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The problem of reducing the new quasirelativistic equation (including radiative correc-
tions to the order ¢~3) proposed in the previous paper is presented. The well-known iterative
Foldy-Wouthuysen method is simplified by introducing an intermediate scheme (generated
by the generalized Case transformation) in the investigation of this equation. Supplementing
this transformation by two simple unitary transformations, which have only an auxiliary
meaning, brings this Hamiltonian to an even form. It is shown that the interpretation of
this modified equation is free from difficulties and ambiguities of the Breit equation. All
calculations in this paper aie restricted to the ¢~ term.

1. Introduction

The presented paper is a continuation of investigations of the quantum-mechanical
equations describing a system of charged Dirac particles (including radiative corrections),
commenced in Part I (Janyszek [1]) where a modified quasirelativistic equation (extended
by including interaction terms of the Pauli type) has been proposed. This equation is differ-
ent from the modified Breit equation discussed widely by Chraplyvy [2], Hegstrom [3],
[4] and is an extension of the generalized Bethe-Salpeter quantum-mechanical equation
discussed in papers of Hanus and Janyszek [5]-[7]. This generalized Bethe-Salpeter
equation differs form the Breit equation in the mutual particle interaction term (taking
into account the hole theory postulate) and it appears to be more useful in the description
of a system of charged Dirac particles than the Breit equation. Usually the starting point
for practical applications is not the ordinary quasirelativistic equation (expressed in pro-
duct space of Dirac spinors of the particles forming the system), but the reduced equation
describing the system of particles in positive energy states by means of a respective effec-
tive Hamiltonian containing terms giving account of relativistic and radiative correc-
tions. Such an effective Hamiltonian has been obtained in the quoted papers [2]-[4]
using the iterative method of Chraplyvy (this being a generalization of the well known
Foldy-Wouthuysen [8] iterative method for two particles). However, in order to obtain
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such a correct effective Hamiltonian in this manner, omission was required of the contro-
versial term proportional to the fourth power in charge, which appears in the reduced
Hamiltonian (widely discussed by Bethe [9] and the quoted papers [5]-[7]). This term
stems from the Breit interaction structure (not taking into account the hole theory postu-
late). Moreover, as it is known, such an iterative method applied to the Breit equation
cannot be generalized for the case of an arbitrary number of particles (if the Breit equa-
tion is generalized for a system of N-particles) Owing to this, in this paper we shall consider
the question of reducing the equation proposed in I. Moreover, the iterative method will
be considerably simplified by introducing an intermediate scheme generated by the gener-
alized Case transformation (these being a product of the Case transformations for respec-
tive particles), which plays a considerable role in the investigation of this equation. This
unitary transformation does not lead to a Hamiltonian of an even form but leads to a
partially even form by introducing ordering of its terms with respect to their physical
meaning. Now, in this Hamiltonian the odd terms are taken away by applying an addi-
tional unitary transformation according to the iterative FW procedure which has no in-
fluence on the, already correct, even part. Calculations carried out in [7} have been re-
stricted to the order c-2. As the required accuracy of the proposed equation is ¢~3, deriva-
tion will be carried out up to this accuracy. Considerations of this kind have already been
carried out for the case of one particle in an external electromagnetic field, by Hanus and
Mrugala [10], [11].

2. Transformation to the intermediate scheme

As the starting point in our considerations we take the modified N-particle equation
which, according to the notation assumed in paper I, has the following form

A4
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ug = exhoy/2mgc stands for the magnetic moment of the K-th particle order (¢™?), g and
g% denote dimensionless constants in the coupling constants for the additional inter-
actions (of the order 1 for proton and ¢! for electron)

eK ex €X
Hg = Qs,KmKCZ+CQ1,K0'K (Px"’ ‘;‘Ax) +ex Py, 3)
Hy = rotgx AL, EY = —gradg &%, 4
4r

dgdi = — —Jx> Ax Py = —4moK, &)



585

ok and jg& are charge and current densities from sources of external field in the place of
the K-th particle, respectively

2
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’ 1 1 (1) ), E
Wy = 3 Ax+Ap, = Vk1— 03 x8k MxHx,L— 02,x8k MxEx,+

ok, and jg ; are charge and current densities of the L-th particle in the place of the K-th
particle respectively. V , represents the Brait interaction of particles K, L and A is the
kinetical energy signum operator of the K-th particle
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'y, and Ey ; are fields produced by the L-th particle in the place of the K-th particle,
Ay and &g, are operator generalizations of the potential for the case of mutual inter-
action terms
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di), and df"} are the contributions to the potentials which have their source in additional
“electric”” and magnetic dipol moments of the L-th particle.
We construct the unitary operator

U= U] ° UII ‘oo UK’ (14)

where Uy denotes the Case transformation operator depending on K-th particle varia-
bles

. 1 -1 ZK €K ex
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Using the well-known expressions

.2
H'Y = exp (iS)H' exp (—iS) = H'+i[S, H']_ + % [S,[S, H]-]-+...  (16)

where S = ) Sx and expressing Sy by the power series
K
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we may find an approximate form (with accuracy to ¢~3) of the Hamiltonian (1) which
results in the intermediate scheme U. Now we shall calculate successively terms of this
Hamiltonian. According to (16) and (17), one-particle Hamiltonians Hy in the interme-
diate scheme have the following form
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The obtained Hamiltonian Hy’ contains already all the even terms (proportional to g, g
and free from gg) of the correct even one particle Hamiltonian obtained in the quoted
papers [10] and [11]. Thus in the next step we shall try to find an additional unitary
transformation (constructed according to the iterative FW procedure) removing from
this Hamiltonian the needless odd terms which have the character of the interaction of
a particle with the external field. Terms of the so-obtained even one-particle Hamiltonian
have simple physical interpretation. 1/c Py is the Pauli-type terms expressing the inter-
action of a particle with external magnetic field. The term 1/c*PgF together with
—p#/8mgc? stand for the correction to the kinetical energy (depending on the external mag-
netic field). The term 1/c2Fg* is a modified spin-orbital interaction taking into account the
anomalous magnetic moment of the particle and depending on the external magnetic

field by means of kinetical momentum pg-— i AY. 1/c*QF is the modified Darwin
¢

correction.
Now we establish the form of operator Wy ; in the intermediate scheme. With respect to

UiU* = UgdgUF = 031, (26)

we obtain

. 1 1 .
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Calculation of the elements of this anticommutator consists in devoloping it into series
of commutators and anticommutators (according to (16), (17)) and ordering respectively
the components gg and g;. One can see from (27) that the role of operators 03 x+ 03,
consists in removing from the interaction terms proportional to ¢, x* ¢;,x and @2 " 02,1,
which results instantly from

[@3,x+93.u 01,5 01,L]+ = [93,x+93.u 02x° 02.]+ = 0. (28)

In this way we have taken away terms which have caused difficulties in the reduction of
the Breit equation, especially the term —1/2 ege 0, ¢ 041 Jx 1 (se€ (7)), leading in the
next step of iterative procedure to the appearance of a controversial contribution propor-
tional to the fourth power in charge. After expanding operators present in (27) and calcu-
lating commutators and anticommutators, we obtain, together with (18),

X 1 eX 1 (39 1 eX
+exPx + ?(Qx +F)+eax - Yo'+ c—3¢5’x +
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The quantities designed by (36)-(37) have a simple physical interpretation. 1/cYy ; repre-
sents the interaction of the anomalous “‘electric’” moment with the electric field of the
L-th particle. 1/c> Qg ; and 1/c?Fy , are counterparts of Darwin and spin-orbital correc-
tions (occurring in the one-particle Hamiltonian) for the case of mutual interaction of
the K-th and L-th particles. 1 /CPK,L is equivalent to the Pauli term. representing the inter-
action of the K-th particle with the magnetic field of the L-th particle. The term 1/c*> Gy,
is the interaction of the spin of the K-th particle with the orbital moment of the L-th
particle and 1/c*My ; is the known expression for the interaction of two anomalous magne-
tic moments of particles. The discussed terms represent, as in the one-particle problem,
the dependence on external magnetic field by kinetical momentum. In accordance with
what was expected, there are still odd terms in the Hamiltonian (29) which have similar
character to terms (24) and (25). For this 1eason the above-mentioned scheme is called the
intermediate scheme. Nevertheless, the transformation (similarly as the Case transforma-
tion for one particle) has already introduced a far-going arrangement of terms according to
other physical meaning. It is interesting to investigate the even part of this Hamiltonian
(i. e. terms proportional to @; ¢ and free from operators gg). If one puts g3 x = +1
then the even part of this Hamiltonian represents the total reduced Hamiltonian to the
subspace of positive energy states. Hence it can be seen that further transformation of
this Hamiltonian would remove the still remaining odd terms, but which would not
change the correct even part of the Hamiltonian.
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3. Transformation of the Hamiltonian to even form and its reduction to the subspace of
positive energy states

As it can be seen from the form of the Hamiltonian (29), it is sufficient to construct
a simple unitary transformation according to the FW iterative procedure. Namely

U’ = exp (iS"), (40)

1 1 1 1 €X I X 1 X
S =752 o 01,k ;Yx*“c‘sgf( —Qz,xgdﬂx +
I3
Sﬁ' 1 1 1 1 p 1
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Lwd Mg

»

in order to eliminate from the Hamiltonian (29) the odd terms. However, this transforma-
tion introduces new odd terms to the Hamiltonian, but in order ¢3
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Terms (43)(45) can be easily eliminated by means of a simple unitary transformation
(analogous in character to transformation U’) without introducing any additional terms

U"” = exp (iS"), (46)
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As a result of applying this transformation we obtain finally the N-particle modified even
Hamiltonian

E : Pk Px 1
Heen = mye? + —— + - P""+ wP +exPy +
ev {Qs,x( K Imy 8mf( o 3.3 K ) kPx

Lol o > o ronn s S 4
cz( K K > @3k T @3,L > oL
K,L

1 1 1
+ 2 <F kLt 0kt 2 Mg+ > Lgo+ GK,L)]} . (48)

It can be seen from the form of this Hamiltonian that the complete separation of positive
and negative energy states is possible. There exists 2¥ possible states with definite sign of
energy which belong to 2" possible combinations of the eigenvalues g3; = +1, 031 =
= %1, ... o3,y = *1. The choice of the eigenvalues o, ¢ with opposite sign gives rise to
vanishing mutual interaction of particles (in accordance with the assumption of the hole
theory). In particular, if we select all g; x = +1, we obtain the reduced effective N-fer-
mion modified Hamiltonian

2 4
z 1 1
Heye = {mxc2+ % - P;( 2T P;cx'*' 5 PY+ex @7 +

1 "1 ege 1 1 1
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4. Discussion of the results

The considerations presented in both parts of this paper concern two connected
questions:

1. Establishment of the form of the modified quasirelativistic equation describing
charged Dirac particles.

2. Approximate reduction of this equation to the subspace of positive energy states.

The form of approximate quantum-mechanical equation has been assumed by intro-
ducing in a phenomenological way additional interaction terms which take into account
the radiative correction. Besides, the known additional interaction terms, i. e. additional
magnetic and “‘electric” moment interactions with the external field as well as with the
field produced by other particles, the terms with charge and current densities of the sources
of external field and of respective particles have been introduced into considerations. In
this way we have obtained a complete generalization of the Pauli procedure for the case
of many Dirac particles. In the preceding part I, the internal agreement of such a modifi-
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cation of the quasirelativistic equation with accuracy to the order ¢=3 has been justified.
The correctness of the assumption of the presented modified quasirelativistic equation (1)
has been entirely justified after its reduction. As a result, we have obtained a correct
effective Hamiltonian containing terms which give account of all relativistic and radiative
corrections with accuracy up to ¢? (see, (49)). From the obtained form of the Hamilto-
nian (49) one can see that a consequently carried out calculation to the order ¢~2 caused
the appearance of relativistic corrections depending on the external magnetic field, i. e.
corrections to the kinetical energy 1/c3Pg, spin-orbital 1/c2Fg1/c®Fyp, 1/¢Gy . and
orbital 1/¢2Lg ;. These relativistic corrections have been already obtained by Hegstrom
([3], [4]D in his investigation of Zeeman-spliting in the hydrogen atom. The introduc-
tion in the initial Hamiltonian of terms of interaction of additional magnetic and “elec-
tric” particle moments with external field and field produced by other particles have lead
to the appearance in the reduced Hamiltonian of terms containing anomalous magnetic
moments of particles, a result also obtained in [3], [4]. The introduction in the presented
paper of terms which give account of the remaining radiative correction, i. e. terms in-
cluding charge and current densities has influenced the modification of the Darwin cor-
rections 1/¢? Q% and 1/c? Qk ;. (see (22), (23)).

The method of reduction used in our paper has been based on the quoted funda-
mental papers by Foldy and Wouthuysen, but the introduced generalization for the case
of many particles is principally different from that used in papers [2}-[4], and refers,
according to papers [5]-[7], to the Case transformation for one Dirac particle. The
generalized Case transformation brought the Hamiltonian to the intermediate scheme
which is of considerable importance for illustrative interpretation with respect to clas-
sification of several terms of the Hamiltonian according to their physical meaning. This
transformation has separated from the Hamiltonian the even part consisting of a com-
plete, correct and even Hamiltonian. Supplementing this transformation by two simple
additional unitary transformations, which have only auxiliary meaning, has brought this
Hamiltonian to an even form which permits the complete separation of the subspaces
belonging to different signs of energy.
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