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Using the results obtained by Staruszkiewicz in Acta Phys. Pol. B 23,
591 (1992) and in Acta Phys. Pol. B 23, 927 (1992), we show that the
representations acting in the eigenspaces of the total charge operator cor-
responding to the eigenvalues ni,ny whose absolute values are less than
or equal \/7/e? are inequivalent if |n;| # |n2| and contain the supplemen-
tary series component acting as a discrete component. On the other hand,
the representations acting in the eigenspaces corresponding to eigenvalues
whose absolute values are greater than /7 /e? are all unitarily equivalent
and do not contain any supplementary series component.
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1. Introduction

In this paper, we prove a new theorem within the Quantum Theory of
the Coulomb Field [1, 2|. This paper can be regarded as an immediate
continuation of the series of Staruszkiewicz’s papers [3-5| on the structure
of the unitary representation of SL(2,C) acting in the Hilbert space of the
quantum Coulomb field and the quantum phase field S(x) of his theory, and
its connection to the fine structure constant. We use the notation of these
papers. Basing on the results of these papers, we give here a proof of the
following

Theorem 1.1. Let U|Hm be the restriction of the unitary representation U
of SL(2,C) in the Hilbert space of the quantum phase field S to the invariant
eigenspace H,, of the total charge operator QQ corresponding to the eigenvalue
me for some integer m. Then for all m such that

|m| > Integer part (U;) ,

(171)
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the representations U ’Hm are unitarily equivalent
U‘?—Lm =v U|Hm,

whenever

|m| > Integer part (\ / 7;) , |m!| > Integer part <1 / 72) .
e e

On the other hand, if the two integers m, m’ have different absolute values
|m| # |m/| and are such that

T m
’m‘<\/?a ’m/|<\/€727

then the representations U|,, and Ul,, | are inequivalent. FEach represen-

tation U |Hm contains a unique discrete supplementary component if

[T
|m|< 672’

and the supplementary components contained in U|Hm with different values
of |m| fulfilling the last inequality are inequivalent. If

|m| > Integer part < 7;) ,
Ve

then the representation U|,,  does not contain in its decomposition any sup-
plementary components. L]

This remarkable result can be compared to the well-known and curious
coincidence concerning self-adjointness of the Hamiltonian of the bounded
system composed of a heavy source (say nucleus) of the classical Coulomb
field and a relativistic charged particle in this field. Namely, it is a well-
known phenomenon in relativistic wave mechanics that whenever the charge
of the nuclei is of the order of magnitude comparable to the inverse of the fine
structure constant or greater, then the Hamiltonian loses the self-adjointness
property (which sometimes is interpreted as an indication that the system
when passing to the quantum field level becomes unstable). On the other
hand (and this is a coincidence which no one understands), the nuclei of
real atoms are unstable whenever the charge of the nuclei reaches the value
of the same order (inverse of the fine structure constant). The mentioned
breakdown of self-adjointness cannot explain, of course, this phenomenon
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because there are mostly the strong (and not electromagnetic) forces which
govern the stability of nuclei. To this coincidence we add another coming
from the quantum theory of infrared photons of the quantized Coulomb
field. Although we should emphasize that the mentioned three phenomena
come from three different regimes and so far we are not able to answer the
question if these coincidences are merely accidental or not.

2. Proof of the theorem

Let us concentrate our attention on the specific state |u) in the eigenspace
H,._, corresponding to the eigenvalue e of the charge operator (). For any
time-like unit vector u, we can form the following unit vector (compare [4]
or [5]):

ju) = ¢=*¥)|0) (1)

in the Hilbert space of the quantum field S. It has the following properties:
(1) |u) is an eigenstate of the total charge Q: Qlu) = e|u).

(2) |u) is spherically symmetric in the rest frame of u: €*?*ugM,, |u) = 0,
where M, are the generators of the SL(2,C) group.

(3) |u) does not contain the (infrared) transversal photons: N(u)u) = 0,
where N (u) is the operator of the number of transversal photons in
the rest frame of u. If w is the four-velocity of the reference frame
in which the partial waves fl(:;) are computed, then in this reference

frame
0o l

N(u) = (47r62)_1 Z Z ¢ Cim

=1 m=—1

and (up to an irrelevant phase factor)

[u) = e7"]0).

These three conditions determine the state vector |u) up to a phase
factor.

Now, let us consider the subspace H, CH,_, as spanned by the vectors
of the form of U_|u), a € SL(2,C).

Note that the above conditions (1) and (2) determine |u) as the “maxi-
mal” vector in H ,, which preserves conditions (1), (2), i.e. any state vector
in the Hilbert subspace H of the quantum phase field S which preserves

(1) and (2), and which is orthogonal to |u) is equal zero.
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First: in [2], it was computed that the inner product

(ulv) = exp{ — i()\coth)\ — 1)} ,

where u - v = g, u#v" = cosh], so that A is the hyperbolic angle between u
and v; compare also [6].

Second: it was proved in [4] (compare also [5, 7]) that the state |u), lying
in the subspace @) = el of the Hilbert space of the field S, when decomposed
into components corresponding to the decomposition of U into irreducible
sub-representations contains

— only the principal series if % > 1,

— the principal series and a discrete component from the supplementary
series with

2 2

1
MMM = 22— 21, z=—, o< <1,
2 T i

in the units in which A = ¢ = 1. In other units, one should read ﬁ for & —2

In particular from the result of [4], it follows that for the restriction

U]H| > of the representation U of SL(2,C) acting in the Hilbert space of
the quantum “phase” field S to the invariant subspace M., we have the

decomposition

54

Ju)

D)@ | S(n=0,p)dp, p=1-2, x=2, f0<< <1,
p>0

| &(n=0,p)dp, if1<§

p>0

(2)

into the direct integral of the unitary irreducible representations of the prin-
cipal series representations &(n = 0, p), with real p > 0 and n = 0, and a
discrete direct summand of the supplementary series ®(pg) corresponding
to the value of the parameter

o2
po=1-— 2, Zg = —
v

)

and where dp is the ordinary Lebesgue measure on R .
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Note that the irreducible unitary representations &(n, p) of the principal
series correspond to the representations (lop = 4,1y = %p), with n € Z and
p € R in the notation of the book [8], and correspond to the character
x = (n1,n2) = (% + %p, -2+ %) in the notation of the book [9], and finally
to the irreducible unitary representations

U’ = 6(n.p)

induced by the unitary representations of the diagonal subgroup correspond-
ing to the unitary character x,, , of the diagonal subgroup of SL(2, C) within
the Mackey theory of induced representations.

Recall also that the irreducible unitary representations ®(p) of SL(2,C)
of the supplementary series are numbered by the real parameter 0 < p < 1,
and correspond to the representations (lp = 0,!; = p) in the notation of [8].
They also correspond to the character x = (n1,n2) = (p, p) in the notation
of [9], and finally to the irreducible unitary representations

U =2(p)

induced by the (non-unitary) representations of the diagonal subgroup of
SL(2, C) corresponding to the non-unitary character x, of the diagonal sub-
group of SL(2,C) within the Mackey theory of induced representations.

Next, for each integer m € Z and a point u in the Lobachevsky space,
we consider spherically symmetric unit state vector |m,u) € H,,

‘m’u> _ e—imS(u)‘O>

in the Hilbert space of the quantum field S. If u is the four-velocity of the

reference frame in which the partial waves fl(;:) are computed, then in this
reference frame

m, ) = e~ m0]0)

up to an irrelevant phase factor. The unit vector |m,u) has the following
properties:

(Im) |m,u) is an eigenstate of the total charge Q: Q|u) = em|m,u).

(2m) |m,u) is spherically symmetric in the rest frame of u: €*?*ughl,,
|m,u) = 0, where M, are the generators of the SL(2,C) group.

(3m) |m,u) does not contain the (infrared) transversal photons: N (u)|m, )
= 0.
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Proceeding exactly as Staruszkiewicz in 2] (compare also [6]), we show that
for any two points u, v in the Lobachevsky space of unit time-like four-vectors

2,.,,2
" (Acoth\ — 1)} ,

<U, m|m7 U> = exp {_e

where A\ is the hyperbolic angle between u and v. Next, we construct the
Hilbert subspace H C H,, spanned by

[m,u)
Ua|m,u) , a € SL(2,C).

Note that #H, # H, . Using the Gelfand-Neumark Fourier analysis on
the Lobachevsky space as Staruszkiewicz in [4], we show that

o

|m,u)
9(/}0)@106(71:0,0) dp, po=1-1z, =222 if0< €™ <1,
p
J &(n=0,p)dp, if1 < €m?
p>0

where dp is the Lebesgue measure on R .

We need two Lemmas concerning the structure of the representation U
of SL(2,C) in the Hilbert space of the quantum phase field S.

Lemma 2.1.
U\Hmzl = U|H\u> ® U‘Hm:o'

[0 First, we show that (all tensor products in this Lemma are the Hilbert-
space tensor products)

M, = 7-[|u> O H,o = H\u> ® I (H}n:O) ) (4)

where ’H}n:
spanned by

, is the single-particle subspace of infrared transversal photons

Cml0) 5

and F(H;ZO) stands for the boson Fock space over H'}n:(}’
of symmetrized tensor products of H’rln:[)' The Hilbert subspace H,, is

i.e. direct sum

spanned by |u), and all its transforms U, |u) = |[v') with v’ = Ala) " tu
ranging over the Lobachevsky space .#5 = SL(2, C)/SU(2,C) of time-like
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unit four-vectors u’ — the Lorentz images of the fixed u. The Hilbert space
structure of H ,, can be regarded as the one induced by the invariant kernel

2
u X v (u|v) = exp {—e()\coth)\ - 1)}
T

on the Lobachevsky space %5 as the RKHS corresponding to the kernel,
compare e.g. [10]. Because this kernel is continuous as a map £3 x %5 — R,
and the Lobachevsky space is separable, then it is easily seen that there
exists a denumerable subset {uj,us,...} C %5 such that |uy),ug),... are
linearly independent and such that the denumerable set of finite rational
(with b; € Q) linear combinations

k
> bilui)
=1

of the elements |u1),|u2),... is dense in H ,, cf. e.g. [11] Chap. XIII, §3.
One can choose (Schmidt orthonormalization, [11], Chap. XIII, §3) out of
them a denumerable and orthonormal system

k
ek(blkul, .. .,bkkuk) = szk]uz Zblke i5(uq) ’0 k= 1,2, ey

which is complete in 'HM. Note that

Uylt) = Uyye0) = e ST 10) = e 7)o,

A(Ot) A(O‘) A( )
where 1/ = A(a)~'u is the Lorentz image « in the Lobachevsky space of u
under the Lorentz transformation A(«a), because |0) is Lorentz invariant:
Ul]0) = |0). In particular,

U,y ek(brrun, .. brgur) = ex (bupd, - - ., beruy)

k k

= U, (Z bike_zS(Ui)|0>> = Z biwe 5|0y
i=1 i=1
u;:/l(oz)_lui, k=1,2,3,...

forms another orthonormal and complete system in H,- Ifye H, then

for some sequence of numbers b¥ € C such that

lyl? =" 0] < +o0,

k
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we have
y = Z Wer(bigut, . .., brrug) = Z BFbe 5[0y (5)
k=1,2,... k=1,2,...,i=1,...k
and
Upy¥ = Z Ve, (blkull, ol bkkuﬁg) = Z bkbike_is(“§)|0> .

k=1,2,... k=1,2,...,i=1,....k
Similarly, let us write shortly

+ _ ot + -1 _ ot
Cpn = Co and UA(a)ClmUA(a) =Cum -

Then if z € I(H!_ ) = H
a®% ¢ C such that

HxHQ — Z (47T€2)n |aa1...an‘2 < +OO

n=1,2,...,a1,...,0n

there exists a multi-sequence of numbers

m=0"?

and
x = Z a® el Lt 10),
n=1,2,...,a1,...,aep,
UA(M:L' = Z aal‘“a”clzl o c';rn|0) , (6)

n=1,2,...,a1,...,0n

where we have shortly written «; for the pair I;, m; with —I; < m; <1;.

Before giving the definition of x ® y for any general elements x,y of the
form (6) and respectively (5) giving the algebraic tensor product H,,_, @H‘u)
densely included in #H, _,, we need some further preliminaries. Namely,
note that the operators ¢;,, = ¢, depend on the reference frame. For the
construction of ®, we need the operators in several reference frames. If the
time-like axis of the reference frame has the unit versor v € %%, then for the
operator ¢, = ¢, computed in this reference frame, we will write

o Or “Cim

and

el or et

for their adjoints. Only for the fixed vector u € %3 we simply write

Jr

Yoo =i or ey = am
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and

u,+
C, =C

+ u,+ +
o« Oor ‘¢ =c.
in order to simplify notation.

Now, let

U—=v

A op

be the unitary matrix transforming the orthonormal basis vectors ¢ |0) =
Y |0) in H
« m=0

U—v

”c;r‘()>:2 A ap Cg Z A 5CB‘O (7)
B

under the Lorentz transformation Ay, (Ayy) transforming the reference frame
time-like versor u € %5 into the reference frame unit time-like versor v € 3.
In particular, it gives the irreducible representation of the SL(2,C) group
in the single-particle Hilbert subspace ’Hi@ of infrared transversal photons
spanned by

=0
cal0) = "310),

and equal to the Gelfand—Minlos—Shapiro irreducible unitary representation
(lo =1,l; =0) = &(n = 2,p = 0), computed explicitly in [12]. Then, as
shown in [3], it follows that

U —1 _ —1 _’U
Auv(Auv)caUAuv(/\uu) - UAHUO‘U‘U) aUAuv(/\uu) Ca
w—w u u—v
= Z ap g+ B a@Q
B
ui—)v U—v
:Z apcp+ B o @, (8)
B
and!
Ayw (Auv) ( )U/l_uv<>\uy) = S(U)
1 UV UV UV UV
:S(u)+4m€Z(BaAa6ucﬁ—BaAaﬁch;> (9)
af

U—>v
! 'We are using slightly different convention than [3], with ours A . corresponding

to the complex conjugation Ang of the matrix elements A used in [3] and similarly
U—>v —_
our numbers B , correspond to the complex conjugation B, of the numbers B,

used in [3].
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and thus

u,+77r—1 — +rr—1 _ v+
UAuv()\u'U) @ Ayv(Auv) - UAuv(Auv)Ca Ayv(Auv) - Ca
u—v u—v
=D A+ BaQ
B

wu—v L uzv
= Z A aBCg + B .Q, (10)
B

u—v
where @) is the charge operator and where B , are complex numbers de-

pending on the transformation Ay, (\y) mapping u + v = Ayp(Aw) tu

such that
2.

«

U—v

B o = 8e*(Auwcothhy, — 1)

with Ay, equal to the hyperbolic angle between u and v. Note that the
charge operator is invariant (commutes with U, e )) and is identical in
each reference frame so that no superscript u nor v is needed for Q.

The limit on the right-hand side of equality (7) should be understood
in the sense of the ordinary Hilbert space norm in the Hilbert space of the
quantum phase field S. In general, all limits in the expressions containing
linear combinations of operators acting on |0) should be understood in this
manner.

Now, let us explain why for each fixed «, we need essentially all “c,,
v € Z5 for the construction of the bilinear map x X y — x ® y which serves
to define the algebraic tensor product H,,_, @’HM of the Hilbert spaces H,_,

and H, . In particular, consider two vectors |0y and e=*5()|0) with v not
equal to the fixed time-like versor u of the reference frame in which the

partial waves fls;:) and the operators ¢, = co = “co are computed. Perhaps
it would be tempting to put

+ —iS(v |0>

Ca €

for the tensor product of ¢]0) and e~*3()|0), but this would be a wrong
definition. In particular,

<0‘ez’S(v) s C e zS(v)‘O> <0‘€iS(U)CﬁC$€_iS(U)’0>
# (0] "eg "c§10)(0]e5Me 0|0y = (0]eget|0) (0]’ e 0|0y
contrary to what is expected of the inner product for simple tensors. This is

mainly because ¢q = Y. do not commute with e=*®) for v # v. However,
for any two u,w € %3,

(0e’5) g et e 0) = (0] e “et]0)(0]e" e~ )|0) (11)
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which easily follows from (8)—(10) and from the canonical commutation re-
lations. Similarly, for the case when two (or more) creation operators are
involved,

<O’€iS(v) Ucﬁl Ucﬁz w,+ wCJr e zS(w)|0>

a
= (0] e, “ep, e, “e3,10)(0 5 Ve |0)

(0] v By - - - Uan Yeb oMl e —i8w)|0)

= (0] %, ... ‘e, “c, ... wc§n|0><0]e7’s e~ ¥W)0) (12)

as expected of the inner product on simple tensors. This explains the need for
using “cy, = Y, in various reference frames v, as in composing any complete
orthomnormal system in H,, we need linear combinations of vectors

e—iS(v) |0>

with various v € .%3.
Therefore, for any v € %3, we put

(v-‘r Uat |0>) <e—i5(v)‘0>> — YT Yt —iS(v ’0>

aq (12
(e ... vc;n|o>)®(e*is<v>\o>) = Ut LUt eSOy, (13)

aq aq an €

Let, in particular, U be the unitary representor of a Lorentz transforma-
tion which transforms v into v’. Then

w—v w—v
=) A+ BaQ
3

and

CESAE (Ue—i5<w>\o>) = (Yet10) ) ® (e—i5<w’>|0>)
- (Z werloy | @ (7500
5

/

w /

v

|—)
A fzS ’0>

>
B

— Z w’ ;r —iS(w’) |O>
B

=U ZMA aB o temiSw) ) | |
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so that
(U cz10) & (Ve™0)) = U (etio) @ (7))

and, similarly, we show that this is the case for more general simple tensors

(U, . e 0) @ (UeSWl0y) = U (e, met, |0) @ (e7500))) .
(14)
Now in order to define x ® y for general x,y of the form of (6) and
respectively (5), we need to extend formula (13). In fact, z ® y is uniquely
determined by (13). Now, we prepare the explicit formula for x ® y out

of (13).
Let uq,ug,... € £ be the unit four-vectors which are used in the defi-
nition of the complete orthonormal system

k
ek(blkul, .. .,bkkuk) = szk‘uz szke i (ui) ’0 k=1,2,...

inH,. Corresponding to them, we define

U U4 u—U; U U;
uica:Z Aa,@ Ca"‘B Q= Z Aa,BCa+ B ,Q,
B B
and
U U,
Z Aaﬁ 4+ 'BLQ= Z Aaﬁc + B .Q.
B
Having defined this, we introduce for each i = 1,2, ... and the corresponding

operator "“ic, the operator

ulr—>u

ca—z A o5 ey (15)

by discarding the part proportional to the total charge Q in the operator
U—U U—U
Coq = ucazz A ap ui65+ B ,Q
B

as obtained by the transformation u; — wu transforming the system of oper-

ators “icg into the system of operators “c,. Of course, we have

U U U U
Ci:ucjy_:z AaﬁuZCB—F BaQ
B
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The crucial facts for the computations which are to follow are the fol-
lowing. For each four-vector v € %,

[vcm 645(7))] —0.

The commutation rules are preserved and
[“Ca,’cp) =0, [”ca,”cﬂ = 4me? 0> Q) cal =0, Yeal0) = o't =0.

Moreover, if we fix arbitrarily o = (I,m), then because the operators ,,
i = 1,2,... all differ from the fixed operator ¢, = Y, with fixed u € %5
by the operator (depending on 4) which is always proportional to the total
charge operator @), as a consequence of the transformation rule (8) and (10),
then not only

[icomicﬁ] =0, |:éa7 cg} dre’ 5 [Qaica] =0, ica‘0>:<0| ic;:()v
i=1,2,...

for all i = 1,2,... but likewise

[ica,jc[g] =0, [ica,jcﬂ =47e? Oup > [Q,ica] =0, ‘ca|0) = (0]'ct =0,
ii=1,2,...

Note also that
ct0)y = o), i=1,2,3,...

Furthermore, we have the following orthogonality relations:

(0| ijseis(“f) j051 e j05m (Z bix ca1 e~ i8(u ) |0)

J=1

= (4me?)" S5 Ormn 0 (16)

{ay...an} {B1---Bm} *

Let z,y be general elements, respectively, v € H,_, andy € H of the
general form (6) and respectively (5). We define the following bilinear map
®of H,_, xH, into H,_, by the formula:

TXY—rQY
= Z a1 enpkp, zc;tl L et _’S(“i)|0>.

an
n=1,2,....k=1,2,....,i=1,..., k, a1,...,an,
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We show now that H,,_, and K, are ®-linearly disjoint [13], compare
Part III, Chap. 39, Definition 39.1. Namely, let y1, ...,y be a finite subset
of generic elements

yj = Z b?ek(blkul, e ,bkkuk) = Z b?bikeiis(ui) ‘O>
k=1,2,... k=1,2,...,i=1,..., k
inH, for j = 1,...,r; and similarly let z,...,z, be a finite subset of

generic elements

T = Z a?l“'a"cgl .. c§n|0)

n=1,2,...,a1,...00,

inH, _,forj=1,...,r. Let us suppose that

'
Z Tj QYj
j=1

= a?l“'o‘"bﬁbik 10251 .. .Zc;rnefls(“i)m) =0,

j=1,..,r,n=1,2,...k=1,2,....i=1,...k, a1,..., an
(17)

and that x1,..., 2, are linearly independent. We have to show that y; =
... =19, = 0. The linear independence of x; means that if for numbers b7 it

follows that ,
7 a1...0n
Z b sa; 1 =0
j=1

forallm =1,2,..., a; = (1,-1),(1,0),(1,1),(2,-2),..., then by = ... =
b, = 0. Now, consider the inner product of the left-hand side of (17) with

k
> g .. % e BM|0)
q=1

Then from (17) and the orthogonality relations (16), we get

r
B1-Bnrpk _
> oai =0
j=1

for each k = 1,2,... Therefore, by the linear independence of x;, we obtain
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for each k =1,2,..., so that
Yy =...=9y,=0.

Similarly, from (17) and linear independence of yi, ..., y,, it follows that
r1=...=z, =0,

so that H, _, and H,, are ®-linearly disjoint.

By construction, the image of ® : H,,_, xH ,, — H,_, span the Hilbert
space H,_ _, and is dense in H__,. Therefore, the image of @ defines the
algebraic tensor product H g Hyyy of H and H., densely included
inH, _,

Now, we show that the inner product (-|-) on #H  _,, if restricted to the
algebraic tensor product subspace H,_, ®,,, H,, , coincides with the inner

product of the algebraic Hilbert space tensor product

(z@ylz' @y') = (xl2’)(yly')

for any generic elements z, 2’ € H

m=0 m=0

and any generic elements y,y' € H, ..
Indeed, let x,y be generic elements of the form of (6) and (5), respectively,
and similarly for the generic elements z’/,1’, we put

2 = Z a’ﬁl“'ﬁ"cg1 ...chq]O)

q:1’27"'7 ﬁl:"':ﬁq

m=0

and
D> Voes(broun, ... bastis) = > b'3bise")|0) .
s=1,2,... s=1,2,...,5=1,...,s
Then
(o @y |r@y) = > a/Br--Ba g@1--n pispk

n7k7q157a17---,Oén,ﬁly._,’Bq
S
x (0] ijseiS(Uj) Jeg, ... Tep, (Z Lt oS (i > 10)
j=1
which, on using (12) and the orthogonality relations (16), is equal to
( 2 (4”2)> (Z b”“b“) (el
n,01,...0p

Thus, the proof of equality (4) is now complete.



186 J. WAWRZYCKI

Now, let x,y be any generic elements of the form of (6) and (5) re-
spectively. Then by repeated application of (14) and the continuity of each
representor’ U, we obtain

Uz®y)=UzxUy.

This ends the proof of our Lemma. O
We observe now that the same proof can be repeated in showing validity
of the following

Lemma 2.2.
U’Hm = U’v-tlm ) & U’Hm:O :
[ O
Now, let? ‘Integer part 2’ for any positive real number x be the least
natural number among all natural numbers n for which x < n. Joining
the last Lemma with result (3) of Staruszkiewicz [4], we obtain the theorem
formulated in Introduction.

The author is indebted to prof. A. Staruszkiewicz for helpful discussions.
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2 Each representor U A
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being unitary is bounded and thus continuous in the topology
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