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Explicit Lagrangians for massive, arbitrary spin fields are developed. These Lagrangians
lead, by the usual variation, to the field equations and subsidiary conditions for fields describing
massive particles of arbitrary spin.

A question in field theory which has been discussed for many years is [1]: is it possible
to write a Lagrangian for arbitrary spin fields which, upon variation, leads to the field
equations and subsidiary conditions. Fierz and Pauli [1, 2] studied the problem for spin
k by introducing auxiliary fields describing particles of spin k* (< k) into the Lagrange
densities. Kawakami [3] has developed a Lagrange density for spin 5/2 by introducing
additional terms containing y matrices or derivatives into the Lagrange density, but this
approach leads to second order derivatives in the Lagrange density. In this note Lagrange
densities are given for arbitrary integer and half-integer spin fields describing particles
of mass m which lead, by variation, to the correct field equations and subsidiary conditions.
These Lagrange densities contain no auxiliary fields or derivatives of second order or
higher. In this paper the theory is confined to flat space-time. The difficulties encoutered
in the generalization to curved space-time are not discussed [4].

The Lagrange densities considered here contain Hermitian terms which will lead to the
field equations and symmetry conditions and anti-Hermitian terms containing the remain-
ing subsidiary conditions. Once the field equations and subsidiary conditions are satisfied
the Lagrange densities and energy momentum tensor are Hermitian.

Consider first the case for integer spin k. The field variables are k-th rank tensors.
The Lagrange density for this case is

L= (_1)"{5011)1‘#1'":::‘59%”1muk)_me'I“ﬂr“#kwmmuk_*_
+ iaﬁw‘!‘ﬁuz...ukaowgmm”k + imzgaﬂw%aﬁuy..ukgeawgwsn.m‘}, (1)
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where g"¥ = diag(l, --1, —1, —1) and

1
VYuromy = E'{ (wlln"~ﬂlk+wu2m~--uk+ ) (2)
Proof:
The Euler-Lagrange equations resulting from variation with respect to ™#< are
(= 1)k{ - aeagw(ur"uk) - mzwﬂl“‘l-lk} + ingungwwgaus-'-uk - iamag"/’eur--uk =0. (3)

Variation of L with respect to y*'** gives the same equations with y,, . replaced
by "I’z;...uk- Taking the Hermitian conjugate of the equation for y)}:lmuk and adding to
Eq. (3) gives

aanw(lll“‘llk)-i_nlzw‘“...uk = 0 (4)
and
ng““‘?-gaﬂwaﬂus"'ﬂk_amaﬂ?/’,g,,z...uk = Q. (5)

Interchanging successively all indices in Eq. (4) and subtracting each one from Eq. (4)
gives the symmetry condition,

Vurome = Plpuaeemo (6)
Using this in Eq. (4) gives the field equation,

0,8+ m™)y,,.., = 0. )
Multiplying g*'** into Eq. (5) gives
4m2gaﬂwdﬁus'"llk = aaaﬂwaﬂﬂa"'ﬂk' (8)

Subtracting 0" of Eq. (5) from d,, of Eq. (8) yields

Oy 8 Yapusromc = - ©
Using ¢! of Eq. (9) and g"** of the field equation gives
g Vupuse = 0- (10)
Now, using Eq. (10) in Eq. (5) and 0"* of the field equation gives
D e = (), 11

Egs (6), (7), (10) and (11) are the complete set of field equations and subsidiary condi-
tions [2]. The above procedure can also be used for fields that are not complex. In this
case the field equation resulting from variation of the Lagrangian with respect to '
is added to its complex conjugate, resulting in Eqs (4) and (5). Thus by applying the
variational principle to our Lagrangian we can derive all the equations necessary to describe
fields of integer spin k.
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Next, consider the case of half integer spin fields. Particles of spin k+1/2 can be
described by 4 component spinor tensors of rank k. The total Lagrange density for half
integer spin fields is

L — (__ l)k{@ul.“ukiaeyew(lll"'ﬂk) —_ mq—)m-»-ukwmmuk} + imip”l.“"kyﬂl‘yawa‘tz-"uk' (12)

Proof:
Variation of L with respect to ¢ ** gives

(_ 1)k{£ae}’qy}(mmllk)_ mwﬂl"‘#k} + imym?awdnz'"ﬂk =0. (13)
The variation with respect to p*'# is
("1)k{—iaelﬁ(m-uuk)yg_m¢m-~-uk}+im'ﬁauz--~uk'}’17m =0. (14)
Taking the adjoint of Eq. (14) and adding it to Eq. (13) gives
iaevgw(ﬂl'"llk)—mwﬂl"'ﬂk =0 @15
and
Y Vapyeoie = O (16)

Again, interchanging tensor indices in Eq. (15) and subtracting from Eq. (15) gives the
symmetry condition

Puseeme = Plreemo) a7n

from which Eq. (15) becomes the Dirac type field equation

(10 = M) Py, = 0. (18)
Multiplying Eq (16) by y** gives the supplementary condition
P gy = 0. (19)
Finally, from Eqgs (18) and (19) we obtain
*Wapyoe = 0. (20)

Eqs (17)-(20) are the field equations and supplementary conditions for spin £+ 1/2[5].

We have shown that it is possible to write explicit Lagrangians for arbitrary spin fields.
These Lagrangians are immediately applicable to the description of k£ or k+1/2 spin
fields without further modification. It is unnecessary to include derivatives of order higher
than unity or auxiliary fields in these Lagrangians. The quantization of these fields and
the inclusion of interactions will be discussed in a subsequent publication.
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