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We report a kinetic equation for an auxiliary distribution function
f(k,v1,t) which yields the intermediate scattering function I;(k,t). To
this end, the projection operator proposed by Stecki was applied. The scat-
tering operator was given in explicit form in the limit of low density gas.
The general kinetic equation was next specialized for the case of Lorentz
gas.
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1. Introduction

Marian Smoluchowski has described and discussed a diffusion process
evolving in an external field of forces [1-3]. The problem belongs to the
non-equilibrium statistical mechanics and can be studied by two different
methods: numerical calculations and theory of kinetic equations.

The first method was substantially developed by Rahman, who applied
numerical integration of Newtonian equations of motion to simulate the
classical dynamics of a liquid system with arbitrary continuous interatomic
potentials [4]. Rahman calculated the diffusion coefficient in a system of
argon atoms interacting through a Lennard-Jones potential. This was a
groundbreaking paper as it showed that the diffusion and structural evolu-
tion of small molecules takes place by a series of small, highly coordinated
motions of neighbouring molecules, cf. also [5]. A discussion of Rahman’s
motivations, the depth of his investigation, and the legacy that both the
methodology and the style of investigation is given in [6].

* Presented at the XXX Marian Smoluchowski Symposium on Statistical Physics,
Krakow, Poland, September 3-8, 2017.
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This paper deals with the second method. A general kinetic equation
for the time evolution of a marked particle in a fluid has been derived in
several ways. The derivations lead to equations which are non-local in time
according to the discussion developed by Kubo [7-11]. It is generally ac-
cepted that the Fourier transform of the one particle distribution function

f(r1,v1,t) denoted by f(k,wv1,t) satisfies the following linear kinetic equa-
tion:

t

0
— + ik’l]l f(k;vlyt) - dTg(khT) f(kvvlvt_7)7 (1)

ot
where
K ikr e P
Fy(t)=e "™ NFEN(0) and Fn(0) =" om(v1) ... om(vn) o (2)
and oy (v;) is the Maxwell distribution function for the velocity v;.
3/2
m; — Bm; v?
ol = () epmete, ®)

B! = kpT, with kg ~ 1.3806 x 10723 J/K, T being the equilibrium
absolute temperature, while

N N-1
U= S ullri—r = uy, 4)
j=i+1 i=1 i<j

where w;; is the interaction potential between particles No. ¢ and No. j.
Moreover, @ is the configurational sum of states

Q= / e PUarlV . (5)
The vectors r; and v;, i = 1,2, ..., N denote the position and velocity of the
particle No. . The integration is performed over the whole configurational
space, we write dr’Y = drydry ... dry.

For the brevity sake, in Eq. (1) and further, the tilde sign above the
letter f is omitted. The function f(k,wv1,t) satisfies the initial condition

f(kavl’o) = SOM(Ul) (6)

and has been so constructed as to yield the intermediate self-scattering func-
tion Is(k,t), cf. [12].
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The scattering operator G(ki,t) is expressed by the N-particle Liouville

operator
N
. 0 oU (’I‘N) 1 0

A kinetic equation of the form of (1) was derived by Stecki using a projec-
tion operator method [13]|. A binary collision operator has also been derived
by Altenberger |14, 15|. It was shown by Narbutowicz that this equation
reduces to the Fokker—Planck-type equation as a particular case [16]. The
projection operator method was applied also by Chong et al. to derive an
equation for the time-dependent pair distribution function [17]. These all
calculations were performed under assumption of the linear response theory
of Kubo.

The projection operator method was initiated by Zwanzig to derive a
master equation, [18, 19|, and has found a wide applications. The Zwanzig
projection operates in the linear space of phase-space functions and projects
onto the linear subspace of slow phase-space functions.

One can add that the terminology Liouville’s operator or Liouville’s equa-
tion is a customary only. Although the equation is usually referred to as the
“Liouville’s equation”; it was Gibbs who was the first to recognize the impor-
tance of this equation as the fundamental equation of statistical mechanics
[20, 21]. Tt is referred to as the Liouville equation because its derivation for
non-canonical systems uses an identity first derived by Liouville in 1838 [22].

Liouville’s operator was introduced in reality by Koopman in 1931 [23].
In mathematics, and in particular functional analysis, the shift operator also
known as translation operator is an operator that takes a function f(x) to
its translation f(x 4 a). In time series analysis, the shift operator is called
the lag operator.

The integro-differential equation (1) can be simplified in two limit cases:
the Lorentz gas, in which only one particle has finite mass m and all re-
maining in number N — 1 particles are immobile, and the gas of Brownian
movement, in which the mass of a Brownian particle is much greater than
the masses of remaining N — 1 particles. The first case is treated in this
contribution, in which the influence of the exterior potential U on the gas
behaviour is investigated.

2. The system and Liouville’s operator

The system

Consider a fluid of N particles, numbered by i = 1,2,... N, and closed
in the volume {2 with the boundary 9f2. The mass of the particle i is m;,
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the velocity v;, the momentum p, = m;v;. The quantities r; and p;, 7 =
1,2,..., N denote the position and momentum of the i*® particle
ri = (1, 1i2,7i3) = (ria)  and  p; = (pi1, Pi2, Pi3) = (Pia)y a=1,2,3.

The particles are interacting by the radially symmetric potential w;;(7;),
with r;; = |ri—m;|, subdued to the external potential U ext  The Hamiltonian
of the system

H = H°+U with U=Uﬂ+Uext

HO:Z mzf, Uit = Z Zuwr” and U = ZU (ri), (

=2 j=1+1

where HO is the kinetic energy, U is the potential of binary interactions
of the fluid particles, and U®* represents an external potential, the term
absent in potential (4). For simplicity of boundary conditions, we assume
that U = 0 on the boundary 92 of the volume £2. Then, by Gauss’ theorem

a 1 8 ]. ext
_pu OU __ —BU __*t [ -sU
!e o dry = ﬁ o (e ) dry Baée ndS (9)

or, by the same theorem

ext
/e_BU gUdrl = /e_ﬁUext 8{;] dry (10)

what means that the average force acting on the particle No. 1 comes from
the external potential only.
The function f3 is the full equilibrium (canonical) distribution function

=1 HsoM vi) = ﬁU, (11)

where vV = (vq, vo, ..., vy), *V = (rl, To, ..., TN).

We admit that the function f$ describes the distribution of N particles
in the phase space at the time instant ¢ = 0.

Liouwville’s operator

We introduce Liouville’s operator

N
- o U@ 1 9



Kinetic Equation for the Dilute Boltzmann Gas in an External Field 909

and specify the potential U according to Hamiltonian (8)

oUi(r;) 1 0
Ky = K} - ZHU Z or;  m; v, (13)
74<] (] (2 K3
with
K =S ol ad gy =2 (L2 L 0N gy
N = im1 Za’l“i 0= 61“1 m; 81]@' mj 8’Uj '

We easily verify that Ky f](\)[ =0 and

Kn £ (o) = fU Kn(..) (15)

what means that the operator Ky is commuting with the equilibrium dis-
tribution fR,

3. Stecki’s projection operator

The evolution of N-particle system is described by Liouville’s equation
for the probability density function fn(r1,72,...,7N§,P1,P2,---,PN,t) i
6 N-dimensional phase space. Namely, Liouville’s equation describes the
time evolution of the phase-space distribution function

85?[ =—Kn [n.
Applying Koopman’s shift operator, after [13], the function
Fn(t) = e BN Fy(0) (16)
is defined, where
Fn(0) = ™7 [y (17)

Then Fourier’s transform of the one-particle distribution function is

fk,v1,t) = /dm etk / doVtar¥ "t Ey(t).  (18)

0 ON—14R3(N=1)
In relation (18) and below, integrating dri, also dr;,i = 2,..., N, is per-
formed over the volume {2, while integrating dvy, also dv;,i = 2,..., N, is

performed over the whole space R3.
The function f(k,wv1,t) satisfies the initial condition

f(kl’vlvo) = @M(Ul)' (19)
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In definition (16), the potential U is given by the sum of U and U, cf
relation (6). Now, Stecki’s projection operator reads, cf. [13],

0 (sN N
D = ikm fx (0N, 7N) / doN-1 qp o= ik (20)
B em(v1) ’
where vV = (v1, vo, ..., vN), and *Y = (ry, 7o, ..., Tn). Moreover,

dvV-1 = dvydvs ... doy and drN = dr;dr; ...dry. We observe that

eik’rl f]% (,UN’ TN)

PFEN(t) = /d'vN_1 drN em R Bt
N (t) (1) N (t)
0 (2N N
= en IO @)
om(v1)
where definition (18) was exploited. In particular, for t = 0,
0 (2N 2.N
P Eg(0) = e IV T L ) = Fe) (22)
em(v1)

by condition (19) and definition (17). Hence, (1 — P) Fx(0) = 0. Moreover,

/ doVtdrN e R p Ey(t) = /va_l dr etk

0 (4N N
e TN ) = et 23
e ot (01) [k v1,t) = f(k,v1,1) (23)
because 0N N
/va—lderN Callab (24)
em(v1)
We write Liouville’s equation for the function Fi(t)
OFy (1)
NG gy F
ot N En(t)
in the form of
0
5 [PFEN(t)] = —PKNPFEN(t) — PKy(1—P)Fn(t),
0
5 [(1-P)Fn(t)] = —(1—P)KNPFn(t) — (1—=P)Kn(1 —P)Fn(t).
Hence,
0
a’PFN(t) = —'PKN'PFN(t)

t
+P Ky /dT e TUPEN (1 - PYKNP Fn(t— 7). (25)
0
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Substitute PFy(t) by Eq. (21), multiply both sides by exp(—kri) and inte-
grate over the whole phase space, with except of velocity v1. We have

/d/v]\lld’r]\leik”.1 gtPFN(t) = g]ff(ka’vht)

as the P does neither depend on the time t nor on the velocity v, and

/ dvVLdrN e *T PRy PEN (L)

_ 1 0
=ikvy f(k,vy,t) + F$ (ﬁm + ) f(k1,v1,1),
my Ov
where, cf. Eq. (10),
1 ouext ext
F$t = — — / drV ——— 7PV 26
= -2 & (26)

represents an external force, which as an averaged quantity is independent
of the position. As a result, Eq. (25) takes the form of

0

8 ext 1
(E)t + zkvl) f(k,vl,t) + Fl <6’01 + 771181)1) f(k:l,vl,t)

= /va_l drV e * T PRy
N ..N
T(1-P)KyN zkrlfN( ’T) k.vi.t—T 27
/ ooy T D
0
Notice also that
/va—ldrN e RIPRN(...) = /va—ldrN e *UKN ().

Thus, the kinetic equation (27) for the one-particle function f(k,wvq,t) reads

(gt + zk:vl) f(k,v1,t) + F$ (ﬁvl —1—1;)) f(k,vy,t)
¢
/ Fkyvr,t— 7) (28)
0
with
(k. 7) /va LgpN o= ikmi o o= T(=P)Kx gikrs fx (@, 7N) (29)
oM (v1)

which is the scattering operator for the problem.
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After expanding exp[— 7 (1—P) K] in the scattering operator, the right-
hand side of Eq. (28) takes the form of

t

t
/dTg(k:,T)f(k:,’v,t—T) = /dr/valdrNe““”fR, (v, rY) Ky
0

0
o)

ikry f(k’ v, t— T)

. oni(v)

)" (Kny —PKn)e ; (30)

n=1
where the commutation rule (15) was applied to translate the f% (v, ")
to the left.

4. Low density kinetic equation

We write the scattering operator in expression (30) in the form of

n-3 5

n=1

7’1

) (K, 0) (31)

and extract the term proportional to the density

N
P=0 (32)
from the function
G0(k,0) flor) = [ o tar¥e gy
n _ikr fN ( N’ N)
X(KN—PKN) e 1K 7f('01), (33)
om(v)

where f(v1) is an arbitrary function of v;. We calculate

(Kn —PEn)"e®m f3(..) |
= (Ky — PEN)""Y KN — PKy)e* £3(...)
— (KN _ PKN)n—l fj(if eik’r’1

X <ik'v1 + Ky — /d'u’N_ld'r’N (ikvy + KJ’V)> (...). (34)

om(v1)

After introducing the operator

0 ’UN TN
PO(...):/va_ldrNW(...), (35)
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we write expression (33) in the form of

G (k,0) f(v1) = /va—lder?V(ikvl + Kn)
x[(ikvy + Ky — PO(ikv; + Kn)]" x (TN7U1) , (36)
where
_ U (-1) & f(v)
B 87‘1 mi 8’01 QOM(’U) ’

,’Ul) (37)

We observe that the operator P° rises the order of the density p by 1. After
rejecting the components of the evidently higher order than 1, we keep only

G (k,0) f(vl):/dva_ldrN I (N rN) Ky (ikvy + Kn)" x (7Y, v1) .

(38)
However,
N
(ikvy + Kn)" x (PN, v1) = Z likvy + Ka(1,5)]" x (7Y, v1) | (39)
j=2
where 9 9 9
Ky(1,5) = vi— + F1j— + F{— 4
2( 7]) vl@m + 1](9’01 + 1 81;1 ( O)
with 5 et
Uy ext _ *
Fle—arij and Flt:_a’l’i . (41)
We remind that, cf. for example [1],
ol 1
Z/d’l"l . d'l‘j c. d’rNFg(rl,rj)—e_ﬂU
— Q
J
1
= (N — 1) /d’l"ld’l"gFQ(’Pl, Tg)ée_ﬁUd’l“g e d’I"N
N
= @ /dTldTQFQ(Tl, 7“2)9(7’1,7’2) s (42)

where Fy(r1,72) is an arbitrary function of given arguments and g(ry,r2)
is the second order correlation function

1 [drs...drye PV
g(rir2) = 22 [drNe AU

e Bluaa(rir2) HUS (r)+ U ()] (43)
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Therefore, we write

N
g(”)(k,O) f(ky,v1,t) Z/va_ldrN f]% (’UN,TN) Ky
Jj=2

ﬂf(klvlvlat) )

X (tkvy + Ki;)" (Flj + FleXt) Jvy  om(vr)

(44)

Again, after extracting the lowest terms in the density p = N/{2, we obtain

N dridr
G0 (k,0) Flksv1,t) = 35 [ dwa 02 g1, r) (o) pua(ea)
. a f(klvvlat)
Ki9(ik Kipp)t ——~— 1~ 4
x K12(ikvy + Ki2) Jor om(01) (45)
As a result,
o (—7)"
Gua(k,7) = 3= G13 (k. 0)
=2
N dridr
= /dvz =2 (1, m2)em(v1) on(v2) Koo
(9] N
) . 1
x e tkr1 o=TK2 gikr pe o . (46)
om(v1)
Let us perform the Laplace transform of the Gia(k, 7)
glg(k,z) :/dteiZtglg(k,T) with C\}Z>0.
0
We have
— N dridr
Gia(k,z) = 7 /dvz TQ 2g(r1,m2)en(v1) on(va) Kz
. 1 . 1
—ikr, ikry
X _— K 47
€ —iz—i—Klge 12(,01\/[(1)1) (47)
or
= N dridr i
Giz(k,2) = & /va 1(2 2g(r1,m2) i (v1) a(va) e
1 ) 1
x(K1a—ikvy) ———— (K12 —ikv) e K (48
( 12—1 ’01) —ZZ+K12( 12—1 '01)6 12 <,0M(U1) ( )
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Since

L (K —ikv) =141
—iz+ Ky !

1 1
- (= ikv) — — —
Tk, T k) - e

(Z'Z — Ko+ Ki2 — ik:'vl) <

= (—iz + ikv) ( (—iz + z‘kml))

and
1

—iz +ikvy

. 1 )
ezk’m f(’vl) — m elk’l'lf(,vl)

therefore,

= N dridr .
Guall,2) = 5 [ o5 g, ra)pna(vn) pns(on) 4

1
><< LI : ! )e““”l (—iz+ikv) (49)
—iz+ K19 —zz—i—K& om(v1)
or, equivalently,
— N dridr i
Gualh,z) = 75 [ o2 g, ra)oui(vn) pus(on) 4
x [ dre”™ (e*TK“—e*TK%) ek (—iz+ikv . (50
0/ ( Do 60

This form is similar to the difference form of Boltzmann’s equation.

Moments of scattering law

Moment of n'' order of the intermediate scattering function I (k,t) is
given by

(i) I = / £k, 01, 0) do,

Kinetic equation (28) describes the behaviour of the function f(k,wv1,t) for
all times, in particular for very short. It can be applied to find from it the
moments of scattering law. To this end, we write Eq. (28) in the form of

8 . ext 1 a _
(m + zkvl) f(k,v1,t) + FS <5v1 +m18v1> fk,v1,t) = J(1),
where

t

J(t) = /dTg(k,T)f(k:,'ul,t—T).

0
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Differentiating with respect to time both sides of this equation, at the instant
t =0, we get

£(0) = — {z‘kvl + poe <5v1 + 18) } £(0),

mi 8’1)1

) = - {ikzvl + F (Bvl + 18) } f1(0)+T7(0),

mq 8’01

and so on. We have omitted arguments k and v; and write simply f(0) in-
stead of f(k,w1,0); similarly abbreviate the arguments of derivatives. Here,

J0) =0,  J(0)=6(0)£0),
J"(0) = G(0)f'(0) + G'(0)£(0),

aln so on.

5. Lorentz’ gas

The kinetic theory of the Lorentz gas has been studied in the past ex-
tensively, cf. [27, 28]. This system consists of N — 1 fixed scatterers and one
particle moving between them. Such a system is known also as Ehrenfest’s
wind-tree model or Sinai’s billiard, cf. |29, 30| and [31-33], respectively. The
model was exploited by Lebowitz and Spohn to investigate the stationary
equilibrium and to derive Fourier’s law of heat conduction [34]. Piasecki ap-
plied the Lorentz gas to study the flow of charged particles in a constant and
uniform electric field through the medium of immobile, randomly distributed
scatterers |36, 37|, while in the paper with Wajnryb to model propagation
of neutrinos in a medium composed of nuclei [38].

Therefore, in the Lorentzian gas, a classical particle moves in an infinite
random array of stationary spherical scatterers, what means that the mass of
a selected particle No. 1 is small in comparison with the masses of remaining

particles, cf. [35, 39|

m=m and mo=m3=---=mny=M — 0.

Thus, m < M and v; — 0, ¢ > 2. Hence,
/dvin(vi)—l for i=2,3,...,N.

We have only one moving particle now, and we omit the index 1 at the
velocity of the particle No. 1

V1 =0.
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This means also that the kinetic energy of the light particle is a constant of
motion. Liouville’s operator (12) is now written in the form of

Z 8U1] i ﬁ _ 8U1(r1) i E (51)
ory m ov ory m ov
and Stecki’s operator (20) takes the form
, -BU .
P = etkm % / drV em k1 (52)

With these definitions of the K and P, we expand the exp[— 7 (1 —P)Ky]
in the right-hand side of Eq. (28) and get

¢ t
/dTg((k7T) f(k’vat_T) E/dT/drNe_Zkrl KN
0 0

s ¢

0 _ikry f](gf (UN’TN)
X 27 P)Kn|" e o) f(k,v,t—71). (53)

Then the kinetic equation (28) reads

a . ext lﬁ
{at—i—zkv—i—Fl (Bv—i— m@v)}f(k’v’t)

¢ e¢]
= /dT Z ﬂ G“ k) f(k,v,t —T), (54)
where
. L —BU
GO(k) = / drN e %Ky [(1— P)Ky]C et S o (55)
We find
e U
KN ik T f(ka'v?t)

-8U
= on(v) e <ik:v—

and, cf. definition (26) of the force vector F$**,

. -BU
PKy ekr % f(k,v,t)

8U1(r1) 1 0 f(k:,v,t)
ory m@v) om(v)

_ e_ﬁU ikrq ex 1 a f(k,’l],t)
—SOM(’U)Te ( kv + FY t@v) @) (57)
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Hence,
, -BU
(1 - P)Ky ehm % F(ke, v, )
eiﬁU ikr ex 1 0
= 7 e kera (_Fl t) (6’01 + % aq)) f(k,'v,t) . (58)

In the absence of the exterior field, the last expression vanishes.

Low density kinetic equation for the Lorentz gas

Recalling definition (51) of Ky, we see that it contains a summation
over all scattering centers. The only term giving rise to a single factor N
after averaging is the one in which none of these summations is allowed to
introduce additional N factors. Hence, operator (55) reads

—BU '
GO (k) f = / ArY C (o) e~ T (i + Ko)! Ko (59)
om(v1)
where 5 3 Ui 10
_ .9 O+ Us(ry) L 0
Kz = v@rl orq m Ov

and the arguments of the function f(k,wv1,t) were omitted. Hence, after
resummation, we can write the kinetic equation (28) in the form of

0 : ext 10
{&+zkv+F1 <BU+ m@v)}f(k’v’t)

t
-BU _
_ dr d’I“N € v) e ikrlK 6—T(ikv+K2) f(ka v, 7_) )

0/ / Q om(vr) ? em(v1) (60)
Comparing with Eq. (3.30), derived in [40] for the dilute Lorentz gas in
the absence of the external potential, we find that at the left-hand side a
new term appears containing the force F$*', while the right-hand side is
similar to that in Eq. (3.30) from [40], but with the different operator Ko,
comprising the external field.

6. Conclusions

We have found a general kinetic equation for the classical gas of particles
with short-range attraction valid within the framework of classical statistical
mechanics and its alternative Fourier transform for a system of binary inter-
acting particles in the external potential. We have applied to this problem
the technique of projection operators. The kinetic equation for the dilute
Lorentz gas of interacting particles in an external potential was derived.
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