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1. Introduction

The algebraic structure of Ricci tensor in general relativity was inves-
tigated by many authors (see, e.g., Petrov [1]|, Plebanski [2], Penrose [3],
Hall [4], Plebaniski and Stachel [5]). In particular, in 1964, an algebraic clas-
sification of the traceless Ricci tensor C in real 4-dimensional Lorentzian
manifolds was given by Plebaniski in his distinguished work in Acta Physica
Polonica [2]. Investigation of this problem was motivated by the obvious
relation between traceless Ricci tensor and the tensor of matter T,;. Ple-
bariski proved that there were exactly 15 different types of the tensor of
matter. In [2]|, the algebraic structure of Cy is investigated from several
points of view. First, Cg, is considered as a matrix. Then the structure
of the so-called Plebariski spinors has been investigated. It appeared that
any tensor of matter can be represented as a superposition of three energy-
momentum tensors of the electromagnetic type. Careful analysis of this fact
was the third line of studies on the properties of Cy;, presented in [2].

(53)
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In the seventies, a great deal of interest was devoted to the complex
4-dimensional spaces. It appeared that the Plebarnski algebraic classification
of the traceless Ricci tensor could be easily carried over to the complex
spacetimes [6]. Since it does not make any sense to distinguish between
spacelike and timelike vectors in complex spaces, one could expect that
the structure of Cy;, in complex spaces should be less complicated then the
analogous structure in the Lorentzian case. Surprisingly, there appeared
17 different types of the traceless Ricci tensor in complex spacetime. Some
of these types do not have their counterparts in real Lorentzian case. Results
from [6] allowed one to understand better the complex relativity and the
differences between complex and real manifolds.

It is worth to note that in both papers |2, 6], the spinorial formalism has
been intensively used [7-9]. It helped to simplify the calculations and allowed
to define spinorial objects (like the Plebariski spinors), which appeared to
be essential in further analysis.

Recently, the real 4-dimensional spaces equipped with the metric of
the neutral (ultrahyperbolic) signature (+ + ——) has attracted the great
deal of interest. The Walker and Osserman spaces, integrable systems,
self-dual and anti-self-dual structures, para-Hermite and para-Ké&hler struc-
tures — these all concepts are related to the real 4-dimensional, neutral
spaces. Especially interesting are recently discovered relations between real
4-dimensional, neutral Einstein spaces equipped with the para-Kéahler struc-
ture and the 5-dimensional spaces equipped with the (2, 3,5)-distributions
[10, 11]. Thus, it seems that the 4-dimensional pseudo-Riemannian spaces
with neutral signature will play more and more important role in the theo-
retical physics.

Our paper is devoted to such spaces. We investigate the algebraic struc-
ture of traceless Ricci tensor Cgp in the real 4-dimensional, neutral spaces.
To classify Cyp, we follow the works by Plebanski and Przanowski using the
same techniques. Our approach uses discrete classification (the number and
type of eigenvectors of C,p) and the continuous classification (the number
and type of eigenvalues of the characteristic polynomial of Cg). More-
over, we distinguish spacelike, timelike and null eigenvectors. The Plebanski
spinors have the same structure as a self-dual or anti-self-dual Weyl spinors
and in neutral signature case, they can be divided into 10 different Petrov—
Penrose types. This way, we obtain another criteria helpful in classification
of the traceless Ricci tensor. Finally, we arrive at 33 different types of Cg.
We realize that the structure of the traceless Ricci tensor is much richer that
we could suspect.

It is well-known that real analytic spaces can be obtained from the com-
plex spaces as the real slices. In many cases, real analytic spaces with the
metric of the neutral signature can be obtained from the complex ones par-
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ticularly simple. It is enough to replace complex variables by real ones and
holomorphic functions by real analytic ones. However, in classification of
the Cgp, there appear subtle differences between complex spaces and real
neutral spaces. Single complex type of Cgp splits in a few subtypes in the
real case. It is related to the existence of the spacelike and timelike vectors
in real spaces. In Section 3, we point all these differences by listing generic
complex types and real types into which these complex types split.

We believe that our work fills the gap left by the works of Plebariski
and Przanowski published in Acta Physica Polonica B and will be helpful
in analysis of non-Einsteinian para-Hermite and para-Kéhler spaces. Some
applications of ideas presented here have been already used in our work [12].

The paper is organized as follows. In Section 2, a portion of basic facts
about the null and orthonormal tetrad in both complex and real neutral
spaces is presented. Then we discuss the different types of the roots of
the 4" order polynomial and the criteria which allow to distinguish these
types. The polynomials with the complex and real coefficients are both
discussed. The essential difference between Petrov—Penrose classification of
the 4-index, dotted and undotted totally symmetric spinors in complex and
real neutral spaces are also sketched. Finally, the new symbol of the type of
traceless Ricci tensor is introduced (2.17). At the first glance, this symbol
is more complicated then the symbols used by Plebanski and Przanowski in
[2, 6]. We believe however, that the great number of different types of Cyp
in real neutral spaces and the complexity of the degeneration schemes (like
Scheme 2) justify using such a symbol.

Section 3 is devoted to the detailed classification of the traceless Ricci
tensor. We present the canonical forms of Cy, and we discuss its possible
degenerations. Also, the Petrov—Penrose type of the Plebanski spinors is
analyzed. The results are gathered in the tables and also the graphs of
possible degenerations are presented. Concluding remarks end the paper.

2. Preliminaries

2.1. Formalism

In this section, we present the foundations of the formalism used in this
paper. For more detailed treatment, see [7-9].

We consider 4-dimensional manifold M equipped with the metric ten-
sor ds?. M could be complex analytic differentiable manifold endowed
with a holomorphic metric ds? or a real 4-dimensional smooth differentiable
manifold endowed with a real smooth metric ds? of the neutral signature
(+ 4+ ——). Thus, one deals with complex relativity (CR) or with real ultra-
hyperbolic (neutral) relativity (UR).
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The metric of M in null tetrad (e',e?, €3, e?) reads
0 1 0 0
1 0 0 O
ds? = gap e®e? = 2e'e? + 2e3e? (gap) = 00 0 1 (2.1)
0 01 0
In orthonormal tetrad (Ell, E? E¥, E4,), the metric takes the form of
ds*> = guwE“EY = EVE" + E*E? — E¥E¥ — EYEY |
(ga’b’) = dlag(L 17 _17 _1) . (22)
The relation between null and orthonormal tetrad is
V2EY = el + ¢ V2el =B + E¥
\/§E2/:€3+€4 ﬂeQZEl’_E?)’
/ = / / 2.3
\/§E3:€1—€2 \@63:E2+E4 ( )
\/§E4/:e3_€4 \@64:E2/—E4/
In the spinorial formalism, the metric reads
ds2:f%gABgAB, A=12, B=1,2, (2.4)
where g, ;5 are given by
. 4 2
e e
(gAB> =2 [ el g3 } . (2.5)

Let us consider now the pair of normalized undotted and dotted spinors,
(ka,lB), (k:AQ, l) k44 = 1 and k; = 1. They generate the new null
tetrad (¢',€2,e3,€4) according to the formulas:

V2E! = kaly P,
V28?% = lakpgtP,
—V28? = kakpyg?P,

V2Et = 1aly "B (2.6)

Define the matrix g _, ;5 by the relation gAB = g(‘;‘B e®. The following identi-
ties hold

A
Gaand”” = =20,

a

Ganp9" P = —2696% . (2.7)
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Thus, we have

V2el, = kalg gaAl? €209 5= —V2kaly

\/§€2a = lAkB gaAB. g1agaAB = _\/ilAk'B
—V2¢3 = kakp g,*P Cag” = V2kaky

V2&4 =Ll g B 09" 5 = —V2lalp

(2.8)

2.2. The Petrov—Penrose classification of totally symmetric 4-index spinors

Algebraic classification of totally symmetric 4-index spinors has been
presented in classical paper [7], see also [2|. It can be applied for SD (or
ASD) part of the Weyl spinor Capcp (C e, respectively). We use these
results to classify the Plebariski spinors (2.11). First, we consider complex
undotted Plebanski spinor Vapcp and its contraction with the arbitrary
l-index spinor &4: 2 := Vapcep&AeBeCeP . Clearly, 12 has the form of 2 =
(€2)*V(z), where V(z) is a 4" order polynomial in z := £!/£2. Due to the
fundamental theorem of algebra, {2 can be always brought to the factorized
form 2 = (aaé4)(BBEB) (7c€C)(pEP). Because of the arbitrariness of £4,
we find

Vapep = aaBBycdp) - (2.9)

In general, 1-index spinors a4, B4, 74 and d4 are mutually linearly inde-
pendent. Such case corresponds to the case when the polynomial V(z) has
four different roots. The possible coincidences between spinors a4, 84, Y4
and 64 brought us to the well-known Petrov-Penrose diagram (Scheme 1).

aABBYcop)

LT

aaapPoPpy <— aBBYrcVD)

e

0 asapacap <—— aaBBBcPp)

Scheme 1: The Petrov—Penrose diagram.

In the complex case, there are 6 different Petrov—Penrose types of the
spinor V4pcp. On the other hand, if we consider real totally symmetric
4-index spinor Vapcp, then the scheme of the roots of V(z) is more compli-
cated. There appear 10 different Petrov—Penrose types. The symbols which
are usually used as abbreviations of the corresponding Petrov—Penrose types
of spinor Vapcp and the scheme of the roots of the polynomial V(z) are
gathered in Table I. (In Table I, Z means that the root is complex, while R
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stands for the real root, the power denotes the multiplicity of corresponding
root, spinors a4, B4, 74 and d4 are complex, spinors p4, va, €4 and (4 are
real, bar stands for the complex conjugation).

TABLE 1

The Petrov—Penrose types of complex or real totally symmetric 4-index spinor.

Complex case Real case

Type Vagep = Roots of V(z) | Type Vagep = Roots of V(z)

1] aaBBYcdD) Z1 227372y | (1] wavBéclp) RiRoR3Ry
M | HavBacap) RiRyZZ
e oaaBBcPp) AVAVAYZE

[11] aaBBYCYD) AVAY A . | naveécép) Ri1Ry R}
e | HapBacap) R?ZZ

[D] aaapBofp) VAVA [D]: | waapsrevp) RIR3
[D]e | aaapacap) 7272

[} | aaBBrBchp) VAVAS I}, | paverevp) RiR3

[N] QA0BOCOD z4 [N]; WALBIC D R*

-] 0 - [-] 0 -

It is clear that the Petrov—Penrose types of both real and complex to-
tally symmetric 4-index spinors Vapop are related to the nature of roots of
the corresponding polynomial V(z). It is well-known that such a 4" order
polynomial can be always brought to the canonical form. The criteria which
allow to distinguish the scheme of roots of the 4" order polynomial in the
canonical form are discussed in the next subsection.

Of course, similar classification can be applied for the dotted 4-index
spinors Vg and for the “dotted” polynomial V(2).

2.8. Traceless Ricci tensor

The relation between traceless Ricci tensor Cy, and its spinorial image
C 4pep reads

Cab = 94"°9%"" Cypey <= Capep = iCab 949 0 (2.10)

(compare (2.7)). Using spinorial image C, g, of the traceless Ricci tensor

Cap, one defines the undotted and dotted Plebariski spinors by the relations
2, 8]

— MN _ MN

Vasop :=4Cap™ " Cacyuin s Visep = 4CunasC ¢py- (211
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The dotted and undotted Plebanski spinors are totally symmetric Vapop =
Viasepy and Vigep = Viigen)-

The characteristic polynomial of the matrix C'% of the traceless Ricci
tensor reads

4
W(z) :=det (CY — z26%) = > (—1)'Cz* ' = Ca? - Ca®+ Ca? - Cz+C,
) (Ch = ad%) ZZ;( % o 0 T B
(2.12)
where the coefficients ﬁ are given by
C:=1, C:=C% ..C% k=1,2,34. (2.13)

0] 14 far ™ el

Since the matrix C'9 is traceless, we find that [((13] = (% = 0 so, finally, the

characteristic polynomial W(x) takes the form

W(z) =2+ Ca® — Cx + C. (2.14)
2] (3] (4]

In UR coefficients, (ﬁ € R. Criteria which allow us to distinguish the
1

properties of the roots of W(x) have been widely discussed in [8, 13-15].
Define

—8J := IC?-4CcC+LC®, TI:=C+4C?, K:=1iC
B e 2 4 e s
L:=3iC, N:=3iC*-C, P_—9<C2—2(C< )
2] 2 M B2
15)
Then, the discriminant of polynomial (2.14) reads
A =256 (I° —27J7) . (2.16)

As it was mentioned in the previous subsection, there are exactly 9 cases
which should be distinguished using the criteria from Table II.
In CR, the coefficients C are complex. There are only 5 distinct cases
2

(see Table III).



60 A. CHUDECKI

TABLE II
Roots of the quartic equation with real coeflicients.
Criteria Roots
A<O RiRZZ
A>0 L<0Oand N >0 R1R>R3R,
L>0o0or N<O0 21212222
A=0 I1#0,J#0 P>0 R1R2R§
(K #0or N #0) P<0 R*ZZ
I1#£0,J+#0 J <0 R%R%
K=N=0 J>0 7272
I=J=0 N #0and K # 0 RiR3
N=K=0 Rt
TABLE III

Roots of the quartic equation with complex coefficients.

Criteria Roots

A#0 AVAY LAY
A=0|T#0,J#0 | P#0 | Z12:72
P=0 VAV
I=J=0 L#0 VAV
L=0 z4

2.4. Terminology and symbols

To classify traceless Ricci tensor in UR, we use the notation similar
to Plebariski’s notation from [2] and the Plebanski-Przanowski notation
from [6]. The number of eigenvectors are considered as a main criterion,
while the properties of the eigenvalues and the form of the minimal polyno-
mial serve as subcriteria.

The complete information about the type of the matrix, (C4%) is gathered
in the symbol

[AL'@[B]k[

n By —noEy — ... ]E)qunm) . (2.17)

Inside the square bracket, all different eigenvalues F;, i = 1,2,..., Ny to-
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gether with their multiplicities n; are listed. Of course,

n1+n2+"'+’l’LN0 = 4;
n1E1+n2E2+~-~+nNOENO = 0. (2.18)

The last equality follows from the fact that the matrix (C%) is traceless.
The characteristic polynomial takes the form of

No

W(z) =[] - E)". (2.19)

i=1

A complex eigenvalue is denoted by Z and a real one by R. Real eigenval-
ues have additional superscript which denotes the type of the corresponding
eigenvector. R® means that the eigenvector which corresponds to the eigen-
value R is spacelike, R* — timelike, R® — null, R® — null or spacelike, R™
— null or timelike and, finally, R™' means that the eigenvector can be of the
arbitrary type. [With respect to the orthonormal tetrad (2.2), the definitions
of spacelike, timelike and null vectors are as follows: V*V, > 0 means that
V@ is spacelike, V*V, < 0 stands for a timelike vector and, finally, V¢V, =0
means that the vector is null|.

Superscript v denotes the number of eigenvectors. Numbers ¢; in the
round bracket determine the form of the minimal polynomial, i.e., the poly-
nomial of the lowest possible order with the leading term equal to 1 such
that Wiin(C%) = 0. Namely, the minimal polynomial of the matrix (C%)

has the form of
No

Wmin(x) = H(x - Ez)qz . (220)
i=1
Finally, the symbol [A]; ® [B]j defines the Petrov-Penrose types of the
Plebanski spinors, Vapcp and V) 50p, respectively (2.11). For example,
[III]; ® [N]; means that Vapcp is of the type [III];, while V50 is of the
type [Nl

3. Classification of the traceless Ricci tensor in UR

3.1. Parent Types

The eigenvalue criteria (Table II), the number and the type of eigen-
vectors and the Petrov—Penrose type of the undotted and dotted Plebariski
spinors allow to distinguish exactly 33 types of the traceless Ricci tensor.
They appear as the degenerations of 9 parent Types (according to Plebanski’s
terminology, “Types” by capital “T”). Each of these parent Types has the
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minimal equation being exactly the Hamilton—Cayley equation. The sym-
bols of the Types are quite similar to the symbols of Petrov—Penrose types
of the Plebanski spinors. To distinguish them, we do not put the symbol
of the Types into the square bracket (as we do in the case of the Petrov—
Penrose types of the Plebariski spinors). Types I and II have subscripts “r”
(all eigenvectors real), “c” (all eigenvectors complex) or “rc” (two eigenvec-
tors complex, one or two eigenvectors real). Types III and IV have only real
eigenvectors. However, Type I1I admits two null eigenvectors (subscript “n”),
one null eigenvector and one timelike (subscript “t”) or one null eigenvector
and one spacelike (subscript “s”). We use the symbols of the parent Types
in the CR like in [6] (I, II, III¢, Il and IV).

TABLE IV

Parent Types of Cgp.

Type Symbols of the parent Types
Lo Wl [2) - 21— Zy - ZQ](1111) el (2, — 2, — 2, - Zz}(llll)
L Mee®llee (7 — Z — RS — Rt}(lm)

S S 4 S S 4
I, (We®le [Ry — RS — RE — RZ](un) , Mol [Ry — Ry — RY — RZ](llll)

I, el [7 — 7 — 2R] ), WO [7 = Z — 2R ]!
I, [Hre® e (RS — R — QRE}fnz) , -l R} — Ry — 2R§](112)
I1L, Dol 2Ry — 2RSSk 2RY — 2RBJE,,

111, [IH]Y®[HI]r[R§ _ 33121]%13)

111, (@[ Rt 3R3]%s

v [N]r®[HI]r[4Rn}1 [II1], ® [N] [4Rn}

(4)°

In the next section, we present the canonical forms of the parent Types
and Tables of possible degenerations together with the continuous charac-
teristics of the matrix (C%). For the canonical forms, we use both null and
orthonormal tetrads. The classification of the traceless Ricci tensor in com-
plex spaces can be treated as a “generic” classification for the UR. This is
why we list the Plebanski—Przanowski types described in details in [6] (we
keep the original symbols of types used in [6]). For the Plebanski-Przanowski
classification, we use the abbreviation PP classification.
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3.2. Type I (4 eigenvectors)

3.2.1. Type I, (4 real eigenvectors; 2 spacelike and 2 timelike eigenvectors)

The canonical form of Cy, for the parent Type I, reads

Cab = R} EvoE1y + Ry EyoEyy, — Ry E3oFEsyy, — Ry EyoEa
= % (Ri — Rg) (elaelb + egaegb) + 1 (RS + Rg) (elaegb + e2a€1b)
+% (R; — RZ) (e3a€3p + €4a€4p) + 5 ( + R4) (e3a€ap + €4a€3p) -
(3.1)

The eigenvectors and corresponding eigenvalues are:
Ey «— R}, Ey +— R, Ey < RS, Ey +— RS
The eigenvalues have to satisfy
S+RS+ RS+ R =0.
Using (2.8), one finds the form of the Plebaiiski spinors

(RS — RY) (Rs — RY) (kakpkckp + lalplelp)

2 ((RS R)* — (3R} + RY) (R +3RS)) kakslolp)

(R} — RS) (Rs — RY) (kgkgkekp + il glelp)

9 ((RS R)® — (3R} + RY) (R} +3R5)) koikglolp) - (32)

Vapep =

+ i

R
Visep = 2

Investigation of the polynomials V(z) and V(%) (defined in Subsection 2.2)
proves that both Plebariski spinors are, in general, of the Petrov—Penrose
types [I]; or [I]c. Define the quantity o7 by the formula

_ (B, R) (R - ) (R + RS+ 2R3) (B4 + 2R3 1+ BS) . (39)
Then we get the criterion

o1 < 0 <= both Vypcp and Ve are of the type [I];,
o1 > 0 <= both Vapcp and Vpepy are of the type [Ilc.  (3.4)
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TABLE V

Subtypes of the Type I,.

PP classification Neutral signature classification

Eigenvalues Type I Eigenvalues Type I,
71757374 |[C1 — Cy — C3 — Cyla| RiRyRs Ry | U@ [RY — R — RS — Rilt141)

[I]c®[I]C[R§ — R5 — Ré - Ri]zﬂm)

VAVAY A [C1 — Cy —2N]3 RiRy R} Ple@Ple 2R — RY — Rt](ln)

DL-e Dk [Ry — 2RE — RYJY, )

[Ple®Dle[RY — Ry — QRE}?HU

7373 [2N] — 2N], RIR3 [Ple®Ple[2Rs — 2RY]*

(11)
[D]:®[D]; [2Rust — 2Rnsthn)
VAVAS [C1 — 3N]2 R R} HeHRT — 3RS,
FEIR - 3RY
74 [4N}1 R4 [=]®[-] [4Rnst}?1)
Uelle[Ry — Ry — R — Rmuu) el [RY — Ry — RS~ RZ]Elllll)
[Dle®[Dle 2R} — RS — RY)! (111) @ 2 (111) 1@ —2Rp* - Rd] 111)
[D]c® 2R5 2R2 ) Rt _ SRH“](M) [-1®[-] [R 73Rn5t [D]:®[D]x [QRmt — 2Ry ](11)
Flel-laRml /

Scheme 2: Degeneration scheme of the Type I;.
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3.2.2. Type I. (4 complex eigenvectors)

The canonical form of the C,, for the parent Type I. has the form of

_ i _
Ca = = (Z1+21) (EQ’aEZ’b_E4’aE4’b)+§ (Z1—21) (EyoExy+EyoEo)
1

i _

3 (Za—22) (EvaEsy+EsqEyp)
_ i _

Zv+Z1) (e3ae4b+€4a63b)+§ (Z1—21) (e3at3p—€aq€ap)

(Z2+252) (EviaBry—E3aF3) +

—~ N

1
2
_|_
1
2
_|_

_ i _
(Z2+25) (61a62b+62a61b)+§ (Z2—25) (e1ae10—€20€2) - (3.5)

N | =

The eigenvectors and corresponding eigenvalues are:

1 1 _
—(FEy +iFEy) «— 77, —(Fy —itEy) «— 77,
\/5( 2 x) 1 ﬂ( 2 ) 1
1 1 _
— (B +1Ey) <— Zo, —(E1 —iFE3) «— Z5.
\/5( 1 3) > \/5( 1 3) 2

The constraints for the eigenvalues read
Im(Z,) #0, Im(Z,) #0, Re(Z1) + Re(Z3) = 0.
The Plebanski spinors are

Vapep = 2Im(Z)Im(Zs)(kakgkckp + lalglclp)

— (2(Im(Z1))? + 2(Im(Z2))* + 8(Re(Z1))?) keakslclpy,
Vigep = —ZIm(Zl)Im(ZQ)(k:AkBkck‘D + ZAZBZCZD)

— (2(Im(21))? + 2(Im(Z2))? + 8(Re(21))?) kikplely,  (3.6)

and they both are, in general, of the type [I]; and [I].. To distinguish these
two types, we have the following criterion

Im(Z;)Im(Z3) <0 <= Vapep is of the type [I]c

and Ve p is of the type [I;,
Im(Z)Im(Z3) > 0 <= Vapcp is of the type [I];

and Ve s of the type[l].. (3.7)

It is interesting to note that only the subtype [r®le (Z1— 71— Zo— 22]?1111)
allows the degeneration into the type Ph®[Ple[27 — 22]‘(111).
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TABLE VI

Subtypes of the Type I..

PP classification Neutral signature classification

Eigenvalues Type I Eigenvalues Type 1.

Z1Z2Z3Z4 |[C1 — Oy — C3 — Cala| Z1Z1Z2Z, |We®llk (21~ 2y~ Z - 22]?1111)
— — 14
1. [Z1 —Z1— 2y — Z2](1111)

4
(€8Y)

VAVAS [2N; — 2N, Z27? [Dl-@ble 27 — 27]

Welll(7) — Zy — Zo — 22]?1111) Wele(Zy — 21— Zo — Zz]?llll)

|

[D]:®[D]c [QZ _ 22]4(111)

Scheme 3: Degeneration scheme of the Type 1.

3.2.3. Type I.. (4 eigenvectors; two complex, one timelike and one spacelike

eigenvectors)

The canonical form of the Cy; for the parent Type I, is:

Cop = RiEvoEvy, — R5E3,Esy
1 _ 7 _
+5 (Z + Z) (ByaFEoy — EyoEan) + 5 (Z—-Z2) (EyaEyy + EyoEo)

1
(R} — RY) (e1a€1p + €20€2) + 3 (RS + R5) (e1a€26 + €20€15)

_ i _
(Z + Z) (e3q€a + €aae3p) + 3 (Z — Z) (e3a€3p — €satap) . (3.8)

The eigenvectors and corresponding eigenvalues are:
Ey +— R, By < RS,
1
V2

The relations between eigenvalues read

1 —
(EQ/ —f—iE4/) — 7, E(EQI - iE4’) «— Z.

Im(Z)#0,  Rj+ RS+2Re(Z)=0.
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The Plebanski spinors have the following form:

Vasep = (R — RS) Im(Z)(kakskckp — Lalplolp)

+1 (RS = RY)® — 4(m(2))* — 16(Re(2))*) kakslolp)
Vigep = (Rﬁ — Rg) Im(Z)(kAkBkaD — ZAZBZCZD)
2
+5 (RS — RY)® - 4(m(2)) — 16(Re(2))?) K ihploly -

(3.9)

Both Plebariski spinors for the nondegenerate Type I, are of the Petrov—
Penrose type [Iyc.

TABLE VII

Subtypes of the Type I,c.

PP classification Neutral signature classification

Eigenvalues Type I Eigenvalues Type I.¢
Z1Z2Z3Z4 [Cl — CQ — 03 — 04]4 ZZRlRQ Mre®[Ire [Z—Z—R?—R%]

4
(1111)
4
(111)

AVAYA [Cy — Cy — 2N]y zzZR* | Dkl (7 _ 7 _ aRvst]

Mre®@I)re [Z —7_ R? o R5}4

(1111)

PlelPk(z — 7 — 2Rn5t]?111)

Scheme 4: Degeneration scheme of the Type I;c.

3.3. Type II (3 eigenvectors)

3.3.1. Type II, (3 eigenvectors; one timelike, one spacelike and one null eigen-
vectors)

The canonical form of the C,;, for the parent Type II; is:
Cab = RiEllaEllb — REES/aES/b =+ Rg(EZ’aEZ’b — E4’aE4/b)
+3(EyqFoy + EyoEyy — EyqEyy — EyoFo)
= (R} — R}) (e1a€1s + €20e2) + 5 (R} + Rb) (e1q€25 + €24€15)
+R3(e3aap + €1a€3p) + €40€ap - (3.10)
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The eigenvectors and corresponding eigenvalues are:

Ey «— RY,

The eigenvalues have to satisfy the relation

By < RS,

S+ Ry + 2R =0.

1
72(E2/ — E4/) — Rg .

The Plebaniski spinors for the Type II; can be brought to the form

Vapep =

Vigen =

1
2
1
2

Consider the quantity oo

oy := (R} — RS) (3R} + RS) (R} + 3R}) .

Then we find the following criterion

02 > 0 <= Vapcp and Vi zep are of the type [I];,

03 <0 <= Vapep and V50 p are of the type [I];c.

TABLE VIII

Subtypes of the Type II,.

(2 (RS — RY) keaks — (3RS + RY) (RS + 3RY) Lalp) kckp)
(2 (R — RY) k ik — (3R + RY) (RS + 3RY) z(AzB) kekp, .
(3.11)

(3.12)

(3.13)

PP classification

Neutral signature classification

Eigenvalues Type II Eigenvalues Type II,
212273 | [C1—C2—2NJy | RiRpR3 | Mhe®llhe[R] — Ry —2R3]3, )
[HL@[H]T[R? — Rf — 2R§H’112)
VAVA [2N1 — 2N](1—9) RIR3 (D@D} [2 Rpst — 233]?12)
2,73 [C1 —3N]s R\R3 NFeIN- (R — 3R3'],)
N-INE (R - 3Ry,
Z4 (G)[4N]y R* [-1®[-] [4R™)2,)
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e Mlhe (R — R — 2R3JY 1) e (R — R — 2R3 1)
PhERh2Ry — 2R, NN RS = 3Ry, NYORNN(R - 3RETR,)
[=1®[-] [4Rnst]3

(2)

Scheme 5: Degeneration scheme of the Type II,.

3.3.2. Type II,. (3 eigenvectors; two complex and one null eigenvectors)

The canonical form of the C,; for the parent Type I, has the form of
1 _ 7 _
Cap = 5 (Z + Z) (EvqEvy — EsqEsy) + 5 (Z—2Z) (EvqEsy + EsoEyy)
1
+RH(E2’aE2’b_E4’aE4’b)"’§(E2’aE2’b+E4/aE4’b_E2’aE4’b_E4’aE2’b)

1 — i _
=3 (Z + Z) (e1a2p + €2a€1p) + 3 (Z = Z) (e1ae15 — €2a€2)
+R"(ezaap + €4a€3p) + €4a€4p - (3.14)

The eigenvectors and corresponding eigenvalues are given by

1 _
2(E1/ + iEg/) — Z7 72(E1/ — iE3/) — Z7

7(E2/ — E4/) +—— R".

V2

-

The conditions for eigenvalues are:

Im(Z) #£0, R"+Re(Z)=0.

The Plebanski spinors read

Vapep = 2 (Im(Z) k?(Ak‘B — ((Im(Z))2 + 4(Re(Z))2) l(AlB) k‘ck‘D) ,

Vigen = 2 (~Im(2) kiiks — (n(2))? + 4Re(2))?) 1 4l5) ehp)
(3.15)
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This time, we find the following criterion:

Im(Z) >0 <= Vapcp is of the type [H]r
and V pep s of the type [II];c,
Im(Z) <0 <= Vapcp is of the type [II];.
and Vpep is of the type [II]; . (3.16)

TABLE IX

Subtypes of the Type Il,.

PP classification Neutral signature classification
Eigenvalues Type 11 Eigenvalues Type I,
717572 | [C1 — Co—2N]4 ZZR? MoMlke[7 — Z — 2R? )
(1] e ®[IT], [Z _7_ 2Rn]i(’)112)

3.4. Type III (2 eigenvectors)

3.4.1. Types III; and III; (2 eigenvectors; one null and one spacelike or time-
like eigenvectors)

The canonical form of the Cy; for the parent Type IIl; is:

Cap = —R{E3,E3y, + RS(EvoEry + EvoEyp — EyaEyy)
+EvaBoy + EorgEvy — EvgEyy — Ey g By
= 1 (RS + RY) (e1a€20 + €20e1) + 5 (RS — RY) (e1a€15 + €20€2)
+R5 (e3q€ab + €4a€3p) + €10€ap + €s0€1p + €20€ap + €sq€2y . (3.17)

The eigenvectors and corresponding eigenvalues are
Ey +— RY, eq +— RY.
The eigenvalues have to satisfy the condition
R} +3R5=0.
The Plebanski spinors have the following form:
Vapep = —2(ka +8R31(a) kpkckpy,
Vigon = =2 (kgi +8R314) kkckp) - (3.18)
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For the nondegenerate Type IIl;, these spinors are both of the Petrov—
Penrose type [II1];.
The canonical form of the C,;, for the parent Type IIlg reads

Cap = RiEv By + Ry(Eyqloy — Ezq By — EyoEyp)
+E3aE2p + EaqEyy — EyoEyy — Egg By
= % (R} — R3) (e1qe1p + €2q€2p) + % (R} + R3) (e1q€2p + €20€1p)
+Ry (€304 + €44€3p) + €14€4h + €4a€16 — €20€4p — €4aC2p - (3.19)

The eigenvectors and corresponding eigenvalues are:
Ey «— RY, es > Ry .
The eigenvalues satisfy the relation
T +3R5=0.
The Plebanski spinors read
Vapep = —2 (k(A — SRSZ(A) kpkckp)
Vigep = —2 (k(A + 8RSZ(A) kpkekp) (3.20)

and they represent the Petrov—Penrose type [II1];.

TABLE X
Subtypes of the Types III; and III;.
PP classification Neutral signature classification
Eigenvalues|Type I1I-|Eigenvalues Type III; Type IIIg
2,7 [[0-sNL| RiRS [P [Ry —3Ryf?, [0 Ry —3Rgl?,
Z4 [4N]3 R4 [N], ®[N], [4Rnt]%3) [N]: ®[N], [4Rnb]%3)
I11], ®[I11] 2 I11], @ [111] 2
(T[] [Rﬁ - 3R5](13) [T @[] [Ri - 3R5](13)

[N]r®[N]r[4Rnt] [N}r®[N]r[4Rns]

2 2
®3) ®3)

Scheme 6: Degeneration scheme of the Types III; and IIlg.
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3.4.2. Type III, (2 eigenvectors; both null)

We find here two subtypes. The canonical form of the Cy; reads
Cab = €14€1b + €aaap + I (€30€4p + €sae3p) + Ry (e1a€2p + €20€10) - (3.21)
The eigenvectors and corresponding eigenvalues are:
eq < Ry, e1 «— Ry
For the first subtype, the Plebariski spinors read

Vagop = —8(RY)* kakslolpy
Vigep = 2(ki +2R11 i) (kg — 2Ry g)kekp, . (3.22)

Undotted Plebaniski spinor for the first subtype of the Type IIl, is of the
type [D]; and the dotted one is of the type [II];.
The second possibility is

Cab = €2a€ap + €sa€ap + Ry (€30€ap + €aqe3p) + Ry (e1a€2b + €20€15) . (3.23)
The eigenvectors and corresponding eigenvalues are given by
eq +— RY, ex < Ry .
The second subtype is characterized by the following Plebanski spinors
Vapep = 2 (ka + 2R} la)(kp — 2R} Ip)kckpy,
Vigen = —8(RY)? ke ikplelp, (3.24)

and they are of the Petrov—Penrose types [II], and [D];, respectively.
The eigenvalues in both subtypes have to satisfy the relation

R+ R2=0.

Dlell:2py — 2R

2 [u]r®[D]r[2 R} — 233]?22)

NE@[-1[4 Rn)?

et e, b

2)

Scheme 7: Degeneration scheme of the Type III,.
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TABLE XI
Subtypes of the Type IIL,.
PP classification Neutral signature classification
Eigenvalues | Type IlIy | Eigenvalues Type III,,

223 | pNi-oNl | RER | PRellpmr 2Ry,
2N, — 2N} M-sPl-[2 Ry — 2RS]?22)

74 @) [4N]g R4 [*]®[N]r[4Rn]?2)

@)[4N1 N:®[-] [4Rn]%2)

3.5. Type IV (1 null eigenvector)

Finally, for the Type IV, we find two subtypes with canonical forms
given by
Cab = €14€1p + €205 + €10€2p (3.25)

or
Cab = €24€2p + €144 + €410 - (3.26)

The eigenvectors and corresponding eigenvalues are:
e4 +— R", R"=0.
The Plebaniski spinors for the first subtype read

Vapep = —2kakpkckp,
Visen = —Akgikghelp) - (3.27)

The Petrov—Penrose types of these spinors are [N], and [III];, respectively.
For the second subtype, we find

Vapcp = —4kkskelpy,

and the Petrov—Penrose types of Plebariski spinors are [III], and [N];.
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TABLE XII
Subtypes of the Type IV.
PP classification Neutral signature classification
Eigenvalues | Type IV | Eigenvalues Type IV
Z4 [4N]Z R4 [N]‘"®[IH]F[4RH]%4)
AN, SN AR

4. Concluding remarks

In this paper, we analyzed the algebraic structure of the traceless Ricci
tensor in 4-dimensional spaces equipped with the metric of the neutral signa-
ture. Detailed considerations brought us to the conclusion that there are 33
essentially different types of Cgp in such spaces. Our classification is purely
algebraic. The alternate way of classification of traceless Ricci tensor in the
Lorentzian spaces was given by Penrose [3]. It is an interesting question how
the Penrose approach can be used in our case. We are going to study this
problem soon.

In our work [12], some of the types of Cy, have been related to the ex-
istence of the so-called, congruences of the SD null strings. Another way of
further investigations is to find a more detailed classification of the congru-
ences of SD null strings and relate such a classification with the types of Cg
presented here. This question will be investigated elsewhere.

As mentioned in Introduction, we hope that our present work fills the
gap left by two papers by Plebariski and Przanowski [2, 6] in Acta Physica
Polonica B.

Some points of the present paper were presented in July 2016 in Brno at
the 13*™ conference Differential Geometry and its Applications. The author
is indebted to Maciej Przanowski for his interest in this work and for help
in many crucial matters.
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