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Decays of the B mesons provide us with information on fundamental
couplings of the Standard Model, especially those responsible for CP vio-
lation. Rare loop-mediated decays are known as sensitive probes of new
physics. At present, no deviations from the Standard Model predictions are
observed in the radiative (B̄ → Xqγ) and leptonic (B(0)

q → `+`−) decays,
which imposes constraints on some of the relevant Wilson coefficients. On
the other hand, sizeable deviations show up in the rare semileptonic decays
(B → K(∗)`+`−) and in the semitauonic decays (B → D(∗)τν). Their
statistical significance is strongly dependent on our estimation of the the-
oretical uncertainties.
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1. Introduction

The major part of B physics amounts to studying mesons containing
valence b- or b̄-quarks, together with lighter quarks or antiquarks. Eight
of such mesons are stable with respect to the strong and electromagnetic
interactions:

B+
(
ub̄
)
B0
(
db̄
)
B̄0
(
bd̄
)
B−(bū) (mB± ' mB0 ' 5.28 GeV) ,

B0
s

(
sb̄
)
B̄0
s (bs̄) (mBs ' 5.37 GeV) ,

B+
c

(
cb̄
)

B−c (bc̄) (mBc ' 6.29 GeV) .

Precision studies of the four lightest ones have been performed at the so-
called B factories (CLEO, BaBar, Belle) using e+e− scattering at the Υ (4S)
resonance. In addition, a sizeable amount of data was collected by Belle at
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Υ (5S) to study the Bs mesons. Such an approach is going to be followed at
Belle II that is scheduled to begin collecting data in 2018 [1]. At the high-
energy machines (LEP, Tevatron, LHC), one produces all the b-flavoured
mesons, as well as baryons, which include Λ0

b(udb), Ξ
0
b (usb), Ξ−b (dsb) or

Ω−b (ssb).
One of the main motivations for studying the B-meson decays is the

determination of those parameters of the Standard Model (SM) that are
responsible for CP violation. In the following, I will recall the basic structure
of the SM, and the description of CP-violating phenomena in terms of the
Cabibbo–Kobayashi–Maskawa (CKM) matrix. Results of the most recent
fits for the CKM parameters are going to be summarized, with emphasis on
the information from B physics. The status of semileptonic CP asymmetries
is going to be reviewed.

Next, I am going to discuss several issues that are unrelated to CP vi-
olation: branching ratios of the rare B(0)

q → `+`− decays, deviations from
the SM predictions in B → K(∗)`+`− and B → D(∗)τν observables, and the
current status of B̄ → Xqγ.

2. The CKM matrix and CP violation in the SM

The structure of the SM is determined by its gauge group SU(3)×SU(2)×
U(1) and the field content. The complex scalar fields φ reside in the (1,2)
representation of SU(3)×SU(2). Each of the three generations of left-handed
fermion fields ψ is in (3,2)⊕ (3̄, 1)⊕ (3̄,1)⊕ (1,2)⊕ (1,1), with the U(1)
charges fixed (up to global normalization) by the chiral anomaly cancellation
conditions1. The U(1) charge of the scalar field is then adjusted to allow
existence of any gauge-invariant φψψ interactions.

Once the fields and symmetries are specified, we write the SM Lagrangian
density as a generic dimension≤ 4 gauge-invariant polynomial in the fields
and their derivatives

LSM = Lkin-gauge + LYukawa − V (φ) , (2.1)

where the three terms on the r.h.s. stand, respectively, for the kinetic and
gauge-interaction terms, the Yukawa φψψ interaction terms, and the poten-
tial for the Higgs field φ.

Nowadays, the SM is usually considered as a part of a low-energy effec-
tive theory called the Standard Model Effective Field Theory (SMEFT). Its
Lagrangian density is obtained by supplementing LSM with an infinite series
of higher-dimensional interactions suppressed by powers of a large scale Λ

LSMEFT = LSM +
1

Λ
L(5) +

1

Λ2
L(6) + . . . (2.2)

1 Including tracelessness of the U(1) generator to avoid the gravitational anomaly.
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All the higher-dimensional interactions in SMEFT are believed to be calcu-
lable from a more fundamental theory via decoupling of its heavy degrees of
freedom, e.g., right-handed neutrinos, heavy gauge bosons or leptoquarks.

It turns out that L(5) contains only a single interaction term, precisely
the one that suffices to explain the measured neutrino mass differences and
mixing angles. There are many more interactions in L(6) [2], and some of
them may be responsible for the apparent 2–4σ deviations from SM predic-
tions in certain low-energy measurements, e.g. the muon anomalous mag-
netic moment or several B-physics observables to be discussed in the next
sections.

The Higgs potential can be written as V (φ) = V0 + λ
(
φ†φ− v2/2

)2.
Taking v2 positive, one finds that the Higgs field acquires a vacuum expec-
tation value that can be chosen as 〈φ〉 =

(
0, v/

√
2
)
, leaving SU(3)×U(1)em

as the unbroken gauge subgroup. Substituting 〈φ〉 into LYukawa, one obtains
the fermion mass terms

Lmass = − v√
2

(
ūiRY

ij
u u

j
L + d̄iRY

ij
d d

j
L + ēiRY

ij
e e

j
L + h.c.

)
, (2.3)

where
(
ujL, d

j
L

)
and

(
νjL, e

j
L

)
denote the SU(2)-doublet components of the

(3,2) and (1,2) fields, while uiR, d
i
R and eiR stand for charge conjugates of

the remaining fermion fields, with the generation indices i, j = 1, 2, 3. The
complex 3 × 3 Yukawa coupling matrices Yu, Yd, Ye are the only sources of
CP violation in LSM (2.1).

The fermion mass terms are diagonalized via unitary rotations of the
fields in the generation space, e.g., unew

L = SuLu
old
L , giving

Lmass = −
(
ūiRM

ij
u u

j
L + d̄iRM

ij
d d

j
L + ēiRM

ij
e e

j
L + h.c.

)
(2.4)

with the 3× 3 diagonal fermion mass matrices given by

Mu =
v√
2
SuRYuS

†
uL , Md =

v√
2
SdRYdS

†
dL , Me =

v√
2
SeRYeS

†
eL .

(2.5)
At the same time, the W boson couplings to quarks become flavour off-
diagonal

W+
α ū

i
Lγ

αdiL −→W+
α ū

i
Lγ

αVijd
j
L , (2.6)

where V = SuLS
†
dL is the unitary CKM matrix. The dimension-four part

of the SM action would be CP-invariant if (and only if) the CKM matrix
contained no physical phases.
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2.1. Parameterizations of the CKM matrix

After removing the unphysical phases by absorbing them into the fields,
we can parameterize the CKM matrix V in terms of three angles θij and a
single phase δ

V =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 ,

where cij = cos θij , sij = sin θij . Next, one passes to the standard Wolfen-
stein parameterization by defining λ, A, ρ and η via

λ = s12 ' 0.22 , A =
s23

s2
12

, ρ =
s13

s23s12
cos δ , η =

s13

s23s12
sin δ ,

(2.7)
which implies that

c12 =
√

1− λ2 , c23 =
√

1−A2λ4 , c13 =
√

1−A2λ6 (ρ2 + η2) .
(2.8)

In terms of the Wolfenstein parameters, the CKM matrix becomes c12c13 λc13 Aλ3(ρ− iη)

−λc23−A2λ5(ρ+iη)c12 c12c23−A2λ6(ρ+iη) Aλ2c13

Aλ3[1−c12c23(ρ+iη)] −Aλ2c12−Aλ4(ρ+iη)c23 c23c13

 .

(2.9)

Instead of ρ and η, one often works with ρ̄ and η̄ defined by the relation

ρ+ iη =
(ρ̄+ iη̄)

√
1−A2λ4

√
1− λ2 [1−A2λ4(ρ̄+ iη̄)]

= (ρ̄+ iη̄)
[
1 + λ2/2 +O

(
λ4
)]
.

(2.10)
The unitarity constraint V †V = 1 gives us 6 independent relations among

the CKM matrix elements, e.g.,

V ?
ubVud + V ?

cbVcd + V ?
tbVtd = 0 . (2.11)

Such relations define the so-called unitarity triangles, as three complex num-
bers that sum up to zero form a triangle in the complex plane.

Given that V ?
ubVud = Aλ3(ρ̄+ iη̄) +O(λ7), V ?

cbVcd = −Aλ3 +O(λ7), and
V ?
tbVtd = Aλ3(1− ρ̄− iη̄) +O(λ7), relation (2.11) is practically equivalent to

(ρ̄+ iη̄)− 1 + (1− ρ̄− iη̄) = 0 . (2.12)

It is the above unitarity triangle that is displayed in the standard fits, to be
discussed below.
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2.2. Fits for the CKM parameters

Regular updates of the CKM parameter fits are provided by the
CKMfitter [3] and UTfit [4] collaborations. Their most recent results are
summarized in Table I. The value of λ ' |Vus| is extracted from K and

TABLE I

Fit results for the Wolfenstein parameters by the CKMfitter [3] and UTfit [4]
collaborations.

λ A ρ̄ η̄

[3] 0.22509+0.00029
−0.00028 0.8250+0.0071

−0.0111 0.1598+0.0076
−0.0072 0.3499+0.0063

−0.0061

[4] 0.22497± 0.00069 0.833± 0.012 0.153± 0.013 0.343± 0.011

τ decays. Next, the value of A ' |Vcb|/λ2 is determined using both the
exclusive and inclusive semileptonic b → c`ν̄ decay data. Constraints in
the ρ̄–η̄ plane (95% C.L.) are illustrated in Fig. 1. The rings centered at
(0, 0) come from the semileptonic b → u`ν̄ decays and from B± → τ±ν.
CP violation in K0K̄0 mixing (εK) gives rise to the hyperbolic shape in
the upper plane. Currently, the most stringent constraints come from the
mixing-induced CP violation in B0 → J/ψKS (sin 2β), as well as from the
B0–B̄0 and Bs–B̄s mass difference ratio ∆md/∆ms (the ring centered at
(1, 0)). Additional information on angles α, β, γ of the unitarity triangle
(2.12) comes from CP violation in exclusive B0 decays.

γ

γ

Kε

Kε

α

α

dm∆

sm∆ & dm∆

ubV

βsin 2

(excl. at CL > 0.95)

 < 0βsol. w/ cos 2

e
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d
e
d
 a
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 >
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Fig. 1. Experimental constraints in the ρ̄–η̄ plane, combined by the CKMfitter
(left) [3] and UTfit (right) [4] collaborations. They include all the data available
in the summer of 2016.
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It is evident from the plots in Fig. 1 that the CKM description of flavour-
and CP-violating phenomena leads to consistent results. The best-fit point
is within the 95% C.L. bound allowed by each of the considered observables.
Such a conclusion does not fully coincide with Eq. (35) of Ref. [5] where a
2.3σ tension in εK has been found. However, one should take into account
that inputs from lattice QCD simulations are crucial for the CKM fits, and
estimates of systematic uncertainties in such simulations are always quite
delicate.

When discussing the CKM observables, one usually makes a distinction
between those that receive contributions from tree-level diagrams in the SM
(Vub, γ), and those that are generated only due to loop effects (εK , ∆md,
∆ms or the mixing-induced CP asymmetries). The latter are considered
more sensitive to possible contributions from Beyond-SM (BSM) physics.
On the other hand, the very loop observables give us currently the most
stringent bounds on the location of the unitarity triangle apex (ρ̄, η̄). Thus,
improving the accuracy of the tree-level observable determinations consti-
tutes one of the most important goals in the CKM phenomenology. As
far as the angle γ is concerned, its current determination from α is effec-
tively a tree-level enterprise, up to possible violations of isospin symmetry
by higher-order electroweak effects. On the other hand, available precision
in the determination of |Vub| from b→ u`ν̄ is limited either by lattice QCD
uncertainties (in exclusive decays) or by experimental inaccessibility of the
full lepton energy spectrum due to the b→ c`ν̄ background (in the inclusive
case).

2.3. Basics of B0B̄0 mixing

While CP violation in the B0–B̄0 system serves us as an input for the
CKM fits, the corresponding phenomena in the Bs–B̄s system do not, and
they are predicted to be very small within the SM. On the other hand, the
dimuon charge asymmetry observed at D0 [6] that deviates from the SM by
3.6σ could be most easily explained by BSM effects in the Bs–B̄s mixing.
To discuss this issue in more detail, let us recall the basics of neutral meson
mixing.

We begin with considering B0 at rest at the initial time t0. For t > t0,
the corresponding quantum state is a linear combination of eigenstates of
the strong interaction Hamiltonian Hs

|Ψ(t)〉 = a(t)
∣∣B0
〉

+ ā(t)
∣∣B̄0
〉

+
∑
n

bn(t)|n〉 . (2.13)

The |B̄0〉 term arises due to the electroweak interactions, with the leading
contribution illustrated by the diagram in Fig. 2. Solving the Schrödinger
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b d

d b

W W

u,c,t

u,c,t

Fig. 2. The box diagram responsible for the B0–B̄0 mixing.

equation

i
d

dt
|Ψ(t)〉 = (Hs +Hweak)|Ψ(t)〉 (2.14)

perturbatively in Hweak, one arrives at the following differential equation for
the coefficients a(t) and ā(t)

i
d

dt

[
a(t)
ā(t)

]
=

[
H11 H12

H21 H22

] [
a(t)
ā(t)

]
. (2.15)

The matrix Hij is given by matrix elements of Hweak between eigenstates
of Hs. Its decomposition into hermitian and antihermitian parts reads Hij =

Mij − i
2Γij , with M = M † and Γ = Γ †. One usually imposes

CPT
∣∣B0
〉

=
∣∣B̄0
〉

and CP
∣∣B0
〉

=
∣∣B̄0
〉

(2.16)

to fix convention-dependent phases in the relative normalization of B0 and
B̄0. Under such conventions, CPT conservation implies H11 = H22 ≡ D,
while H12 6= H21 implies CP violation. The eigenvalues and eigenvectors of
Hij are easily found to be

λH,L = mH,L −
i

2
ΓH,L = D ±

√
H12

√
H21 ,

|BH,L〉 =
1√

2 (1 + |κ|2)

[
(1 + κ)

∣∣B0
〉
∓ (1− κ)

∣∣B̄0
〉]

(2.17)

with κ =
(√
H12 −

√
H21

)
/
(√
H12 +

√
H21

)
. The state |Ψ(t)〉 (2.13) can

now be written as

|Ψ(t)〉 = cLe
−imH t−ΓH t/2|BH〉+ cSe

−imLt−ΓLt/2|BL〉+
∑
n

bn(t)|n〉 (2.18)

with the coefficients cL and cS adjusted to match the initial condition |Ψ(t0)〉 =
|B0〉.
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The eigenstate |BH〉 becomes CP-odd in the limit of no CP violation.
The mass and width differences of the two eigenstates are denoted by ∆md =
mH −mL and ∆Γd = ΓH − ΓL. Their measured values [7] and the corre-
sponding SM predictions [8] (in units ps−1) are given below together with
the analogous quantities (∆ms and ∆Γs) for the Bs–B̄s system

∆md =

{
(0.5064± 0.0019)exp ,

(0.528 ± 0.078 )SM ,
∆Γd =

{ [
(−1.3 ± 6.6 )× 10−3

]exp
,[

( 2.61± 0.59)× 10−3
]SM

,

∆ms =

{
(17.757± 0.021)exp ,

(18.3 ± 2.7 )SM ,
∆Γs =

{ [
(8.6± 0.6)× 10−2

]exp
,[

(8.8± 2.0)× 10−2
]SM

.

(2.19)

In the quoted SM predictions for ∆md,s, the necessary CKM parameters
were determined from the fit as in Fig. 1, but excluding the input from the
very mass differences ∆md,s. This is one of the reasons why the predictions
are by far less accurate than the measurements. Another reason are the
uncertainties stemming from lattice QCD estimates of the relevant matrix
elements of Hweak between the neutral B-meson states. Conversely, one of
the main sources of uncertainty in the constraint from ∆md/∆ms in Fig. 1
comes from the necessary lattice inputs.

Comparing ∆Γd,s to the actually measured total widths [7] ΓHd ' ΓL
d =

0.658(2), ΓL
s = 0.707(3), ΓHs = 0.622(4), one concludes that the width

difference in the Bs–B̄s system is sizeable, contrary to the Bd–B̄d case. This
fact allows to study interesting time-dependent effects in Bs decays that
might be potentially sensitive to BSM effects (see, e.g., Ref. [9]).

2.4. The semileptonic CP asymmetry

CP violation in the Bq–B̄q mixing alone is parameterized by a single
parameter that can be chosen to be Im (Γ q12/M

q
12). It gives rise to CP asym-

metries in decays to flavour-specific eigenstates f

Aqfs ≡ A
q
sl =

Γ
(
B̄q(t)→ f

)
− Γ

(
Bq(t)→ f̄

)
Γ
(
B̄q(t)→ f

)
+ Γ

(
Bq(t)→ f̄

) = Im

(
Γ q12

M q
12

)
. (2.20)

Here, Bq(t) (B̄q(t)) stands for the state that was produced as Bq (B̄q) at
t = 0, and then evolved according to Eq. (2.18). The final state f is called
flavour-specific if it can arise (at the leading order in the electroweak in-
teractions) only in decays of the b quark. The state f̄ is the CP conjugate
of f . For final states f containing D+

s (cs̄) or D+(cd̄ ), examples of flavour-
specific decays are B̄s → D+

s π
− or B̄d → D+µ−ν̄µ, respectively, as they can
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only occur via the b → cW−∗ transition. On the other hand, B̄d → D+π−

(B̄s → D+
s K

−) is not flavour-specific because the same final state could be
obtained without mixing from Bd (Bs) via the decay channel b̄ → ūW+∗

followed by W+∗ → cd̄ (W+∗ → cs̄).
The asymmetries in Eq. (2.20) are called the semileptonic CP asymme-

tries, as the most obvious flavour-specific states arise in the semileptonic
decays. These asymmetries are related to the inclusive dimuon asymmetry
measured by D0 in pp̄ collisions [6]

Absl =
N++
b −N−−b

N++
b +N−−b

= 0.506(43)Adsl + 0.494(43)Assl , (2.21)

where N++
b (N−−b ) stand for numbers of same-charge µ+µ+ (µ−µ−) from

events involving B0
q → µX decays. Actually, D0 performs an inclusive mea-

surement without verifying whether any of the muons comes from the neutral
B-meson decays. However, the B–B̄ mixing seems to be the most likely ex-
planation, and only such a hypothesis is going to be considered here. Since
the initial state is CP-symmetric, a non-zero value of Absl implies CP viola-
tion, provided one properly subtracts all the effects of the fact that the detec-
tor is not CP-symmetric. The latter effects are indeed carefully subtracted
using measurements of single-muon asymmetries in the same experimental
setup.

The numbers multiplying Adsl and A
s
sl in Eq. (2.21) come from the relative

Bd and Bs production rates at D0. The measurement of Absl gives us a
constraint in the (Adsl, A

s
sl) plane. A summary [7] of current constraints in

this plane (from all the available measurements) is shown in Fig. 3. The
D0 inclusive measurements with muons give rise to the ellipse marked “D0
muons”. If taken on their own, they show a 3.6σ deviation from the SM
prediction [8]

Adsl = −4.7(6)× 10−4 ∼ Im

(
V ∗udVub
V ∗tdVtb

)
,

Assl = 2.22(27)× 10−5 ∼ Im

(
V ∗usVub
V ∗tsVtb

)
(2.22)

that lies very close to (0, 0). However, exclusive measurements of D0 and
LHCb point towards different regions in the considered plane, and eventually
the world average central value is only around 1σ away from the SM point.
Nevertheless, the situation is not yet conclusive given that the constraints
from various measurements are not really consistent with each other. The
LHCb measurement is ∼ 2.2σ away from the average of the D0 measure-
ments (the dashed ellipse). If at least the exclusive measurements alone
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Fig. 3. Current status of the semileptonic CP asymmetry measurements [7].

agreed with each other, we could perhaps seriously consider that the inclu-
sive dimuon asymmetry has another (BSM) source than the B–B̄ mixing.
So long as it does not happen, either underestimations of systematic uncer-
tainties or statistical fluctuations seem to be the most likely explanations
for the observed tensions in the data.

3. Bs,d → `+`− in the SM

Let us now turn to the Bq → `+`− branching ratios (q = s, d), for
which a significant progress in the accuracy of SM predictions has recently
been achieved [10, 11]. The calculations are conveniently performed in the
framework of an effective theory, where the relevant weak interactions come
in the form of a single four-fermion vertex

Hint = −N CA(µ)
(
b̄γαγ5q

) (
¯̀γαγ5`

)
. (3.1)

The Wilson coefficient CA is MS-renormalized at the scale µ. It contains
all the relevant information on electroweak loop diagrams (dressed with per-
turbative gluons) that mediate the considered transition. Non-perturbative
QCD effects arise only when Hint is inserted between the B-meson state
at rest and the final leptonic state. In the normalization constant N =
V ?
tbVtq (GFMW /π)2, the Fermi constant GF is multiplied by the on-shell

mass MW .
The value of CA is found using the so-called matching calculations which

rely on the requirement that the perturbative amplitudes generated by Hint

reproduce the full SM ones at the electroweak renormalization scale µ0 ∼ mt.
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Such calculations for CA at the three-loop level in QCD [10] and at the two-
loop level in the electroweak interactions [11] were performed using off-shell
amplitudes and expansions in external momenta. Next, the renormalization
group running from µ0 to µ ∼ mb was applied to resum the leading QED
logarithms.

Once CA(µ) is determined, the average time-integrated branching ratio
Bq` of the Bq → `+`− decay is expressed in terms of the lepton mass m`, the
Bq-meson mass MBq and its decay constant fBq . The latter is defined by
the QCD matrix element 〈0|b̄γαγ5q|Bq(p)〉 = ipαfBq . A simple calculation
gives

Bq` =
|N |2M3

Bq
f2
Bq

8π Γ qH
βq` r

2
q` |CA(µ)|2 + O(αem) , (3.2)

where Γ qH comes from Eq. (2.18), rq` = 2m`/MBq , and βq` =
√

1− r2
q`.

The O(αem) term in Eq. (3.2) is going to be neglected despite including
complete corrections of this order to CA(µ). One justifies such an approach
by observing that some of the O(αem) corrections to CA(µ) get enhanced
by M2

Z/(M
2
Z −M2

W ), powers of m2
t /M

2
W or logarithms ln2M2

W /µ
2. None of

these enhancements is possible for theO(αem) term in Eq. (3.2) once µ ∼ mb.
This term is µ-dependent and contains contributions from vertices (opera-
tors) like (b̄γαγ5q)(¯̀γα`) or (b̄γαPLc)(c̄γ

αPLs), with photons connecting the
quark and lepton lines. It depends on non-perturbative QCD in a way that
is not described by fBq alone, and it must compensate the µ-dependence
of CA(µ). Since this term is neglected, renormalization-scale dependence
serves as one of the uncertainty estimates. When µ is varied from mb/2 to
2mb, the results for |CA(µ)|2 vary by about 0.3%, which corresponds to a
typical size of O(αem) corrections that undergo no extra enhancement. On
the other hand, the electroweak corrections to |CA(µ)|2 often reach a few
percent level [11].

With the numerical inputs collected in Table 1 of Ref. [12], one obtains
for the Bsµ branching ratio

Bsµ × 109 = (3.65± 0.06)RtαRs = 3.65± 0.23 , (3.3)

where
Rtα = [Mt/(173.1 GeV)]3.06 [αs(MZ)/0.1184]−0.18 (3.4)

and

Rs =

(
fBs [MeV]

227.7

)2( |Vcb|
0.0424

)2( |V ?
tbVts/Vcb|
0.980

)2 τ sH [ps]

1.615
, (3.5)

with τ sH = 1/Γ sH . Uncertainties due to parameters that do not occur in the
quantities Rα, Rt and Rs have been absorbed into the residual error in the
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middle term of Eq. (3.3). This residual error is actually dominated by a non-
parametric uncertainty, which is estimated to constitute around 1.5% of the
branching ratio. A reduction of the very non-parametric uncertainty from
around 8% to the current level was the main purpose for the O(α2

s , αem)
matching calculations in Refs. [10, 11].

All the other Bq` branching ratios are calculated along the same lines.
One finds

Bse × 1014 = (8.54± 0.13)RtαRs = 8.54± 0.55 ,

Bsτ × 107 = (7.73± 0.12)RtαRs = 7.73± 0.49 ,

Bde × 1015 = (2.48± 0.04)RtαRd = 2.48± 0.21 ,

Bdµ × 1010 = (1.06± 0.02)RtαRd = 1.06± 0.09 ,

Bdτ × 108 = (2.22± 0.04)RtαRd = 2.22± 0.19 (3.6)

with

Rd =

(
fBd

[MeV]

190.5

)2( |V ?
tbVtd|

0.0088

)2 τav
d [ps]

1.519
. (3.7)

A summary of the error budgets for Bs` and Bd` is presented in Table II. It
is clear that the main parametric uncertainties come from fBq and the CKM
angles.

TABLE II

Relative uncertainties from various sources in Bs` and Bd`. In the last column,
they are added in quadrature.

fBq
CKM τ qH Mt αs Other Non-

∑
param. param.

Bs` 4.0% 4.3% 1.3% 1.6% 0.1% < 0.1% 1.5% 6.4%
Bd` 4.5% 6.9% 0.5% 1.6% 0.1% < 0.1% 1.5% 8.5%

For ` = µ, the SM predictions can be compared with the latest LHCb
measurement [13]

Bsµ =
(
3.0± 0.6+0.3

−0.2

)
× 10−9 , Bdµ =

(
1.5+1.2
−1.0

+0.2
−0.1

)
× 10−10 , (3.8)

where the first error is statistical, and the second — systematic. It follows
that both measurements agree with the SM prediction within 1σ. In the
Bsµ case, a reduction of experimental uncertainties to a few percent level is
expected in the forthcoming decade.
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4. Anomalies in B → K(∗)`+`− and B → D(∗)τν

While just a single effective vertex (3.1) was sufficient for each of the
Bq → `+`− decays in the SM, many more such vertices matter for B →
K(∗)`+`− with ` = e, µ. The relevant loop-generated ones in the SM take
the form of

Q7 ∼ (s̄LσαβbR)Fαβ , Q
(`)
9 ∼ (s̄Lγ

αbL)(¯̀γα`) , Q
(`)
10 ∼ (s̄Lγ

αbL)(¯̀γαγ5`) .
(4.1)

Interaction (3.1) for Bs was actually a part2 of Q(`)
10 . Thus, possible BSM

contributions to the Wilson coefficient Q(µ)
10 are already constrained by the

agreement of the SM prediction for Bsµ (3.3) with the experimental result
(3.8). The same is true for the Wilson coefficient of Q7 that receives tight
constraints from radiative decays — see Section 5. On the other hand, global
analyses of B → K(∗)`+`− data show deviations from the SM that can be
explained by introducing a BSM contribution proportional solely to Q(µ)

9 .
Before discussing the considered observables, let us have a look at final

results of two of such global analyses [14, 15]. They are presented in Fig. 4
as plots of allowed regions in the (CNP

9 , CNP
10 ) plane, with CNP

k denoting a
hypothetical BSM contribution to the Wilson coefficient of Q(µ)

k . Such BSM
contributions are supposed to be initially determined at µ0 ∼ mt, and then
evolved down to a scale of the order of mb. However, their renormalization
group running is very mild (it is due to QED only), and can be safely
neglected when compared to other uncertainties in Fig. 4.

The SM point (0, 0) is visibly outside the allowed regions in both plots
of Fig. 4. In the left plot, the dark- and light-grey/blue regions correspond
to the 1σ and 2σ ranges, respectively, while the “pull” between the best fit
point and the SM one amounts to 3.8σ. In the right plot, the three grey/red
contours correspond to 1, 2, 3σ, while the pull amounts to 4.3σ. In more
recent articles (see, e.g., Ref. [16]), deviations from the SM at the 5σ level
are found3. However, the statistical significance of the fits needs to be taken
with a grain of salt. Let us explain the issue in more detail.

The fits include observables from all the available processes involving the
b→ sγ and b→ s`+`− transitions. Thus, constraints from Bs → µ+µ− and
B̄ → Xsγ (that agree with the SM) are taken into account. The largest
deviations occur in angular observables of B → K∗`+`− whose theoreti-

2 The vector part of the quark current was dropped for simplicity, as it does not
contribute to Bq → `+`−.

3 The pulls do depend, though not very sensitively, on whether (CNP
9 , CNP

10 ) are the only
allowed BSM contributions (as in Fig. 4), or we admit other operators to acquire BSM
Wilson coefficients. This includes operators whose Wilson coefficients vanish or are
negligible in the SM.
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Fig. 4. (Colour on-line) Constraints in the (CNP
9 , CNP

10 ) plane from global fits to
b → s`+`− and b → sγ observables. The plots are from Fig. 4b of Ref. [14] and
Fig. 15b of Ref. [15] (right).

cal analysis is strongly dependent on our understanding of non-perturbative
QCD effects in exclusive “heavy-to-light” decays. If only operators (4.1) were
present, one could form observables in which the non-perturbative form fac-
tors cancel out up to O(ΛQCD/mb) corrections, while the very corrections
can be estimated using either the light-cone sum rules or lattice QCD sim-
ulations. However, one also needs to take into account four quark operators
of the form (s̄Lγ

αcL)(c̄LγαbL) whose perturbative contributions via charm-
quark loops [17, 18] affect C9 by more than the BSM effects implied by
the fits. It is difficult to disentangle such perturbative effects from non-
perturbative ones that come as the so-called “continuum contributions” in
the light-cone sum rule analyses [19]. Thus, one should be very careful
about identifying BSM physics in such contributions to C9 that resemble
the perturbative charm loop effects.

An important property of the charm loop effects is that the lepton pair
is produced by a virtual photon, which implies lepton flavour universality
(LFU). On the other hand, an evidence for LFU violation at the level of
2–3σ does show up in the LHCb measurements of the ratios

RK(∗) =
B(B → K(∗)µ+µ−)

B(B → K(∗)e+e−)
=

{
0.745+0.090

−0.074 ± 0.036, for K [20] ,

0.69+0.11
−0.07 ± 0.05, for K∗ [21]

(4.2)

in the dimuon invariant mass ranges of [1.0,6.0] and [1.1,6.0] GeV2, respec-
tively. In these ranges, the leptons can be treated as practically massless,
which implies that RK and RK∗ are predicted to be very close to unity
in the SM (within ±1%) due to flavour universality of the lepton-(gauge



B Physics: Phenomenology and Sample Calculations 1097

boson) couplings. Thus, if there is no BSM contribution, the only alterna-
tive remains on the experimental side, which might be either a statistical
fluctuation or systematic effects.

What many people find intriguing is that explaining RK and RK∗ via
BSM contributions to C(µ)

9 transitions (while keeping C(e)
9 at the SM level)

is perfectly consistent with what we need to match the angular observ-
ables in B → K∗µ+µ− with experiment, without introducing any enlarged
non-perturbative uncertainty due to the charm loops over what has been
estimated in Ref. [19]. Nevertheless, in my opinion, we should still treat the
b→ s`+`− anomalies as ∼ 3σ rather than ∼ 5σ ones.

There is a whole spectrum of models that have been considered to ex-
plain BSM contributions to C(µ)

9 . The simplest ones assume existence of
a heavy U(1) gauge boson with flavour-violating couplings. It could be
as heavy as 10 TeV and give no currently observable effects in anything
but C(µ)

9 . Another possibility are heavy scalar leptoquarks that could con-
tribute to Q9 and Q10 thanks to the Fierz identities like (s̄LµR)(µRbL) ∼
(s̄Lγ

αbL)(µRγαµR).
The leptoquark option might be considered more attractive (see, e.g.,

Ref. [22]) in view of another “anomaly” that suggests LFU violation. A 3.9σ
deviation from the SM is observed in the quantities

RD(∗) =
B(B → D(∗)τν)

B(B → D(∗)µν)
, (4.3)

as illustrated in Fig. 5. In this case, the SM prediction (the small grey el-
lipse) differs from unity due to non-negligible mass of the τ lepton. The

R(D)
0.2 0.3 0.4 0.5 0.6

R
(D

*)
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BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)

LHCb, PRL115,111803(2015)
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Belle, arXiv:1608.06391
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SM Predictions

 = 1.0 contours2χΔ

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

) = 70%2χP(

HFAG
Summer 2016

Fig. 5. Current experimental constraints in the RD–RD∗ plane and their compari-
son to the SM prediction (Fig. 66 of Ref. [7]).



1098 M. Misiak

non-perturbative form factors that are necessary to evaluate the SM predic-
tions for RD(∗) are extracted from the measured spectra of B → D(∗)µν,
except for a single one in the RD∗ case that, however, turns out to give a
small contribution. The calculation is well-controlled for RD (for which the
discrepancy with the measurements is less severe), while a more uncertain
theoretical input is necessary in the RD∗ case. Nevertheless, the experimen-
tal uncertainties are by far the dominant.

To conclude this section, I believe that the observed anomalies provide
interesting hints for BSM physics, but it is still too early to claim a break-
down of the SM.

5. B̄ → Xs,d γ in the SM

The inclusive decays B̄ → Xsγ and B̄ → Xdγ provide important bounds
on many popular BSM models. Evaluation of such bounds depends quite
sensitively on the branching ratio predictions within the SM. An update of
these predictions was presented in Ref. [23] which we shall follow below.

Measurements of the CP- and isospin-averaged B̄ → Xsγ branching ratio
lead to the combined result (see Ref. [24] and references therein)

Bexp
sγ = (3.27± 0.14)× 10−4 , (5.1)

for the photon energy Eγ > E0 = 1.6 GeV in the decaying meson rest frame.
The combination involves an extrapolation from measurements performed at
E0 = 1.9 GeV. Applying the same extrapolation method [25] to the available
B̄ → Xdγ measurement [26], one finds

Bexp
dγ = (1.41± 0.57)× 10−5 (5.2)

at E0 = 1.6 GeV [27]. More precise determinations of Bexp
qγ for q = s, d are

expected from Belle II [28].
Theoretical calculations of Bqγ have a chance to match the experimental

precision only in a certain range of E0 where the non-perturbative contribu-
tion δΓnonp in the relation

Γ
(
B̄ → Xqγ

)
= Γ (b→ Xp

q γ) + δΓnonp (5.3)

remains under control. Here, Γ (b→ Xp
q γ) denotes the perturbatively calcu-

lable rate of the radiative b-quark decay involving only charmless partons in
the final state. The analysis of Ref. [29] implies that unknown contributions
to δΓnonp are potentially larger than the so-far determined ones, and induce
around ±5% uncertainty in Bsγ at E0 = 1.6 GeV. Non-perturbative uncer-
tainties in Bdγ receive additional sizeable contributions [30] due to collinear
photon emission in the b→ duūγ process.
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Apart from possible future progress in analyzing non-perturbative ef-
fects, one needs to determine Γ (b → Xp

q γ) to a few percent accuracy. It
requires evaluating the Next-to-Next-to-Leading Order (NNLO) QCD cor-
rections that involve Feynman diagrams up to four loops. The first SM
estimate of the B̄ → Xsγ branching ratio at this level was presented in
Ref. [31]. A part of the O(α2

s ) contribution was obtained via interpola-
tion [32] in the charm quark mass between the large-mc asymptotic expres-
sion [33] and the mc = 0 boundary condition that was estimated using the
Brodsky–Lepage–Mackenzie (BLM) approximation [34]. The phenomeno-
logical update of Ref. [23] includes all the contributions and estimates worked
out after the completion of Ref. [31]. The interpolation in mc is still being
applied. However, the mc = 0 boundary condition is no longer a BLM-based
estimate but rather comes from an explicit calculation [35].

Flavour-changing weak interactions that matter for Γ (b → Xp
q γ) with

q = s, d are given by the following effective Lagrangian:

Leff ∼ V ∗tqVtb

[
8∑
i=1

CiQi + κq

2∑
i=1

Ci(Qi −Qui )

]
. (5.4)

Explicit expressions for the current–current (Q1,2), four-quark penguin
(Q3,...,6), photonic dipole (Q7), and gluonic dipole (Q8) operators can be
found, e.g., in Eq. (2.5) of Ref. [32]. The CKM element ratio κq = (V ∗uqVub)/
(V ∗tqVtb) is small for q = s, and it affects Bsγ by less than 0.3%. Barring
this effect and the higher-order electroweak ones, Γ (b→ Xp

s γ) in the SM is
given by a quadratic polynomial in the Wilson coefficients Ci

Γ (b→ Xp
s γ) ∼

8∑
i,j=1

CiCj Gij . (5.5)

In the updated analysis of Ref. [23], the NNLO Wilson coefficient calcula-
tion becomes complete after including the four-loop anomalous dimensions
that describe Q1,...,6 → Q8 mixing under renormalization [36]. Effects of the
charm and bottom quark masses in loops on the gluon lines in G77 [37],
G78 [38] and G(1,2)7 [39], as well as a complete calculation of G78 [40]
are taken into account. Three- and four-body final-state contributions to
G88 [41, 42] and G(1,2)8 [42] are included in the BLM approximation. Four-
body final-state contributions involving the penguin and Qu1,2 operators are
taken into account at the Leading Order (LO) [43] and Next-to-Leading Or-
der (NLO) [44]. Last but not least, the full NNLO calculation [35] of G17

and G27 at mc = 0 serves as a boundary for interpolating their unknown
parts in mc.
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Following the algorithm described in detail in Ref. [35], taking into ac-
count new non-perturbative effects [29, 45, 46], as well as the previously
omitted parts of the NNLO BLM corrections [47], one arrives at the follow-
ing SM prediction (with E0 = 1.6 GeV):

BSM
sγ = (3.36± 0.23)× 10−4 . (5.6)

Individual contributions to the total uncertainty are of non-perturbative
(±5%), higher-order (±3%), interpolation (±3%) and parametric (±2%)
origin. They are combined in quadrature.

To study the Bdγ case, one begins with inserting the proper CKM factors
in Eq. (5.4). Using the CKM fits described in Section 2.2, one finds

κd =
(
0.007+0.015

−0.011

)
+ i
(
−0.404+0.012

−0.014

)
. (5.7)

The small real part implies that the main κd-effect comes from b → duūγ
at the LO. In the first (rough) approximation, one evaluates the tree-level
b → duūγ diagrams retaining a common light-quark mass mq inside the
collinear logarithms [42], and varying mb/mq between 10 ∼ mB/mK and
50 ∼ mB/mπ to estimate the uncertainty. The considered effect varies then
from 2% to 11% of Bdγ . A more involved analysis with the help of fragmen-
tation functions gives a very similar range [30]. Including this contribution,
one finds (for E0 = 1.6 GeV)

BSM
dγ =

(
1.73+0.12

−0.22

)
× 10−5 , (5.8)

where the central value corresponds to mb/mq = 50.
Comparing Eqs. (5.1) and (5.2) with (5.6) and (5.8), respectively, one

observes a very good agreement between the measurements and the SM pre-
dictions. The achieved precision in Bsγ tightly constraints the coefficient C7,
leaving little freedom in this parameter in the fits discussed in Section 4.

6. Summary

With large amounts of B-physics data collected over the past years,
subsequent surprises have arrived. First, we have not seen BSM effects
where we had hoped for them to occur, namely in loop-generated observ-
ables where our calculations and measurements are sensitive to percent-level
deviations from the SM. At present, we find 10–20% deviations in observ-
ables like RD(∗) that are generated by tree diagrams with no CKM suppres-
sion. As far as the loop-generated C(µ)

9 is concerned, the observed deviation
is at the level of ∼ 25% of the SM contribution, and appears to be LFU
violating. Although several explicit BSM models that are consistent with
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all the current surprises have been shown to exist, we should remain cau-
tious with definite conclusions until either further indirect evidence is found
or, hopefully, signals for real production of BSM particles are observed at
the LHC.
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