Vol. 48 (2017) ACTA PHYSICA POLONICA B No 11

SYMMETRY ANALYSIS AND SOME NEW EXACT
SOLUTIONS OF THE (2+41)-DIMENSIONAL
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In this paper, the Lie point symmetry analysis method is used to in-
vestigate the (2+1)-dimensional Burgers equations. We have obtained the
optimal system of Lie subalgebras. Some new exact solutions for the (2+1)-
dimensional Burgers equations are obtained.
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1. Introduction

The solutions of nonlinear differential equations are an essential tool
for many physical and engineering applications. There are many methods
to solve nonlinear partial differential equations (PDEs) such as the Weier-
strass function method [1], Jacobi elliptic function method |2, 3], Hirota
bilinear method [4], the inverse scattering method [5], the tanh method [6],
the extended mapping transformation method [7], the truncated expansion
method [8], the simplest equation method [9], the bifurcation method [10]
and Lie symmetry method [11-14]. The latter is considered as the most
powerful method for getting exact solutions of PDEs.

In this paper, we use the Lie symmetry method to investigate the (2+41)-
dimensional Burgers equations [15]

U = uly + Avug + Py + AUy
Uy = Uy, (1.1)

t f.ahmed20000@gmail . com
i m_gazia@mans.edu.eg
§ a.elsaid@ymail.com

(2031)



2032 F. EL-Biary, M.S. ABDEL LATIF, A. ELSAID

where v = u(z,y,t) and v = v(z,y,t), u and X\ are real constants. When
x = y and v = v, Eq. (1.1) degenerates to the famous one-dimensional
Burgers equation

U = MUy + Ny , (1.2)

where m = A+1 and n = u(A+1). Burgers’ equation (1.2) is widely used for
describing physical phenomena in fluid mechanics, nonlinear acoustics, gas
dynamics and traffic flow. For example, it is considered as the lowest order
approximation for the one-dimensional propagation of weak shock waves in
fluids |16]. Burgers’ equations (1.1) are a generalization of Burgers’ equa-
tion (1.2) and its equivalent form is derived from the Painleve integrability
classification in [17].

Many types of exact solutions for Eq. (1.1) are obtained in [15, 18-25].
Soliton and soliton-like solutions are obtained in [15, 18]. Periodic and dou-
bly periodic solutions are obtained in [19-21]. In [22, 23|, variable sepa-
ration solutions are obtained. Interaction between kink solitary wave and
rogue wave is investigated in [24]. Residual symmetry analysis is investigated
in [25]. In this paper, we concentrate on finding new similarity solutions of
Eq. (1.1).

The sequence of this paper is as follows: In Section 2, we use the sym-
metry analysis of (1.1) to find all Lie algebra of symmetry generators. In
Section 3, we obtain the optimal one-dimensional system of these subalge-
bras. In Section 4, we obtain exact solutions of the reduced equation that
is produced from the infinitesimal transformations.

2. Symmetry analysis of Eq. (1.1)

The infinitesimal generator I of the Lie point transformations is given by

0 0 0 0 0
I'=X—+Y_—+4+T-4+U—+V_—. 2.1
Ox y ot ou ov (2.1)
We use Maple to obtain the infinitesimal symmetry generators by solving
the determining equations that are produced from the invariant condition

I'® A | p—o= 0 (this condition is defined in [26]). We obtain
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1
T = §C5t2+64t+01,
1
X = F(t)+§(05t+04)a;,
1 1
Y = §(C5y+203)t+564y+02,
U = L (tu+y) !
= 265 u Y 2C4u c3,
V = 1( t+cq) 1F’(t) ! (2.2)
= 9 Cs Cq4)U b\ 2)\65.’1,‘, .

where ¢y, o, c3,¢4 and c5 are constants, F'(t) is an arbitrary function and
F'(t) is its derivative with respect to ¢. In [27], the nonlocal symmetry
analysis of Eq. (1.1) is investigated. The authors in [27] have obtained in-
finitesimals (2.2), however, they considered only the case of F(t) = cgt + c7.
Here, we consider F'(t) as an arbitrary function of ¢ in order to obtain some
new similarity solutions of Eq. (1.1). The Lie algebra of infinitesimal sym-
metry generators is spanned by five-dimensional and the infinite-dimensional
subalgebras

V1 = 8t )
vy = 0Oy,
vy = té?y — 8u s

vy = 2t0; + x0y + yOy — u0y — V0, ,
vs = 120, + tzdy + tydy — (tu + )9y — (w + f) By,

A
F(1)
=0, (2.3)

vp = F(t)d, —

3. Classification of group invariant solutions

To find the one-dimensional optimal system of the five-dimensional sub-
algebras (2.3), we follow the procedure described in [28]. To achieve this
task, we use the commutator table shown in Table I and the table of adjoint
shown in Table II.

Let v = ayv1 + agvs + agvsg + a4v4 + asvs be an arbitrary element of the
subalgebra (2.3). The invariant function such that ¢(Ad,(v)) = ¢(v), where
v € G (G is a five-dimensional Lie algebra of (1.1) generated by vy, - - ,vs),
g € G (G is the corresponding symmetry group of G) and the adjoint action
defined in [28] is given by

¢(v) = aj — aras . (3.1)
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TABLE I
Table of commutators.
[vi, ”j] U1 V2 U3 V4 Vs
V1 0 0 (%) 27)1 V4
(%) 0 0 0 Vo V3
VU3 —V2 0 0 —vV3 0
V4 —2’01 —V2 U3 0 2’05
Vs —V4 —Vs3 0 72’[)5 0
TABLE II
Table of adjoint.
Ad(ei)v; 1 Vg V3 V4 U5
(%1 (% V2 V3 — €V U4—2€’U1 Vs —€Vg +€2’U1
Vo v Vo U3 V4 — €V + %62 Vo Vs —€V3
U3 V1 + €V Vo U3 V4+€vs Us
Vg ey evy e ‘vs Vg e % s
Us U1 +ev4+62v5 Vo +€v3 U3 v4+2€vs Us

There are three cases to be considered: ¢(v) > 0, ¢(v) < 0 and ¢(v) = 0.

— Case 1: If ¢(v) > 0, then we put a; = a5 = 0 and a4 = 1. By adjoint
action Ad(e3v), if we take € = —ag, then v is equivalent to

v = aoUy + vy . (3.2)

— Case 2: If ¢(v) < 0, then we put ay = 0 and a3 = a5 = 1. By
adjoint action Ad(e“1"2v), if we take €1 = ag, then v is equivalent to
v = v1 + agvy + vs5. Another adjoint action Ad(e23v), if we take
€9 = —ag, then v is equivalent to

v=v1 + V5. (3.3)
— Case 3: If ¢(v) = 0, then there are three subcases.

— Subcase 1: We put ag = a5 = 0 and a; = 1. By adjoint action
Ad(e™v), if we take e = 22, then v is equivalent to

v =11 + agvs. (3.4)

— Subcase 2: We put ag = a1 = 0 and a5 = 1. By adjoint action
Ad(e“sv), if we take e = — 22, then v is equivalent to

vV = aoUy + U5 . (3.5)
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— Subcase 3: We put a1 = a4 = a5 = 0. By adjoint action

Ad(e“5w), if we take e = —22, then v is equivalent to
2
v = vy, (3.6)

or by adjoint action Ad(e“v), if we take ¢ = Z—i, then v is equiv-
alent to
v =0;3. (3.7)

The optimal system of one-dimensional subalgebras is as follows:

agv2 + vy,

v1 + Vs,

v1 + asvs,

av2 + U5,

V2,

U3 . (3.8)

We apply these subalgebras to (1.1) and find exact solutions.

4. Group invariant solutions

4.1. Ezact solution using the generator vi + azvs

In this subsection, we consider the subalgebra v + agvs and take az = 1.
In this case, the invariant surface conditions are given by

tuy +up = —1,
tv, + v = 70. (4.1)
Solving (4.1), we find
= _t+g($7r)a
v = h(z,r), (4.2)

where r = 2 — 2y. By substituting (4.2) into (1.1), we get

1 — 299, + 4pgrr + Ahge + Aigez = 0,
2h, + g, = 0. (4.3)

To obtain the travelling wave solutions of (4.3), we suppose that

g=G(z), h=H(z), z=x+ar. (4.4)
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Substituting (4.4) into (4.3), we obtain

1+ (\H —2aG)G’ + (4,ua2 + ) G" =0, (4.5a)
2aH'+ G' = 0. (4.5b)

Integrating (4.5b) with respect to z, one finds
He-2aG+ (4.6)
= % Cc1. .
Let us substitute (4.6) into (4.5a), to get
A
1— <2 + 2a> GG + (4/m2 + M) G" 4+ a1 G =0. (4.7)
a
By integrating (4.7) with respect to z, we find
A G? 2 ,
z— %—1—2@ ?—I—(élua + M) G+ X1 G = ¢z, (4.8)

where ¢; and ¢ are integration constants. The solution of (4.8) is given by

1
C B\ 3 Bi'(k) 4+ c3Ai' (k)
_¢ (B 4.
G2 =37 (A2> Bi(k) + csdi(k) (49)
where A = ﬁ+a, B =4pa®+ M, C = Aep, k= —— (02 —4Aco + 4Az),

4(AB)3
c3 is the integration constant, Ai(k) and Bi(k) are the Airy functions defined

by [29]
, 17T (1,
Ai(k) = — [ cos gt +kt) dt,
T
0

1 Vi 1
Bi(k) = / {e—ét”’“wsin (3t3+kt>} dt. (4.10)
s
In this case, the solution of (1.1) is given by
1
B C B\ 3 Bi'(k) + c3Ai' (k)
ulw,yt) = —t+57 - <A2> Bi(k) + s Ai(k)

—_—

k) + s Ai(k)

1
a [ C B\ 3 Bi'(k) + c3Ai'(k
v(z,y,t) = 95 <2A_ (AQ> Bi ) ¥ cadd'( )> +c. (4.11)
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4.2. Ezxact solution using the generator asve + vs

In this subsection, we consider the subalgebra asvs 4+ v5 and take as = 0.
In this case, the invariant surface conditions are given by

tru, + tyu, + 2y = —(tu+y),
trvg + tyv, + Py, = — (tv + %) . (4.12)

Solving (4.12), we find

u = —C+1 (r,s)
- s l‘g ’ )
1 1
= —— 4+ - 4.1
v )\S—i—xh(r,s), (4.13)

. _ t . . .
where r = £ s = L. Substituting (4.13) into (1.1), we get

9(2A — Ah + g,)
+A [(4p — h)(sgs + 1) + 1 (82933 +72g, + 2rsgrs) | + pgrr =0,
s5gs+1gr +9g+h,=0. (4.14)

To obtain the travelling wave solutions of (4.14), we assume that
h=H(z), g=G(2), z=r+s. (4.15)
Substituting (4.15) into (4.14), we find

G2\t — AH + G') + X [(4p — H)2G' + pz*G"] + pG”" =0,  (4.16a)
2G'+G+ H' =0,  (4.16b)

where G, G”, H' and H" are the derivative with respect to z. By integrating
(4.16b) with respect to z and considering the integration constant to be zero,
we obtain

H=—2G. (4.17)

Let us substitute (4.17) into (4.16a), to obtain
20 [G 4 2G'] + M [22G7 4+ 2°G"] + A [2G* + 2°GG'] + GG + pG" = 0.
(4.18)

By integrating (4.18) with respect to z and considering the integration con-
stant to be zero, we find

A 1
2\u2G + Auz?G + §z2G2 + 502 +uG' =0. (4.19)
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Equation (4.19) has the following solution:

2V A
(14 X22) (201,uﬁ + tan—! \f/\z> ,

G(z) = (4.20)

where ¢; is the integration constant. Finally, the solution of (1.1) is given by

u(x,y,t) = Yy 2uv/A
- by ((1 + A\22) (261#\&4— tan—! ﬁz)) ,
oy t) = — 2 2/ )z (4.21)

M T ((1 + A\22) (QCLLL\/XJr tan—! \Az)) '

Now, we are interested in the infinite-dimensional subalgebra that is ignored
in optimal system calculations.

4.3. Ezact solution using the generator vy

The invariant surface conditions, in this case, are given by

F(t)uy, = 0,
F'(t
F(t)v, = — )f) (4.22)
Solving (4.22), we find
u = g(yt),
(1)
— h(y,t). 4.2
NP+ ) (4.23)
Substituting (4.23) into (1.1), we get
Gt = 99y + 1Gyy (424&)
hy =0. (4.24b)

Equation (4.24a) is the one-dimensional Burgers equation. This equation
has many famous solutions (see, for example, [28]) and we will not list them
here.
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4.4. Eract solution using a linear combination of vy, vi,vo

In this case, the invariant surface conditions are given by

F(t)uy +uy +u; = 0,

F'(t
F(t)vg +vy +v = — )E ) . (4.25)
Solving (4.25), we obtain
u = g(rs),
F(t
v o= —)(\) + h(r,s), (4.26)

where r = —y +t and s = — [ F(¢)dt + z. Substituting (4.26) into (1.1),
we get

Ahgs + Ajigss — (1 + g)gr + ugrr = 0,
gs+h, = 0. (4.27)

To obtain exact solutions of (4.27), we apply the Lie symmetry analysis to
it. In this case, we obtain the following infinitesimal generators:

IN = —(g+1)0y — hop, + 10, + s0s,
FQ — a?“7
Iy = 0. (4.28)

We use these generators in the following subsection to obtain exact solutions
of (4.27).

4.4.1. The infinitesimal generator I of (4.27)

The solution of the invariant surface conditions, in this case, are given by
1
g(?“, 8) = -1+ ;G('z) )
1
h(r,s) = —H(z), (4.29)
r
where z = 2. Substituting (4.29) into (4.27), we find

G2+ G) + (4pz + 2G + NH)G' + pu(2 + N)G" =0, (4.30a)
~H+G —zH' =0. (4.30b)
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Integrate (4.30b) and consider the constant of integration equal —pu to get

FEAy (4.31)

z

Substituting (4.31) into (4.30a), we obtain
(202G + pz2*G') + § (22G* + 22°GG)
+ (3uz’G' + p’G") + (pA2G” + pAG') + A\GG' = 0.  (4.32)

By integrating (4.32) and considering the integration constant to be zero,
we find

nz2G + %z2G2 + p22G + pA2G' + 202 =0. (4.33)
Equation (4.33) has the following solution:

20/
( 22 + )\) (2uclﬁ +1In ﬁ)

where ¢ is the integration constant. In this case, the solution of (1.1) is
given by

G(z) =

, (4.34)

u(z,y,t) = —1+ 2uv/A
T T(\/22+)\> <2M61\/X+lnﬁ)’
F(t 2uV A
v(z,y,t) = — )(\) VA +%. (4.35)

+
S ( 22 —+ )\) (2/,601\/X+ h’l Wﬁ)

4.4.2. Travelling wave infinitesimal generator of (4.27)

In this subsection, we consider a linear combination of I and I3. In
this case, the solution of the invariant surface conditions is given by

h=H(z), g=G(2), z=r+as. (4.36)
Substituting (4.36) into (4.27), we find

NaHG + (Apa® +p) G" — (1+ G)G' =0, (4.37a)
aG'+ H =0. (4.37Db)

Integrating (4.37b) with respect to z, we get

H=—-aG+c, (4.38)
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where ¢; is the integration constant. Substituting (4.38) into (4.37a), we
obtain
—(Aa*+1) GG + p(Aa® +1) G" + (Mac1 — 1) G' = 0. (4.39)

Let us integrate (4.39) with respect to z, to obtain
1
G:A+BG+§G% (4.40)
1

where A = m and B = Hl(;é\ffl). Equation (4.40) is the Riccati

equation that has the following solutions:

— Case 1: the first solution is given by

G(z2) = —Bu—/pvB?u—2A

/B2y —
xtanh( 2’uf 2+ es/i/ B2 — 2) (4.41)

and the corresponding solution of (1.1) in this case is given by

w(x,y,t) = —Bp —/pv/ B?u—2A
/B2, —
xtanh< K z+03\f\/B2u 2 )

2/
F(t
v(z,y,t) = )(\)+aBu+a\/ﬁ\/Bzu2A
xtanh(‘BQIjF_ z—l—c?,f\/B? _2A>—|—cl,

(4.42)
where co and c3 are arbitrary constants.

— Case 2: The second solution is given by (when A = B =0 or cg =0
and ¢ = )

24
G(2) = — 4.43
()=, (4.3
and the exact solution of (1.1) in this case is given by
24
) = — ,
u(z,y,1) p
Pt 2a 1
oo yt) = —L 2 L (1.44)

A z+c3  a\’

where ¢, co and cg are the integration constants.
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5. Conclusion

In this paper, by using symmetry analysis method, the Lie algebra of
infinitesimal symmetry generators spanned by five-dimensional and infinite-
dimensional subalgebra is produced. The optimal system of the five-dimen-
sional subalgebras is computed. These generators are applied to obtain
some reduced equations and the exact solutions of the reduced equations
are obtained. We get some new exact similarity solutions of Eq. (1.1) in
the form of the Airy function (Eq. (4.11)), arctan function (Eq. (4.21)) and
logarithmic function (Eq. (4.35)).
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