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In this article, we construct the scalar—diquark—axialvector—diquark—
antiquark-type interpolating currents, and study the masses and pole res-
idues of the JX = %i hidden-charmed pentaquark states with the QCD
sum rules. In calculations, we use the formula p = /M% — (2M,)? to
determine the energy scales of the QCD spectral densities. We obtain the
masses of the hidden-charm pentaquark states with the strangeness S = —1
and S = —2, which can be confronted with the experimental data in the
future.
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1. Introduction

In 2015, the LHCb Collaboration studied the /12 — J/1p decays, and
observed two exotic hidden-charm pentaquark resonances, P.(4380) and
P.(4450), in the J/¢¥p mass spectrum with the significance of more than
90 [1]. They are good candidates for pentaquark states, which are made of
four quarks and one antiquark. The measured masses and widths are

Mp, (4380)= (4380 =+ 8 £ 29) MeV I'p, (4380) = (205 £ 18 £ 86) MeV , (1)
Mp, (1450)=(4449.8 £ 1.7 £ 2.5) MeV , T'p,(4450)= (39 £5+19) MeV. (2)

The preferred spin-parity assignments of the P.(4380) and P.(4450) are

JP =37 and %Jr, respectively [1]. The P.(4380) and P.(4450) have at-
tracted much attention of the theoretical physicists, several possible assign-

ments were suggested, such as the X.D*, X*D*  J/¢N(1440), J/¢N(1520)
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molecule-like pentaquark states [2] (or not the molecular pentaquark states
[3]), the diquark-diquark—antiquark-type pentaquark states [4-9], the di-
quark—triquark-type pentaquark states [10], the re-scattering effects [11], etc.

The QCD sum rules have been applied extensively to study the hidden-
charm (bottom) tetraquark or molecular states [12—15] and pentaquark states
[5—8]. We constructed the diquark—diquark—antiquark-type interpolating
currents to study the P.(4380) and P.(4450) with QCD sum rules by calcu-
lating the contributions of the vacuum condensates up to dimension 10 in the
operator product expansion and using the energy scale formula to determine
the ideal energy scales of the QCD spectral densities [5], then we study other
hidden-charm pentaquark states with J¥ = %i, %i in Refs. [6-8]. In sum-
mary, we have studied the Sp—Ap—c-type hidden-charm pentaquark states
with JF = %7, ng and strangeness S = 0 [5], the Sp—Sp—¢-type, Sp,—-Ap—¢c-
type hidden-charm pentaquark states with J = %i and strangeness S = (
[6], the Ap—Ap—c-type, Ap—Sp—c-type hidden-charm pentaquark states with
JP = %i and strangeness S = 0, —1, —2, —3 [7], the A;—Ap—c-type, Ar—
Su—¢-type hidden-charm pentaquark states with JZ = %i and strangeness
S =0, -1, =2, =3 [8], where the Si, i denote the light and heavy scalar
diquark states, the Ap y denote the light and heavy axialvector diquark
states.

In this article, we extend our previous work to study the masses and
pole residues of the S;,—Apx—¢ type hidden-charm pentaquark states with
JP =327 and strangeness S = —1, —2.

The article is arranged as follows: we derive the QCD sum rules for the
masses and pole residues of the J = %i hidden-charm pentaquark states
with strangeness S = —1, —2 in Sect. 2; in Sect. 3, we present the numerical

results and discussions; and Sect. 4 is reserved for our conclusion.

2. QCD sum rules for the %i hidden-charm pentaquark states

Now, we write down the two-point correlation functions sz(p) with
i=1,2

I (p) = i / dbae™® (O[T {73 (2)75(0)} [0) | (3)

where
Ji(x) = el () Cyssi (@) ug, (2) Cyuen(x)Ceg (x), (4)
Ji(x) = TRyl (2)Cssi(a) s, (2) Cypcn () Oy (2) | (5)

the 4, j, k, [, m, n and a are color indices, the C' is the charge conjugation
matrix.
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At the hadron side, we insert a complete set of intermediate hadronic
states with the same quantum numbers as the current operators Jb(a:)
into the correlation functions wa(p) to obtain the hadronic representa-
tion [16, 17]. After isolating the pole terms of the lowest states of the
hidden-charm pentaquark states with spin J = 3, we get the following re-

2
sult:
i -2 p+ M B Yo | 2Dupy _ PuVv — PV
H;,Ll/(p) - )\7, MiQ B p2 pv + 3 + 3p2 3\/]?

— M? 2 —
_i_)\:.z P . + [ o+ Tu Vv 4 pufu P — P 4.
M —p? 3 3p 3/ p?

:Hi(p2>(_g;w)+"'7 (6)

where the M are the masses of the lowest pentaquark states with the par-
ity &+, respectively, and the /\,?E are the corresponding pole residues.

We obtain the hadronic spectral densities through dispersion relation [5] as

ImIT%(s)

s

= PINES (s — M2) 25 (s — M)
o+ [MEATS (s — MP) — MAAF?6 (s — MP)]
= Poin(s) + P (s). (7)

Then we introduce the weight function exp(—75) to obtain the QCD sum
rules at the hadron side

S0

/ ds [Vspig (s) + ()] exp (— 7 ) = 2MEA 2 exp (—%) . ®

4m?2
0 i2
d \/‘il i0 s — oM A2 M 9
s [Vopit(s) = ()] exp (=) = 2MiNZexp (——3 ), (9)
4m?2

where sy are continuum threshold parameters and the 72 are the Borel pa-
rameters. The contributions of the negative parity hidden-charm pentaquark
states are separated from that of the positive parity.

In the following, we carry out the operator product expansion for the
correlation functions wa(p) in perturbative QCD. Contracting the u, s and
¢ quark fields in the correlation functions with Wick theorem, we obtain
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1 ila_ijk _Imn 'Ll’a i’k _U'm/n’ 4 . ipx T
1,,(p) = ic glke eI e /d ze’?*CCy, (—2)C
< {Tr [v5 Sk (2)15CU (@) C Tt [vuCrim (€))7 CU s (2)C]
—Tr [v5 Sk (2)15CU L 1 (2)CpCls (2) % CU L (2)C] ), (10)
2 _ ila _ijk _lmn z’l’a z’ i’k _U'm/'n’ 4_, ipx T
I,,(p) = ic A O /d ze?*CC,(—x)C
X {Tr [v5Skn (2)15CU S (2)C] Tr [7,Crur ()7, C Sy (2) C]
—Tr [CS}, 0 (@) CrsUS (2)75C S (2) CyuCopr ()7 ] } - (11)

where the U;;(x), Sij(z) and Cyj(z) are the full u, s and ¢ quark propagators,
respectively,

Us;(z) = i5ij¢ B 5ij<C.7Q> B 5ijx2<qgngq> 105 aﬂt (¢0a5+gaﬂ ¢)
1) 2772334 19 199 o $2

1,_
G ) £

10 dijms 05 (8 0ijfms (5 8ija” (59s0G
Sij(z) = i0ij jMs j (35) _|_Z jfms (3s) 04T (5gs0G's)

on2pd  4n222 12 48 192
i6ijx2'¢ms <§930G8> . igsGaﬁtU (¢O—aﬁ + 0.04,6’¢)
1152 3222
(808 O )
8
) .
i = d4]€ —ik-x
) = Gy [ e
% 51_] . QSGgﬁtz 0—016(% + mc) + (% + mC)JO‘IB
,% — M 4 (kQ _ mg)Q
_g? (tatb)z‘j GogGh,, (foPm 4 fouby 4 fomb) L
4 (k‘2 — mg)g’ )
faﬁw/ - (% + mc)'yo‘ (k + mC)PyB(% + mc)’y'u(% + mc)’YV(% + mc) 3 (13)

where " = %, the A" is the Gell-Mann matrix [17]. Then we compute
the integrals both in the coordinate and momentum spaces, and obtain the
correlation functions I7;,,(p) , therefore the QCD spectral densities péoD(s)

and ﬁgCD(s) at the quark level through dispersion relation.
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Finally, we take the quark—hadron duality below the continuum thresh-
olds sg and introduce the weight function exp(—=z) to obtain the following
QCD sum rules:

. M2\ F . . s
2]\42_)\;2 exp <— Tﬁ ):/ds [\/5,08@]3(8) + mcﬁg(;D(s)]exp <_ﬁ) , (14)
4m2

. M2\ F . . s
2 exp (< i ) = [ [Varllon(s) — meen(@)exp (7). (15)

2
4m?2

where

Paep(8) = pb () +05 ()04 (5)+p5 () + 0§ (s)+pg (8)+05' (s)+pi6(s) »
POCD(8) = P () + 05 (s) 474 (5)+ P8 () + 55 ()55 (8)+76 () + 15 (s) »
(16)

the explicit expressions of the QCD spectral densities pz-l(s) and ﬁ;o(s) with
71=20,3,4,5,6,8,9,10 are given in the appendix.

We differentiate Egs. (14) and (15) with respect to 7, then eliminate
the pole residues \J, and obtain the QCD sum rules for the masses of the

hidden-charm pentaquark states

a1y i ds |Vrdon(s) + mepiSen(s)| exp (%)

MZ = . (17)
S0 il ~i0 s
4m2 ds [\/gpQCD(S) + mchCD(S)} exp (—7%)

M = _ﬁ Jimz ds [\/Epi@lcﬂs) - mcﬁi(SCD(S)] exp (—7%) as)

ffﬁlg ds [\/gpch(s) - mcﬁ%SCD(S)} exXp (_%)

Once the masses M* (Mi) are obtained, we can take them as input pa-

rameters and obtain the pole residues A; (AF) from the QCD sum rules in
Egs. (14) and (15).

3. Numerical results and discussions

The input parameters are taken to be the standard values (gq) = —(0.24+
0.01GeV)?, (5s) = (0.840.1)(qq), (49s0Gq) = m§(qq), (59s0G's) = m(5s),
mé = (0.840.1) GeV?, (@) = (0.33GeV)* at the energy scale u = 1 GeV
[16-18], me(me) = (1.275 £ 0.025) GeV and ms(pn = 2GeV) = (0.095 +
0.005) GeV from the Particle Data Group [19]. Furthermore, we set m,, =
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mg = 0 due to the small current quark masses. We take into account the
energy-scale dependence of the input parameters from the renormalization
group equation

Ol

o) = @) |22
(@0:0G0) ) = laoGo)@) | =D

(5950Gs)(p) = (5950Gs)(Q)

Ol

) = ma(2Gov) |

as(2GeV)
1 bylogt b2 (log®t —logt — 1) + boby
s(p) = — |1- 53 (1

2 _ _ 2857— 28 ne 4+ 20n2
_ _ 33-2n _ 153-19n _ f i
where t = log %, b(] = Ton f, b 24n2 f, b2 - 19287T3 = )

A =213MeV, 296 MeV and 339 MeV for the flavors ny = 5, 4 and 3, respec-
tively [19], and evolve all the input parameters to the optimal energy scales
1 to extract the masses of the hidden-charm pentaquark states.

In previous works, we studied the energy-scale dependence of the QCD
sum rules for the hidden-charm (hidden-bottom) tetraquark states and molec-
ular states X, Y, Z in details for the first time, and suggested an energy scale

formula p = \/ M3 1)z (2Mg)? with the effective heavy quark masses Mg

to determine the ideal energy scales of the QCD spectral densities [13, 14],
then we extended the energy scale formula to study the hidden-charm pen-
taquark states [5—8| and obtained satisfactory results. In this article, we use

the energy scale formula y = /M2 — (2M,)? to determine the energy scales

of the QCD spectral densities, and take the updated value of the effective
c-quark mass M, = 1.82 GeV [15]. For detailed discussions about the energy
scale formula, one can consult Ref. [20].
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In Refs. [5-8], we take the continuum threshold parameters as \/so =
Mp + (0.6 — 0.8) GeV, which works well for the hidden-charm pentaquark
states. In this article, we also take the continuum threshold parameters
VS0 =Mp+ (0.6 —0.8) GeV as an additional constraint.

In the present QCD sum rules, we choose the Borel parameters 72 and
continuum threshold parameters sg to satisfy the following four criteria:

1. Pole dominance at the phenomenological side;
I1. Convergence of the operator product expansion;
III. Appearance of the Borel platforms;

IV. Satisfying the energy scale formula.

Now, we search for the optimal Borel parameters T2 and continuum
threshold parameters sq by try and error. The resulting Borel parameters T2,
continuum threshold parameters sy, pole contributions, and contributions
of the vacuum condensates of dimension 9 and 10 are shown explicitly in
Table I, where the quantum numbers of the hidden-charm pentaquark states
are shown explicitly. From Table I, we can see that the criteria I and II of
the QCD sum rules are satisfied.

TABLE I

The Borel parameters, continuum threshold parameters, pole contributions, con-
tributions of the vacuum condensates of dimension 9 and dimension 10 of the
hidden-charm pentaquark states.

T? [GeV?] | /50 [GeV] Pole Dy Dig
Puusce (%7) 3.4-3.8 520+0.10 | (4061)% | (8-11)% | (1-2)%
Pussee (37) | 3640 | 530%0.10 | (42-62)% | (10-19)% | ~1%
Puusez (%*) 3.3-3.7 | 530£0.10 | (4062)% | (46)% | (2-3)%
Pusee (37) | 3488 | 5402010 | (42:63)% | (5-1% | (1-2)%

We take into account all uncertainties of the input parameters, and ob-
tain the values of the masses and pole residues of the hidden-charm pen-
taquark states, which are shown explicitly in Table II and Figs. 1-2.

From Table II and Figs. 1-2, we can see that the criteria III and IV of
the QCD sum rules are also satisfied. Now, the four criteria of the QCD
sum rules are all satisfied, and we expect to make reasonable predictions.
The present predictions can be confronted to the experimental data in the
future.
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TABLE II

The energy scales, masses and pole residues of the hidden-charm pentaquark states.

Central value |
Error bounds | |

Central value
Error bounds |

p [GeV] | Mp [GeV] Ap [GeVE]
Pusce (g‘) 2.65 | 4.4940.04 | (1.85+0.14) x 103
Pussce (%*) 2.80 | 4.604+0.04 | (2.33+£0.18) x 1073
Prusee (g*) 2.80 | 4.61+0.08 | (0.80 % 0.10) x 10~3
Pussee (37) | 800 | 4724004 | (1.0340.09) x 10~
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Fig.1. The masses of the hidden-charm pentaquark states with variations of the
Borel parameters T2, where the A, B, C and D denote the pentaquark states
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), respectively.
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Fig. 2. The pole residues of the hidden-charm pentaquark states with variations of
the Borel parameters T2, where the A, B, C' and D denote the pentaquark states

- + - + .
Puuscé(% ) 9 Puuscé(% )7 Pusscé(% ) and Pusscé(% )7 respectlvely.

The following two-body strong decays are the Okubo—Zweig—lizuka super-
allowed:

3+ - _

Puwe (3 ) = Ztojw. S 5EDT. 0
3+ 0 _

Piusscs (2 ) — 2%y, 2fD”, EfD;. (21)

We can search for those P, states in the XJ /v, D% ++D;, Z0J/v,
QF D™, 21D, mass spectrum in the future.

4. Conclusion

In this article, we construct the S;—Ap—¢ type interpolating currents to

study the hidden-charm pentaquark states with J* = %i and strangeness
S = —1, —2 by calculating the contributions of the vacuum condensates

up to dimension 10 in the operator product expansion. In calculations, we
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use the formula p = /M2 — (2M,)? to determine the ideal energy scales of

the QCD spectral densities in a consistent way. We obtain the masses and
pole residues of the hidden-charm pentaquark states with the strangeness
S = —1, —2, the predicted masses can be confronted to the experimen-
tal data in the future. On the other hand, we can take the pole residues
as basic input parameters to study relevant processes of the hidden-charm
pentaquark states with the three-point QCD sum rules.

This work is supported by the National Natural Science Foundation,
grant number 11375063 and the Fundamental Research Funds for the Central
Universities, grant number 2016MS155.

Appendix

The QCD spectral densities pé-l(s) and ﬁ;o(s) of the hidden-charm pen-
taquark states with j =0, 3, 4, 5, 6, 8, 9, 10 are shown as follows:

pet(s) = 491520 [ dydzyz(1 —y - 2)* (s — mi)“ (75 — 2m2) |
AP = o [ W 4 21—y =) (s = 2)* (65— )
(2
Py (s) = 3072 2 dydz (y + 2)(1 — y — 2)% (s —m2)°
— <%(f)>727r6 » 59) dydzyz(1—y — 2) (s —m2)” (55 — 2m2) |
50(s) = _7;;0;6(1732 dydz (1 —y —2)% (s — mg)3
2 D) 2 5] [ gy (y 4 21—y 2)? (s - ) (45— )
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2 3 3
N Mg asGG 2z +y N (. a2
P4 (3) - 737287’[’6 < >/dydz ygzg (1 Yy Z) (5 mc)

s

x (25 —m2) — 707718238#6 <aSSG> /dydz (y+2)(1 -y —2)3

X (s - m2)2 (73 - 47’71(2:) + 393;1))67r6 <anG> /dydz yz(1—y — 2)?
< (s 2)? (s — 2m2) — et <afG> [avzo+2)
x(1—y—2) (s —m2)",

P (s) = 14741567r6 <ast> /dydz & +2y3 (1—y—2)* (s — i)

< (265 = diics + i) 11792187?6 <aSGG> dyda (i —y=2)

. GG
x(s—m) (2s—m2) 786432%6 <a > dydz (y + 2)

x (1 —y—z)2 (s—mc) (4s—m2)

c

3msm. [ asGG A 2\2
T < - >/dydz (1—y—2) (s — mc) , (24)

(s) = me (59;0Gs)

P55 = T19660876
19m, (qgs0Gq) ~ 22
327686/dyd,z:(y+z)(1 —y—2) (S—mc)
57m5 (GgsoGq) — 16ms (5gs0G's)

2457676

X (s — 'fnz) (25 - mi) ,

~10 _mc<§gSO'G8> y+z 2 a2\2

As) = Tiape ) [ayde TR0y = 214 24 2) (5 - )
19m. (qgs0Gq) / . 212

1638476 dydz(1—y — 2) (s mc)

57m3 (GgsoGq) — 16mg (Sgs0G's) /
dyd 1—y—
9330476 ydz(y+2)(1 -y —2)

x (s —m2) (3s —m2) , (25)

2, ,2
/dydz Z;;y(l —y—2)2(1 42y +22) (s — mE)Q

/dydz yz(l —y — z)
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pe'(s) = <S;é7<iq> /dydz y2(1—y —z) (s —1g) (25 — )

2msmc <QQ>2 — MsMec <§3> <QQ> / ~2
+ Yy dydz (y + 2) (s —m7) ,

ﬁéo(s) = <Z§4ff> /dydz (y+2)1—y—2) (s - mi) (35 — mg)

2msme <(IQ>2 — MM <§S> <QQ> / A2
+ e dydz (s —mg) , (26)

]‘6 <‘Egsc 65> <qq> g <ngC GQ> <éé> ~ 2
11 — — 2
p8 (S) 6] l | A /dydz yZ (38 mc)

_W /dydz (y+2)(1 —y - 2) (55 — 4n2)

192msme (q9s0Gq) (qq) —32msme (59s0Gs) (qq) —5Tmsmc (q9s0Gq) (Ss)

7372874
xy/1—4m?2/s,
- 16 (59;0Gs) (qq) + 19 (qgs0Gq) (3s R
p30(s) = — < ) <12>2887r4< ) (55) /dydz (y + 2) (2s — m2)
B 192msm. (Ggs0Gq) (Gq) —32msme (5gs0Gs) (Gq) —5Tmsme (Ggsc Gq) (Ss)

) ) 3686474
/T dm2]s Ww/dydzu—y—z) (1s—3m2),  (27)

614474

pii(s) = — el 0 A

14472

Aoy = - 29

7272

19 (5950Gs) (39s0Gq) ~
p1o(s) = 576 /dy y(1—y) {2+ 56 (s —m?)}

17 <§gSO'GS> (cjgsan> / A2

1193631 dydz (y +2) {4+ s6 (s —m7)}

+48msmc (Ggs0Gq)* — 11mgm, (39;0G's) (Ggs0Gq)
14745674

/dy (3+%)5(s—m3),
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~ 19 (5950Gs) (Ggs0Gq) ~
Afs) = IR [y (1458 (s - 7))

17 (s9s0G's) (Ggso0Gq) a2
5911847 /dydz {3456 (s—m7)}

+48m5mc <(jgsan>2 — 19msm, (5950Gs) (GgsoGq)
7372874

x/dy<2+ﬂ)6(s—ﬁlz), (29)

1 4
My N (e a2 on2
Py (s) = 1915208 /dydzyz(l y—2z) (s mc) (78 2mc)
MM

Mgt N3 (o a2\
+491527r8/dydz(y+2)(1 Yy —2) (s mc) ,

- 1 4
20 1—w— 2V (s — 52 2

22”;77(?% /dydz (1—y—2)> (8 —m2)4 , (30)
p%l(s) = ;r(L)c?(Qq 2 /dydz (y+2)(1 —y — 2)* (s—mg)g

s 1536 6 /dydz yz(1—y — 2)? (s— m§)2 (5s — 27?13) ,
]53?0( = 1536 g dydz (1 —y — 2)* (s—mi)g

s 3072 6 /dydz y+2)(1 —y — 2)? (s—m§)2 (45—17%?) ,

asGG y +Z
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dydz =——6 (s — : 37
368647 yde =m0 (s —me) (87)
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§ functions §(s — m?) and 6(s — m2) appear.
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