1.1, as well
as equations (¢S1) and (¢S2) in an attempt to find expressions for the re-
currence coefficients in terms of solutions to a pair of non-linear difference
equations. Observe that the quantity >, A;(z) appears in (¢S1) and not
in (¢S2). We will find that in order to deal with this sum effectively, we
will require an additional equation involving this quantity. Therefore, in-
strumental in our approach is the derivation of a g-analog of the equation
(S%) which can be thought of as a first integral of (¢S1) and (¢Sa).

The three main results of the paper are summarized below.

Theorem 1.2. Let A, (z) and B, (x) be given by (1.6) and (1.7). Then,

n—1

BnAn(2)Apa(2) :Bg(a:)—l—u(qx)Bn(:c)—i—(l—l— (1 _UQ)xBn(x»ZAj (). (qSé)

J=0

Lemma 1.3. Let {P,} be the monic polynomials orthogonal with respect to
the weight (1.1) on the interval [0,00). Furthermore, let

1 7 t;
R, - - / Po(y) Py /) 2259 g
" Yy
0
and -
1 w(y, a,t;q
T'n = h /Pn(y)Pnl(y/Q) ( ) dy .
n—1 0 )

Then, the recurrence coefficients oy, and By, have the following form

+a+1
2n+a _ (1 — qn) 11— qn n—1
= t(R 1—¢)S,—
q an, 4 + 00 +4q (R + (1 —q)Sp-1) ,
B 1 1iqnliqn+a 1iqn qn
2n—1 __
Bnq N q2aq2” 1l—-q 1—¢q t qO‘JFl t+ qa+1 try + q204+1qn tSn-1,

where Sp_1 1= Z?:_Ol R;.

Remark 1. The sum S, is computed in (3.8) entirely in terms of R,, and ry,.
Therefore, the lemma above gives expressions for the recurrence coefficients
in terms of R, and 7, only.

Theorem 1.4. Let
(1—q)?

n—l—a 1—
](%nQ), Yn =q" (1 —1y) and T = Tt.

.’L’n:
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Then, the x, and y, satisfy the following coupled difference equations

(xnyn - 1)(xn,1yn — 1) — q2n+ozT (yn _( 17)1(gny;>1/T)

_ ot (@ — D(@n = T)
Tn ’

9

(Tnyn — 1) (nYnse1 — 1) = (1.10)

This paper is organized as follows. In Section 2, we evaluate the rational
functions A, and B, in terms of certain auxiliary quantities. In Section 3,
we give a proof of Theorem 1.2 and Lemma 1.3. In Section 4, we give a
proof of Theorem 1.4.

2. The structural relation

In this section, we compute the functions A, (x) and B, (x) appearing
in relation (1.9) in terms of certain auxiliary quantities. Our first task is to
compute the function u for the weight function (1.1). We have

—

{L‘-i—( )qm—q —t
x2(1+( L—1)z)

u(z, o, t;q) =

From this, it follows that

u(qfv,a,t;q)—u(y,a,t;q):< t >1 < q—t(l—q)° >

g —y ¢ty ) 2® \g*2(1+ (¢! = y)

[ a—t(l—g)? l-q  (ulyetig))1
<qa+2<1+ (q—l _ 1)3/)) 1+(1_q)x ( q ) T (2.1)

With the following definitions of the auxiliary quantities

1
T

1 7 w(y, a, t;
R = L [ PR/ 20D gy,
" 0
1T w(y, a,t;q)
R(2):/Pn Poly/q)—2—20 gy,
" ™ O (y) (y/q)lﬂl(q,1 W

Pn<y>Pn1<y/q>W dy.

<
c
I
>
T
[
0\8

w(y, o, t;q) y
L+y(gt—1) 7’

Po(y)Pn-1(y/q)

ﬁ
S
Il
:
L
oy
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we find that A, (z) and B,,(z) appearing in (1.9) are rational functions of x
and read

Rg) t R,(?) q—t(1—q)?
An(z) = 2 \ g+l + - o2
(2) 2
1 n q— t(l - Q)
-0 () 22
(1) (2) 2
™ t o qg—t(l—gq)
o) = 5 () + o (o)

~-ag ;ﬁ)— 9) (q - Z(“l*; q>2> - % (11_—(];) -(23)

In the derivation above we made use of the formulae

1
o / u(y, @, £:0)Pa(y) Paly/a)u(y, . £:) dy = 0
0

and

o0 1 -
/ u(y, o, t;.q) Po(y)Pa_1 (y/Q)w(y, o t; q) dy = g—2
0

which follow easily from the g-product rule and the integration by parts

formula for the D, operator [8]. We now take note of the fact that the R
2) . (1)

can be expressed in terms of R( ) likewise for ry . in terms of ryy’. To see

this, observe that

<(t(161_(1)> ; - (q - t(qu_ q)2> g (q—11 - 1)y> wly, e t:4)

=" wly/g, o t;q) . (2.4)
Therefore, we have
t(1 — —t(1 — q)?
(qq)Rg) N <q(qu>> R® — grto (2.5)

B B Y n—1
M-9.m, <qt(12”> P = (=@ Y ag. (26)
=0

q q

Using (2.5) and (2.6), note that R and r{? can be eliminated from (2.2)
and (2.3).
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3. The recurrence coefficients

In this section, we derive expressions for the recurrence coefficients in

terms of the quantities RS) and n(Ll). Because we no longer require Rg) and

(2)

ry,~, we will drop the superscript and use the notation
n
R, = Rg) , Ty = 7’%1) and S, = Z R, .
j=0

We begin with the derivation of (¢S5).

Proof of Theorem 1.2. First, we write (¢S2) in the form

Br1An41(2) = BnAn-1(z) = 1+ (2 —an)(Bnt1(z) = Ba(z))+ (1 —q)zBn(z) .
If we multiply the above equations by A, (x) and use (¢S7) to substitute for
(x — apn)An(z), we obtain

Bn-&—lAn—l—l(CC)An(x) - /BnAn(x)An—l(x)
= An(2) + (Bhy1(2) + u(qz) Buti(2)) — (Bi(z) + u(gr) Ba(x))

n n—1
+a(1—q) [ Bura(2) ) Aj(x) = Balz) Y 4y(x)
j=0 J=0

Observe that, up to A,(x) on the right-hand side, the above is a first order
difference equation in n, hence, summing over n, we obtain the g-analog of

(53)
n—1

BnAn(2)An-1(2) = B} (2) + u(gw) Bu(z) + (1 + (1 — q)zBa(2)) Y 4;(2).
j=0

O
To proceed further, we obtain, equating the coefficients of 272 in (¢S1),

Tl + 7 = —ap Ry + 1. (3.1)

Equating the coefficients of 27! in (¢S1), we obtain the equation

n . n—1 ¢ 1_ qn+1 1—¢"
—(1—-q) qnzaj+qn_ Z%‘—qaﬁ(rmﬁ'%) - -
=0 j=0

I—gq 1—g¢q
1—qg™
1—-g¢q

n
= —0pq —

- + <qat+1) (Rn+an(1—q)R, —(1—¢q)S, — (1 —¢q)) .
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The r,, terms can be eliminated by using (3.1) and after some simplification,
we arrive at

n n—1
1_qn+1 1_qn 1_q—a
n+1 . . n—1 R o
7=0 7=0

t
+ (qaﬂ> (qSn — Sn—1) -

We multiply both sides of this equation by the integrating factor ¢"~! and
sum to obtain
3 0 = 1(1—%“)11(1—%“) <1—qa>
—7 g\ 1-¢ g\ 1-—gq 1—gq
]_
t n
+ oS q" Sy . (3.2)
From (3.2), we see that
1—4q¢" 1 1 1—q¢“ tq"
2n n
e <1—q)+q (q+ q><1—Q>+<qo‘“
X (Rn + (1 - Q)Sn—l) : (3'3)

Equating the coefficients of (14 z(1 —¢))~! in (¢S;) yields the same result.
We go through the same process for (¢S5%) and expect to find three more
equations. Equating the coefficients of x=% in (¢S%) gives

BnRyRy_1 = 7321 -7y . (3.4)

To proceed further, we equate the coefficients of x=2 and =2 in (¢S%), which
are long formulas. First equating the coefficients of 272 in (¢S%) produces

tq" (1 —
8 <q2n1 - 2qq<a61> (R +an_1)>

1 1—q¢"1—g"t® t 2
:<2a2n =0 1-0 T \goat ¢ =) (1-4d")
aq q q q q

t
+W(2 —q") 2= ¢

1 t1—a)?*\ (t t2(1 — q)?
+ (qQaqn -2 q205+1 6 Sn_l + QWrnSn_l . (35)
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Now, equating the coefficients of 272 in (¢S%) gives

B 1 1_qn 1_qn 1_qn+a
n—1

R Ry 1) =

ﬁnq ( n+Qn1) 7 (1_q <1_q+ 1—g Tn
(

9)

+1

q“
+

(1 - Tn)Sn—l . (36)

We now combine (3.5) with (3.6) to obtain

1 1—¢"1—¢q""* t(1—q") tg" t
200 421 a+1 + a+1 Tn + 2a+1,n
¢q¢" 1—q 1—gq q q “* g

BnQQnil = n—1 -
(3.7)
Note that both equations (3.7) and (3.6) give an expression for 3, in terms
of the auxiliary quantities. Both of these equations are essential because
they allow us to eliminate (,, and obtain an expression for the sum S,,_1 in

terms of R, and r, only. The sum S, _1 is given by the following lemma.

Lemma 3.1. If S, = > _, R;, then

g t I q"(I1-q)(1-ry) _ 1 1—q™\ (1 —qg"™
")\ g ¢“ Ry g2\ 1—¢ 1—gq
tq" 1 1— g 1—¢" 1—g"™@
qa+1rn+qaRn<1—q 1—q¢  T1-q )7
_ 2nr721 T t(l — qn)

i (3.8)

Proof. First, multiply (3.6) by R,, and use (3.4) to eliminate R,_;. Then
substitute for £, from (3.7) into (3.6). This gives an expression for the sum
Sn_1 in terms of r, and R,, only. O

Note that this equation effectively eliminates the sum S,,_1 from equa-
tions (3.3) and (3.7) and, consequently, we see that «,, and (3, are entirely
determined by r, and R,.

4. Non-linear difference equations

In this section, we derive the coupled non-linear difference equations
given in Theorem 1.4.

Proof of Theorem 1.4. Eliminating «,, from (3.3) and (3.1), we obtain

q2n+a(1 — Tn4+1 — rn)

_ ((1 —q")  1-gvtet
I q(1—q)

+1¢" (R + (1 — q)Sn_1)> R,. (4.1)
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Eliminating £, from (3.4) and (3.6), we receive

" (12 — 1) (Ry + qRa1)

1—q" 1—q¢" 1—g™® 1
= - ntt 1— 1—7p)Sn— niln—1 .
(- (o 5 ) ot (=)0t ) Ruo
(4.2)

We now replace S,,_; in (4.1) and (4.2) by the expression given in (3.8) and
obtain respectively

o ((1 ) + 201 - rn>) Ry — (1 — )(1 = rap1)(1 — 1)

t 3 1 1— q2n+oz+1 qn 5 on
+ <q2a+n+1 1—¢q (1- q)tqa+1 I, + ¢ Ry

(4.3)

- q20¢+1 n

and

n— R, +qR,—
A = @)rn(1 —1ry)% — %rn(l — 1) = RpRp—1

1—q 1—r, [(1—g*"te 1 1—g*te
><<q°‘+1t(l_r”)(qn(l_rn)_I)Jrq2n+2a( l—q ) ¢t 1—q )~

(4.4)

Note that (4.3) is a first order difference equation in 7, and a cubic in R,,
whilst (4.4) is the other way around. These equations admit the respective
factorizations

(Rn — "™ (1 = ) (""" = ¢"rpg1)) (R — "7 (1 = ) (¢" = "))

(1~ )"t R (B — (1)) ( Ry — T (15)
=—(1—-¢)¢"tRy (Rn — ¢ 1—-¢q <n_> 5
t(1—q)
and
q"r <(q" —q"rn) — ST > <(qn —q"rn) — R"_1>
" el —q) Y grtel(1—q)
tRan1< n n q > n n
=——— (" —q¢"rn) — —— ) (" —¢"rpn) — 1) . 4.6
(o )~ ) -1 @)
Under the substitutions,
n+a 1— 1— 2
gp=l "9 (1-9) , Yn =q" (1 —1p) and T = (1=9) t

R, q
(4.5) and (4.6) are the coupled equations in Theorem 1.4. O
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