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Based on the conception of gravitational field, the issue of synchroniza-
tion of complex network turns to the interaction and motion of particles
under a physical field. By the design of coupling factor based on velocity,
the synchronization of complex network is obtained where the dynamics of
those nodes may be discontinuous and different from each other. Unlike
those common methods of synchronization, this new approach is not lim-
ited in any desired governing equation of motion. According to the idea
of approximation, the conditions of network synchronization and the syn-
chronous orbit equation in the gravitational field are pointed out. The
speed of synchronization is positively related to the coefficient of gravity.
Synchronization was obtained in complex network with 51 and 501 nodes of
piecewise linear Chen systems, Sprott systems and Lorenz systems, which
shows the effectiveness of the proposed method.
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1. Introduction

Complex dynamic networks have wide application in bio-technology, en-
gineering technology or social fields. There are many synchronization meth-
ods including global synchronization based on the Lyapunov function, local
synchronization based on the master stability function and global synchro-
nization based on connection graph stability in time-varying network [1, 2].

† Corresponding author: goontry@126.com; chunbiaolee@nuist.edu.cn

(87)



88 J. Zha, C. Li

The traditional Lyapunov function method is often complicated and associ-
ated with the node equations [3–8], methods for local synchronization based
on the master stability function mainly work for those networks with the
same nodes [9–14]; while the synchronization method of connection graph
stability in the time-varying network needs to combine the Lyapunov func-
tion with graph theory [15–18]. In this paper, the synchronization issue
of complex networks is transformed into particle-motion synchronization in
a gravitational field. Specifically in this paper, we solved the synchronization
problem of complex networks, which contain nodes with different governing
equations and even nodes with discontinuous equations at the right-hand
sides. The coupling factor is only associated with the speed of the nodes,
which has nothing to do with the motion equation. This method is essentially
different from the design of the controller for synchronization and, therefore,
has a strong generality. The conditions of network synchronization in the
gravitational field were given according to the idea of approximation. The
synchronous orbit equation was consequently obtained. It was found that
the synchronization velocity is positively related to the coefficient of gravity.
Simulations show the effectiveness of the proposed method.

2. Gravitation theory revised for synchronization and some
mathematical preparation

2.1. Gravitation theory

Gravitation is the attraction between objects caused by the mass. Its
mathematical expression is F (t) = Gm1m2

r2(t)
, here F (t) is the attraction be-

tween two bodies at moment t, G is gravitational constant, m1,m2 are
masses of two objects, respectively, r(t) is the distance between two ob-
jects at the time t. According to Newton’s second law, the acceleration of
the object i at the time t can be calculated and, consequently, its velocity
can be calculated (i = 1, 2). For multiple objects, the motion velocity caused
by gravity can be similarly calculated.

Suppose Xi = (xi1(t), xi2(t), . . . , xin(t)) is the location for the object i
in n-dimensional space, xik(t) is the position of the dimension k at time t
(k = 1, 2, . . . , n). The masses of the particles are Mi (i = 1, 2, . . . ,m).
Therefore, at the moment t, the gravitational force between the particles i
and j at the dimension k is F ijk(t) = G

MiMj∑n
k=1 (xjk(t)−xik(t))2

× xjk(t)−xik(t)
‖Xj(t)−X i(t)‖

and, consequently, the velocity component of motion of the particle i caused
by the resultant force from other particles in the dimension k is
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vik(t) = vik(0) +

t∫
0

1

Mi

m∑
j=1,j 6=i

F ijk(s)ds

= vik(0) +G

t∫
0

m∑
j=1,j 6=i

Mj∑n
k=1 (xjk(s)−xik(s))2

×
xjk(s)−xik(s)
‖Xj(s)−Xi(s)‖

ds .

For the convenience of calculation, not limited to the laws of physics,
here we define the velocity of motion of the particle i in the k dimen-
sion at the moment t, vik(t) = G × (

∑m
j=1

Mj

Rγ(t)(xjk(t)− xik(t))), (γ ≥ 1).
To decrease the complexity of calculation, we let γ = 1, vik(t) = G ×
(
∑m

j=1
Mj

R(t)(xjk(t)− xik(t))), where

R(t) =

√√√√ n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk(t)− xik(t))2 . (1)

Definition 2.1. A physical field can be defined as a gravitational field if the
particle i in a physical field has the velocity of motion in the k dimension at
the moment t,

vik(t) = G× (1 +W (t))

 m∑
j=1

Mj

R(t)
(xjk(t)− xik(t))

 , (2)

here, G is a positive constant and W (t) =
∑m

i=1

∑n
k=1(xik(t))

2. We suppose
each particle has a unit quality Mi = 1, (i = 1, 2, . . . ,m).

2.2. Mathematical preparation

Mark F (t, x) = Kf(t, x) =
⋂
δ>0

⋂
µN=0

cof(t, xδ\N), here xδ is the δ neigh-

bourhood of the variable x, co represents a convex closure of a set, x ∈ Rn,
f ∈ L∞loc(R×Rn, Rn), F (t, x) is a set-valued mapping.

Definition 2.2. Define the vector function x(t) in the non-degenerate inter-
val I ⊆ R as the Filippov solution of the system ẋ = f(t, x), if it is absolutely
continuous in any compact subintervals of I and satisfy ẋ ∈ F (t, x) for al-
most all t ∈ I.

Definition 2.3. F (t, x) is upper semi-continuous if there is a neighbour-
hood V of (t0, x0) subjecting to F (V ) ⊆ U , U is an open set containing
F (t0, x0).
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Definition 2.4. The set-valued mapping F (t, x) is said to satisfy basic
condition, if in the region ∆ ⊆ R × Rn, F (t, x) is a non-empty compact
convex set for any (t, x) ∈ ∆, and is upper semi-continuous according to t
and x.

Lemma 2.1. Assume F (t, x) satisfy basic condition in the region ∆, (t0, x0)
∈ ∆. If there are positive constants b, c such that ∆ contains a cylindrical
domain Z = {(t, x)|t0 ≤ t ≤ b, ‖ x − x0 ‖≤ c}, the solution of differential
equation with discontinuous right-hand side ẋ = f(t, x) which satisfies the
initial condition x(t0) = x0 exists on the interval [t0, t0 + d], where d =
min{b− t0, cm}, m = sup

(t,x)∈Z
‖ F (t, x) ‖ [19].

Corollary 2.1. For almost all t∈ [t0, b] and any x subjecting to ‖x−x0 ‖≤ c,
if the following conditions are satisfied: (i) f(t, x) is piecewise continuous;
(ii) f(t, x) is measurable with respect to t for any x; (iii) there is an integrable
function m(t) subjecting to ‖ f(t, x) ‖≤ m(t), then the Filippov solution of
differential equation with discontinuous right-hand side ẋ = f(t, x) which
satisfies the initial condition x(t0) = x0 exists on the interval [t0, t0 + d],
where d = min{b− t0, cm}, m = sup

(t,x)∈Z
‖ F (t, x) ‖ [20].

Lemma 2.2. Suppose F (t, x) satisfies the basic condition in open region ∆,
t0 ∈ [a, b], (t0, x0) ∈ ∆, and all the solutions x(t) of the differential con-
clusion ẋ ∈ F (t, x) with the initial condition x(t0) = x0 exist in [a, b] and
their images are all in ∆. If for any ε > 0, there exists δ > 0 subjecting to
|t∗0 − t0| ≤ δ, ‖ x∗0 − x0 ‖≤ δ, F ∗(t, x) ⊆ [coF (tδ, xδ)]δ for any t∗0 ∈ [a, b], x∗0
and F ∗(t, x) satisfying basic conditions, then all solutions x∗(t, x) of the dif-
ferential conclusion ẋ∗ ∈ F (t, x∗) satisfying the initial condition x∗(t∗0) = x∗0
exist on the interval [a, b], and for each x∗(t), there is a corresponding so-
lution x(t) of the differential inclusion ẋ ∈ F (t, x) with the initial condition
x(t0) = x0 which satisfies max

a≤t≤b
‖ x(t)− x∗(t) ‖≤ ε [21].

Lemma 2.3. Assume scalar functions u(t, x), u1(t, x) are continuous in the
plane P and satisfy the inequation u(t, x) ≤ u1(t, x), (t0, x0) ∈ P . If x =

ϕ(t), x = Φ(t) are the unique solution
{
ẋ = u(t, x)
x(t0) = x0

and
{
ẋ = u1(t, x)
x(t0) = x0

defined in t ≥ t0, then ϕ(t) ≤ Φ(t) when t ≥ t0.
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3. Synchronization based on the theory of gravitational field

Mark R+ = [0,+∞), sgn(x) =

 1, x > 0,
0, x = 0,
−1, x < 0,

suppose there is com-

plex network including m particles with the following equation of motion:
ẋi1
ẋi2
...
ẋin

 =


f
(1)
i1 f

(2)
i1 . . . f

(n)
i1

f
(1)
i2 f

(2)
i2 . . . f

(n)
i2

. . . . . . . . . . . .

f
(1)
in f

(2)
in . . . f

(n)
in




sgn(xi1)
sgn(xi2)
...
sgn(xin)



+


gi1
gi2
...
gin

 , (i = 1, 2, . . . ,m) . (3)

Here, f (j)ik =f
(j)
ik (xi1, xi2, . . . , xin), gik=gik(xi1, xi2, . . . , xin), (i=1, 2, . . . ,m;

j, k = 1, 2, . . . , n). Then, when R(t) 6= 0, the equation of motion of the
complex network in the gravitational field is

ẋi1
ẋi2
...
ẋin

 =


f
(1)
i1 f

(2)
i1 . . . f

(n)
i1

f
(1)
i2 f

(2)
i2 . . . f

(n)
i2

. . . . . . . . . . . .

f
(1)
in f

(2)
in . . . f

(n)
in




sgn(xi1)
sgn(xi2)
...
sgn(xin)



+


gi1
gi2
...
gin

+


vi1
vi2
...
vin

 , (i = 1, 2, . . . ,m) . (4)

Here, f (j)ik = f
(j)
ik (xi1, xi2, . . . , xin), gik = gik(xi1, xi2, . . . , xin), vik = vik(t)

and Mi = 1. X0
i = (xi1(0), xi2(0), . . . , xin(0)) 6= 0 is the initial condition of

the node i, (i = 1, 2, . . . ,m; j, k = 1, 2, . . . , n).
To study the dynamics of complex network (4) when R(t) = 0 in the

gravitational field, we introduce the parameter α, (α ∈ [0,+∞)). According
to the approaching theory, considering a more general network,
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ẋi1
ẋi2
...
ẋin

 =


f
(1)
i1 f

(2)
i1 . . . f

(n)
i1

f
(1)
i2 f

(2)
i2 . . . f

(n)
i2

. . . . . . . . . . . .

f
(1)
in f

(2)
in . . . f

(n)
in




sgn(xi1)
sgn(xi2)
...
sgn(xin)



+


gi1
gi2
...
gin

+


vi1
vi2
...
vin

 , (i = 1, 2, . . . ,m) . (5)

Here, f (j)ik = f
(j)
ik (xi1, xi2, . . . , xin), gik = gik(xi1, xi2, . . . , xin), vik = vik(t, α)

= G×(1+W (t))(
∑m

j=1
1

R(t)+α(xjk(t)− xik(t))), fik(xi1, xi2, . . . , xin) and the
initial condition X0

i (0, α) = (xi1(0), xi2(0), . . . , xin(0)) are equal to complex
network (4), (i = 1, 2, . . . ,m; j, k = 1, 2, . . . , n;α ∈ [0,+∞)).

Hypothesis 3.1. Assume complex networks (3), (4), (5) satisfy:
f
(j)
ik (x1, x2, . . . , xn), gik(x1, x2, . . . , xn) are continuous functions in Rn, there
exist positive constants A(j)

ik > 0, B(j)
ik > 0, Aik > 0, Bik > 0 and continuous

functions in R2n p
(j)
ik,l(x1, x2, . . . , x2n), qik,l(x1, x2, . . . , x2n) such that

∣∣∣f (j)ik (x1, x2, . . . , xn)
∣∣∣ ≤ B(j)

ik +A
(j)
ik

n∑
l=1

(xl)
2 ,

|gik(x1, x2, . . . , xn)| ≤ Bik +Aik

n∑
l=1

(xl)
2 ,∣∣∣f (j)ik (x1, x2, . . . , xn)− f (j)ik (y1, y2, . . . , yn)
∣∣∣

≤
n∑
l=1

p
(j)
ik,l(|x1|, |x2|, . . . , |xn|, |y1|, |y2|, . . . , |yn|)|xl − yl| ,

|gik(x1, x2, . . . , xn)− gik(y1, y2, . . . , yn)|

≤
n∑
l=1

qik,l(|x1|, |x2|, . . . , |xn|, |y1|, |y2|, . . . , |yn|)|xl − yl| ,

(i = 1, 2, . . . ,m; j = 1, 2, . . . , n; k = 1, 2, . . . , n) .

Obviously, according to Hypothesis 3.1 and Corollary 2.1, for complex
networks (3), (4), (5), there exists Filippov solution in their domain of defi-
nition.
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Mark A = max{A(j)
ik , Aik}, B = max{(m − 1)n(n + 1)A, (m − 1)

∑n
k=1∑m

i=1 (Bik +
∑n

j=1B
(j)
ik )}, (i = 1, 2, . . . ,m; j = 1, 2, . . . , n; k = 1, 2, . . . , n).

Mark xik = xik(t, α) as the solution of equation of node i in complex net-

work (5), (i = 1, 2, . . . ,m; k = 1, 2, . . . , n), mark V (t, α) = 1
2

n∑
k=1

m∑
i=1

(xik)
2,

obviously for an arbitrary α ∈ [0,+∞), xik(0, α) = xik(0), V (0) = V (0, α) =
1
2

∑n
k=1

∑m
i=1 (xik(0))

2 are constant.

Theorem 3.1. For the complex network (5), there exists T , 0 < π
2B −

1
B arctan

√
2V (0) ≤ T ≤ +∞, when t ∈ [0, T ), for any arbitrary α ∈

(0,+∞), V (t, α) is continuous in [0, T ), and 0 ≤ V (t, α) ≤ 1
2 tan

2(Bt +

arctan
√

2V (0) ) < +∞. When α = 0, if each node in complex network (5)
has solutions in [0, T1) ⊂ [0, T ), then V (t, α) is continuous in [0, T1), and
0 ≤ V (t, α) ≤ 1

2 tan
2(Bt+ arctan

√
2V (0) ) < +∞.

Proof. Obviously, there exists measurable function γ
(j)
ik (t, α) ∈ K[sgn(x

(j)
ik

(t, α))] subjecting to

dV

dt
=

n∑
k=1

m∑
i=1

xikẋik =
n∑
k=1

m∑
i=1

xik

(
n∑
l=1

f
(l)
ik (xi1, xi2, . . . , xin)γ

(l)
ik (t)

+gik(xi1, xi2, . . . , xin) + vik

)

=
n∑
k=1

m∑
i=1

xik

(
n∑
l=1

f
(l)
ik (xi1, xi2, . . . , xin)γ

(l)
ik (t) + gik(xi1, xi2, . . . , xin)

)

+
n∑
k=1

m∑
i=1

xik
G(1 +W )

R+ α

(
m∑
l=1

(xlk − xik)

)

=

n∑
k=1

m∑
i=1

xik

(
n∑
l=1

f
(l)
ik (xi1, xi2, . . . , xin)γ

(l)
ik (t) + gik(xi1, xi2, . . . , xin)

)

−G(1 +W )

R+ α

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)2

≤
√
2V

√√√√ n∑
k=1

m∑
i=1

(
n∑
l=1

f
(l)
ik (xi1, xi2, . . . , xin)γ

(l)
ik (t) + gik(xi1, xi2, . . . , xin)

)2

−G(1 +W )

R+ α
R2



94 J. Zha, C. Li

≤
√
2V

n∑
k=1

m∑
i=1

∣∣∣∣∣
n∑
l=1

f
(l)
ik (xi1, xi2, . . . , xin)γ

(l)
ik (t) + gik(xi1, xi2, . . . , xin)

∣∣∣∣∣
−G(1 +W )

R+ α
R2

≤
√
2V

n∑
k=1

m∑
i=1

(
Bik +Aik

n∑
l=1

(xil)
2 +

n∑
j=1

(
B

(j)
ik +A

(j)
ik

n∑
l=1

(xil)
2

))

−G(1 +W )

R+ α
R2

≤
√
2V

n∑
k=1

m∑
i=1

(
Aik

n∑
l=1

(xil)
2 +

n∑
j=1

(
A

(j)
ik

n∑
l=1

(xil)
2

))

+
√
2V

n∑
k=1

m∑
i=1

(
Bik +

n∑
j=1

B
(j)
ik

)
− G(1 +W )

R+ α
R2

≤ 2n(n+ 1)AV
√
2V +

√
2V

n∑
k=1

m∑
i=1

(
Bik +

n∑
j=1

B
(j)
ik

)
− G(1 +W )

R+ α
R2

≤
√
2V B(1 + 2V )− G(1 +W )

R+ α
R2 ≤

√
2V B(1 + 2V ) .

Let P =
√
2V , thus

dP

dt
≤ B

(
1 + P 2

)
, (6)

then arctanP ≤ Bt+arctanP (0). Therefore, when t < π
2B −

1
B arctanP (0),

P ≤ tan(Bt+arctanP (0)), i.e., V ≤ 1
2 tan

2(Bt+arctanP (0)) < +∞. Thus,
there exists T satisfying 0 < π

2B−
1
B arctanP (0) ≤ T ≤ +∞, when t ∈ [0, T ),

0 ≤ V (t) ≤ 1
2 tan

2(Bt + arctanP (0)) = 1
2 tan

2(Bt + arctan
√

2V (0) ) <
+∞.

For complex network (5), mark H(t, α) = 1
2

∑n
k=1

∑m
i=1

∑m
j=i+1

(xjk(t) − xik(t))
2, obviously H(0) = H(0, α) = 1

2

∑n
k=1

∑m
i=1

∑m
j=i+1

(xjk(0)− xik(0))2 is constant, (α ∈ [0,+∞)).

Lemma 3.1. For complex network (4), there exists an inherent constant

G0 associated only with network (3), when G > (1 +
2
√

2H(0)

π−2 arctan
√

2H(0)
)G0,

there exist 0 < tG ≤
√

2H(0)

m(G−G0)
< T and point X0, when t → t−G, Xi =

(xi1(t), xi2(t), . . . , xin(t))→ X0, (i = 1, 2, . . . ,m).

The proof for this will be given in Appendix A.
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Mark X0 = (x1(tG), x2(tG), . . . , xn(tG)) = (x1(tG, 0), x2(tG, 0), . . . ,
xn(tG, 0)).

Corollary 3.1. For complex network (5), for any arbitrary constant ε > 0,
there exists sufficiently small α > 0 subjecting to

n∑
k=1

m∑
i=1

(xik(tG, α)− xk(tG, 0))2 < ε , and

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk(tG, α)− xik(tG, α))2 < 2m
√
ε .

From Lemmas 2.2 and 3.1, Corollary 3.1 can be proved easily.

Theorem 3.2. For complex network (5) and sufficiently small α>0, if there
exists the time t1 ∈ (0, T ) subjecting to

√
2G0

2(G−G0)
α <

√
H(t1) ≤

√
H(0), then

when

t ∈

(
t1 +

√
2H(t1)

m(G−G0)
, T

)
,

0 ≤ H(t) ≤ 1

2

 G0

G−G0
+

G× e
1
2
lnH(0)−G0

G

(G−G0)
(√

2m
2 (G−G0)(t−t1)−

√
H(t1)

)
2

α2 .

Here, G0 is only related with system (3) but does not depend on α.

Proof. For complex network (5), from an analogous deduction like (18),

dH

dt
≤ −mG(1 +W )

R+ α
R2 +R(1 +W )B = −

(
mG

R

R+ α
−B

)
(1 +W )R

≤ −
(
mG

R

R+ α
−B

)
R = −

(
mG

R

R+ α
−B

)√
2H ,

then

dQ

dt
≤ −
√
2

2

(
mG

Q

Q+ β
−B

)
= −
√
2m

2

(
G

Q

Q+ β
−G0

)
, (7)

here, A = max{A(j)
ik , Aik}, B = max{(m− 1)n(n+1)A, (m− 1)

∑n
k=1

∑m
i=1

(Bik +
∑n

j=1B
(j)
ik )}, β =

√
2
2 α, Q =

√
H, G0 = B

m , (i = 1, 2, . . . ,m;
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j = 1, 2, . . . , n; k = 1, 2, . . . , n). When G > G0, we investigate differen-
tial equation,

dy

dt
= −
√
2m

2

(
G

y

y + β
−G0

)
(8)

satisfying y(t1) = Q(t1) =
√
H(t1).

For a sufficiently small α, from the known condition y(t1) > G0
G−G0

β, the
solution of (8) is

y +
G

G−G0
β ln

(
y − G0

G−G0
β

)
= −
√
2m

2
(G−G0)t+ c1 , (9)

where c1 =
√
2m
2 (G−G0)t1+y(t1)+

G
G−G0

β ln(y(t1)− G0
G−G0

β). From Eq. (9),
y is monotonically decreasing and when t→ +∞, y gets close to G0

G−G0
β, so

G0
G−G0

β < y ≤ y(t1). From Eq. (9), we can also get

G

G−G0
β ln

(
y − G0

G−G0
β

)
= −
√
2m

2
(G−G0)t+ c1 − y

≤ −
√
2m

2
(G−G0)t+ c1 −

G0

G−G0
β

≤ −
√
2m

2
(G−G0)(t− t1) + y(t1) +

G

G−G0
β ln(y(t1))−

G0

G−G0
β ,

so

ln

(
y − G0

G−G0
β

)
≤ −G−G0

G

(√
2m

2
(G−G0)(t− t1)− y(t1)

)
1

β

+ ln(y(t1))−
G0

G
,

then

y ≤ G0

G−G0
β + e

−G−G0
G

(√
2m
2

(G−G0)(t−t1)−y(t1)
)

1
β
+ln(y(t1))−G0

G .

From Eq. (7) and Lemma 2.3,

Q ≤ y ≤ G0

G−G0
β + e

−G−G0
G

(√
2m
2

(G−G0)(t−t1)−y(t1)
)

1
β
+ln(y(t1))−G0

G .
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When β is sufficiently small,

√
H ≤ G0

G−G0
β + eln(y(t1))−

G0
G

1

G−G0
G

(√
2m
2 (G−G0)(t− t1)− y(t1)

)
1
β

=

 G0

G−G0
+

Geln(y(t1))−
G0
G

(G−G0)
(√

2m
2 (G−G0)(t− t1)− y(t1)

)
β .

Since y(t1) =
√
H(t1, α) ≤

√
H(0), β =

√
2
2 α, so

0≤H(t, α) ≤ 1

2

 G0

G−G0
+

Ge
1
2
ln(H(0))−G0

G

(G−G0)
(√

2m
2 (G−G0)(t−t1)−

√
H(t1)

)
2

α2 .

Corollary 3.2. For complex network (5) and sufficiently small 0 < ε < 1,
there exists 0 < δ ≤ ε when 0 < α ≤ δ, (i) H(t, α) < Dε in [tG, T )
except a small region I with the length less than C

√
ε, here C,D are positive

constants, which are only related with G,G0 and m. (ii) For arbitrary b,
(0 < tG < b < T ), there exists a positive constant E, which is only related
with G,G0 and m, b subjecting to H(t, α) < Eε in the region [tG, b] ⊂ [tG, T ).

Proof will be shown in Appendix B.

Suppose xik = xik(t, α) is the Filippov solution of the node i of complex
network (5), (i = 1, 2, . . . ,m; k = 1, 2, . . . , n), then

d
dt

(∑m
i=1 xi1
m

)
= 1

m

n∑
j=1

m∑
i=1

f
(j)
i1 sgn(xij) +

1
m

m∑
i=1

gi1 ,

d
dt

(∑m
i=1 xi2
m

)
= 1

m

n∑
j=1

m∑
i=1

f
(j)
i2 sgn(xij) +

1
m

m∑
i=1

gi2 ,

. . . . . .

d
dt

(∑m
i=1 xin
m

)
= 1

m

n∑
j=1

m∑
i=1

f
(j)
in sgn(xij) +

1
m

m∑
i=1

gin .

Here, f (j)ik =f
(j)
ik (xi1, xi2, . . . , xin), gik=gik(xi1, xi2, . . . , xin), (i=1, 2, . . . ,m;

j, k = 1, 2, . . . , n). Obviously, (
∑m
i=1 xi1
m ,

∑m
i=1 xi2
m , . . . ,

∑m
i=1 xin
m , α)T is the Fil-

ippov solution of system (10) with the initial condition
y∗0(tG) = (

∑m
i=1 xi1(tG,α)

m ,
∑m
i=1 xi2(tG,α)

m , . . . ,
∑m
i=1 xin(tG,α)

m , α)T .
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

dy1
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
i1 (y1, y2, . . . , yn)sgn(yj − βij(t, yn+1))

+ 1
m

m∑
i=1

gi1(y1, y2, . . . , yn) + γ1(t, yn+1) ,

dy2
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
i2 (y1, y2, . . . , yn)sgn(yj − βij(t, yn+1))

+ 1
m

m∑
i=1

gi2(y1, y2, . . . , yn) + γ2(t, yn+1) ,

. . . . . .

dyn
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
in (y1, y2, . . . , yn)sgn(yj − βij(t, yn+1))

+ 1
m

m∑
i=1

gin(y1, y2, . . . , yn) + γn(t, yn+1) ,

dyn+1

dt = 0 .

(10)

Here,

βij(t, yn+1) =

∑m
l=1 xlj(t, yn+1)

m
− xij(t, yn+1) ,

γk(t, yn+1) = −
1

m

n∑
j=1

m∑
i=1

[
f
(j)
ik

(∑m
i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)
− f (j)ik (xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

]
×sgn(xij(t, yn+1))

− 1

m

m∑
i=1

[
gik

(∑m
i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)

−gik(xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

]
,

(i = 1, 2, . . . ,m; j = 1, 2, . . . , n; k = 1, 2, . . . , n) .

Mark y = (y1, y2, . . . , yn+1)
T , f∗(t, y) = (f∗1 (t, y), f

∗
2 (t, y), . . . , f

∗
n(t, y), 0)

T ,
f∗k (t, y) = 1

m

∑n
j=1

∑m
i=1 f

(j)
ik (y1, y2, . . . , yn)sgn(yj − βij(t, yn+1)) +

1
m

∑m
i=1

gik(y1, y2, . . . , yn) + γk(t, yn+1), (k = 1, 2, . . . , n), then the solution y(t) of
system (10) satisfies the ordinary differential inclusion, ẏ ∈ F ∗(t, y), F ∗(t, y)
= Kf∗(t, y) =

⋂
δ>0

⋂
µN=0

cof∗(t, yδ\N).
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Let us consider a system

dy1
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
i1 (y1, y2, . . . , yn)sgn(yj) +

1
m

m∑
i=1

gi1(y1, y2, . . . , yn) ,

dy2
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
i2 (y1, y2, . . . , yn)sgn(yj) +

1
m

m∑
i=1

gi2(y1, y2, . . . , yn) ,

. . . . . .

dyn
dt = 1

m

n∑
j=1

m∑
i=1

f
(j)
in (y1, y2, . . . , yn)sgn(yj) +

1
m

m∑
i=1

gin(y1, y2, . . . , yn) ,

dyn+1

dt = 0 ,
(11)

with an initial condition y0(tG) = (x1(tG), x2(tG), . . . , xn(tG), 0)
T . Mark

y = (y1, y2, . . . , yn+1)
T ,

f(t, y) = (f1(t, y), f2(t, y), . . . , fn(t, y), 0)
T ,

fk(t, y) =
1

m

n∑
j=1

m∑
i=1

f
(j)
ik (y1, y2, . . . , yn)sgn(yj) +

1

m

m∑
i=1

gik(y1, y2, . . . , yn) ,

(k = 1, 2, . . . , n) ,

then the solution y(t) of system (11) satisfies the ordinary differential in-
clusion, ẏ ∈ F (t, y), F (t, y) = Kf(t, y) =

⋂
δ>0

⋂
µN=0

cof(t, yδ\N). For any

arbitrary b, (0 < tG < b < T ), for system (11), from a similar proof of
Theorem 3.1, 1

1+P 2
1

dP1
dt ≤

1
mB ≤ B in [tG, b] ⊂ [tG, T ), then arctanP1 ≤

Bt−BtG + arctanP1(tG) in [tG, b] ⊂ [tG, T ), so

P1 ≤ tan(Bt−BtG + arctanP1(tG)) < +∞ . (12)

From Theorem 3.1,

P1(tG) ≤ tan(BtG + arctanP (0)) < +∞ . (13)

Substituting (13) into (12), P1 ≤ tan(Bt+ arctanP (0)) < +∞,
P1 =

√∑n
k=1 (yk)

2, i.e.,
∑n

k=1 (yk)
2 ≤ tan2(Bt+arctanP (0)) = tan2(Bt+

arctan
√

2V (0)) < +∞, then
∑n+1

k=1 (yk)
2 =

∑n
k=1 (yk)

2 + (yn+1)
2 ≤ tan2

(Bt + arctan
√
2V (0)) < +∞. So, for any arbitrary b, (0 < tG < b < T ),

and sufficiently small ε > 0, the initial condition y0(tG) = (x1(tG), x2(tG),
. . . , xn(tG), 0)

T , there are solutions satisfying the ordinary differential in-
clusion in [tG, b] ⊂ [tG, T ), and all the solutions in the open region ∆ =

{(t, y)|tG − ε < t < b+ ε,
∑n+1

k=1 (yk)
2 < tan2(B(b+ ε) + arctan

√
2V (0)) <

+∞}.
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Lemma 3.2. F ∗(t, y) and F (t, y) meet the basic conditions in the open
domain ∆.

Detail of proof will be shown in Appendix C.

Definition 3.1. For complex network (4), if there exists a system
ẋ1 = h1(x1, x2, . . . , xn) ,
ẋ2 = h2(x1, x2, . . . , xn) ,

. . . . . .
ẋn = hn(x1, x2, . . . , xn)

(14)

for any arbitrary ε > 0, if there exists δ > 0, when 0 < α ≤ δ, for any
solution of the node i of complex network (5) xi(t), there exists a solution of
system (14) x′(t) subjecting to max

tG≤t≤b
‖ xi(t)− x′(t) ‖≤ ε, (i = 1, 2, . . . ,m),

then the complex network (4) under gravity field synchronizes to system (14)
in the solution set.

Theorem 3.3. There exist G1 > 0 and 0 < T ≤ +∞, when G > G1 and
there exists tG, when t ∈ (tG, T ], complex network (4) synchronizes to the
system with initial condition of X0 = (x1(tG), x2(tG), . . . , xn(tG))

T according
to the solution set

ẋ1 =
1
m

n∑
j=1

m∑
i=1

f
(j)
i1 (x1, x2, . . . , xn)sgn(xj) +

1
m

m∑
i=1

gi1(x1, x2, . . . , xn) ,

ẋ2 =
1
m

n∑
j=1

m∑
i=1

f
(j)
i2 (x1, x2, . . . , xn)sgn(xj) +

1
m

m∑
i=1

gi2(x1, x2, . . . , xn) ,

. . . . . .

ẋn = 1
m

n∑
j=1

m∑
i=1

f
(j)
in (x1, x2, . . . , xn)sgn(xj) +

1
m

m∑
i=1

gin(x1, x2, . . . , xn) .

(15)
The larger is the G, the faster is the synchronization. Specifically, if the
solution of system (15) x′(t) is unique, when t ∈ (tG, T ), complex network (4)
synchronizes to x′(t).

Proof. From Lemma 3.1, for complex network (4), there exist a constant

G1 = (1 +
2
√

2H(0)

π−2 arctan
√

2V (0)
)G0 and T , when G > G1, there exist 0 <

tG ≤
√

2H(0)

m(G−G0)
< T and the point X0 = (x1(tG), x2(tG), . . . , xn(tG))

T ,
when t → t−G, Xi = (xi1(t), xi2(t), . . . , xin(t))

T → X0. Suppose y(t) =

(x1(t), x2(t), . . . , xn(t), 0)
T is the arbitrary solution of the ordinary differen-

tial inclusion ẏ ∈ F (t, y) satisfying the initial data y0(tG) = (x1(tG), x2(tG),



Synchronization of Complex Network Based on the Theory of Gravitational . . . 101

. . . , xn(tG), 0)
T . For system (10), when t ∈ [tG, b] ⊂ [tG, T ), for any arbi-

trary sufficient small ε > 0, from Hypothesis 3.1 and Corollary 3.2, there
exist δ1 > 0, δ2 > 0, when

t = tG and ‖ y∗0(tG)− y0(tG) ‖≤ δ1 ,
0 < α ≤

√
δ2 ,

|βij(t, yn+1)| =
∣∣∣∣∑m

l=1 xlj(t, yn+1)

m
− xij(t, yn+1)

∣∣∣∣
≤
∑m

l=1 |xlj(t, yn+1)− xij(t, yn+1)|
m

≤ δ2 ,

|γk(t, yn+1)| =

∣∣∣∣∣− 1

m

n∑
j=1

m∑
i=1

×

[
f
(j)
ik

(∑m
i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)

−f (j)ik (xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

]
× sgn(xij(t, yn+1))

− 1

m

m∑
i=1

[
gik

(∑m
i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)

−gik(xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

]∣∣∣∣∣
≤ 1

m

n∑
j=1

m∑
i=1

×

∣∣∣∣∣f (j)ik

(∑m
i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)

−f (j)ik (xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

∣∣∣∣∣
+

1

m

m∑
i=1

∣∣∣∣∣gik
(∑m

i=1 xi1(t, yn+1)

m
,

∑m
i=1 xi2(t, yn+1)

m
, . . . ,

∑m
i=1 xin(t, yn+1)

m

)

−gik(xi1(t, yn+1), xi2(t, yn+1), . . . , xin(t, yn+1))

∣∣∣∣∣ ≤ δ2 ,
(i = 1, 2, . . . ,m; j = 1, 2, . . . , n; k = 1, 2, . . . , n) .
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Let δ = max{δ1, δ2}, like in the proof of Lemma 3.2 (cf. Appendix C),
F ∗(t, y)⊆ [coF (tδ, yδ)]δ and from Lemma 3.2, F ∗(t, y) and F (t, y) satisfy the
basic condition in the open region ∆. Therefore, from Lemma 2.2, for suffi-
ciently small ε > 0, there exists δ > 0, when 0 < α ≤ δ, any solution y∗(t)
of the ordinary differential inclusion ẏ ∈ F ∗(t, y) satisfying the initial con-
dition y∗0(tG) = (

∑m
i=1 xi1(tG,α)

m ,
∑m
i=1 xi2(tG,α)

m , . . . ,
∑m
i=1 xin(tG,α)

m , α)T exists in
the region [tG, b], and for each solution y∗(t) there exists a solution y(t) of
the ordinary differential inclusion ẏ ∈ F (t, y) with the initial data y0(tG) =
(x1(tG), x2(tG), . . . , xn(tG), 0)

T , subjecting to max
tG≤t≤b

‖ y(t) − y∗(t) ‖≤ ε.

Since y∗1(t) = (
∑m
i=1 xi1(t,α)

m ,
∑m
i=1 xi2(t,α)

m , . . . ,
∑m
i=1 xin(t,α)

m , α)T is the solu-
tion of the ordinary differential inclusion ẏ ∈ F ∗(t, y) satisfying the ini-
tial data y∗0(tG) = (

∑m
i=1 xi1(tG,α)

m ,
∑m
i=1 xi2(tG,α)

m , . . . ,
∑m
i=1 xin(tG,α)

m , α)T , then
for sufficiently small ε > 0, there exists δ3 > 0, when 0 < α ≤ δ3,
max
tG≤t≤b

‖ y(t)− y∗1(t) ‖≤ 1
2ε.

Mark x∗i (t)=(xi1(t, α), xi2(t, α), . . . , xin(t, α), α)
T , from Corollary 3.2 (ii),

there exists δ4 > 0, when 0 < α ≤ δ4, max
tG≤t≤b

‖ x∗i (t)−y∗1(t) ‖≤ 1
2ε. Mark δ =

{δ3, δ4}, when 0 < α ≤ δ, max
tG≤t≤b

‖ x∗i (t) − y(t) ‖≤ ε. Mark y′(t) =

(y1, y2, . . . , yn)
T , xi(t) = (xi1(t, α), xi2(t, α), . . . , xin(t, α))T , than max

tG≤t≤b
‖

xi(t) − y′(t) ‖≤ ε. Here, y′(t) is the solution of system (15), x′i(t) is the
solution of the node i of complex network (5) (i = 1, 2, 3, . . . ,m), therefore,
complex network (4) synchronizes to system (15) according to the solution
set. From Lemma 3.1, the larger G leads to a faster synchronization.

Note: In the proof of Theorem 3.3, to show the existence of the con-

stant G1, let G1 = (1 +
2
√

2H(0)

π−2 arctan
√

2V (0)
)G0. However, generally G1 <

(1 +
2
√

2H(0)

π−2 arctan
√

2V (0)
)G0. In addition, if there exists a f (j)ik (x1, x2, . . . , xn),

(i = 1, 2, . . . ,m; j = 1, 2, . . . , n; k = 1, 2, . . . , n) equaling zero, the above
theory is still true.

4. Numerical simulation

Let us consider piecewise linear Chen systems (a) with the number of
m1, piecewise linear Sprott systems (b) with the number of m2, piecewise
Lorenz systems (c) with the number of m3,
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(a)

 ẋi1 = −1.18xi1 + 1.18xi2 ,
ẋi2 = (1− xi3)sgn(xi1) + 0.7xi2 ,
ẋi3 = xi1sgn(xi2)− 0.168xi3 ,

(b)

 ẋi1 = xi3sgn(xi2) ,
ẋi2 = xi1 − xi2 ,
ẋi3 = 1− |xi2| ,

(c)

 ẋi1 = 0.9(−xi1 + xi2) ,
ẋi2 = (2− xi3)sgn(xi1) ,
ẋi3 = |xi1| − 0.1xi3 ,

(16)

as the nodes with the number ofm = m1+m2+m3 in complex network in the
gravity field. Here, vik = G× (1 +W (t))(

∑m
j=1

1
R(xjk(t)− xik(t))), W (t) =∑m

i=1

∑3
k=1(xik(t))

2, R(t) =
√∑3

k=1

∑m
i=1

∑m
j=i+1(xjk(t)− xik(t))2,

x0i = (xi1(0), xi2(0), . . . , xin(0)
T 6= 0, (x0i is of inequality) is the initial po-

sition of the node i of complex networks (5) and (10) (i = 1, 2, . . . ,m; k =
1, 2, 3).

Theorem 4.1. There exists a constant G1, when G > G1, then there exists
tG, when t > tG, complex network (16) synchronize to the following system
according to a solution set:

ẋ1 =
m1
m (−1.18x1 + 1.18x2) +

m2
m (x3sgn(x2)) +

0.9m3
m (−x1 + x2) ,

ẋ2 =
m1
m [(1− x3)sgn(x1) + 0.7x2] +

m2
m (x1 − x2) + m3

m [(2− x3)sgn(x1)] ,
ẋ3 =

m1
m (x1sgn(x2)− 0.618x3) +

m2
m (1− |x2|) + m3

m (|x1| − 0.1x3) ,
(17)

here, m = m1 +m2 +m3, the parameter G can speed the synchronization.

This can be proven from Theorem 3.3.

4.1. Case A: m1 = 21, m2 = 18, m3 = 12, G = 0.05

Here, the initial position X0
i is random. The effect of synchronization is

shown in Fig. 1. Here, e1 = x11 − xi1, e2 = x12 − xi2, (i = 2, 3, . . . , 51).

4.2. Case B: m1 = 21, m2 = 18, m3 = 12, G = 1

The synchronization effect is shown in Fig. 2. Here, e1 = x11 − xi1,
e2 = x12 − xi2, (i = 2, 3, . . . , 51).
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Fig. 1. When m1 = 21, m2 = 18, m3 = 12, G= 0.05, (a) network operation state,
(b) the synchronization error between network and system (17), (c) the synchro-
nization error among the first coordinates at different node positions, (d) the syn-
chronization error among the second coordinates at different node positions.

Fig. 2. When m1 = 21, m2 = 18, m3 = 12, G = 1, (a) network operation state,
(b) the synchronization error between network and system (17), (c) the synchro-
nization error among the first coordinates at different node positions, (d) the syn-
chronization error among the second coordinates at different node positions.
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4.3. Case C: m1 = 171, m2 = 168, m3 = 172, G = 2000

The effect of synchronization is shown in Fig. 3. Here, e1 = x11 − xi1,
e2 = x12 − xi2, (i = 2, 3, . . . , 501).

Fig. 3. When m1 = 171, m2 = 168, m3 = 172, G = 2000, (a) network operation
state, (b) the synchronization error between network and system (17), (c) the
synchronization error among the first coordinates at different node positions, (d)
the synchronization error among the second coordinates at different node positions.

Comparing figure 1 and figure 2, when G is bigger, one can see that the
speed of synchronization is faster.

5. Conclusion and discussions

By introducing the concept of gravity field, the issue of synchronization
of complex network turns to be the synchronization in gravity field. In
this paper, we solved the question of synchronization where the dynamical
equation of each node may be different and even the differential equations
have discontinuous right-hand side. According to the general definition of
the velocity (the coupling term), since it is independent of the equation of
motion, which endues the synchronization method with more generality than
other control methods. Simulations based on the complex network with 51
and 501 nodes of piecewise linear Chen systems, piecewise Sprott systems
and piecewise Lorenz systems agree with the theoretic analysis.
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Appendix A

Proof for Lemma 3.1

dH

dt
=

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)(ẋjk − ẋik)

=

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)

[
n∑
h=1

f
(h)
jk (xj1, xj2, . . . , xjn)γ

(h)
jk (t)

+gjk(xj1, xj2, . . . , xjn) + vjk −
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t)

−gik(xi1, xi2, . . . , xin)− vik

]

=
n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)

[
n∑
h=1

f
(h)
jk (xj1, xj2, . . . , xjn)γ

(h)
jk (t)

+gjk(xj1, xj2, . . . , xjn)−
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t)

−gik(xi1, xi2, . . . , xin)

]

+

n∑
k=1

m∑
i=1

m∑
j=i+1

{
(xjk−xik)

G(1+W )

R

[
m∑
l=1

(xlk−xjk)−
m∑
l=1

(xlk−xik)

]}

=

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)

[
n∑
h=1

f
(h)
jk (xj1, xj2, . . . , xjn)γ

(h)
jk (t)

+gjk(xj1, xj2, . . . , xjn)−
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t)

−gik(xi1, xi2, . . . , xin)

]
−m× G(1 +W )

R

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)2

= −mG(1 +W )R

+

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk − xik)

[
n∑
h=1

f
(h)
jk (xj1, xj2, . . . , xjn)γ

(h)
jk (t)
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+gjk(xj1, xj2, . . . , xjn)−
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t)

−gik(xi1, xi2, . . . , xin)

]
≤ −mG(1 +W )R

+R

√√√√ n∑
k=1

m∑
i=1

m∑
j=i+1

(
n∑
h=1

f
(h)
jk γ

(h)
jk + gjk −

n∑
h=1

f
(h)
ik γ

(h)
ik − gik

)2

≤ −mG(1 +W )R

+R

√√√√ n∑
k=1

m∑
i=1

m∑
j=i+1

(∣∣∣∣∣
n∑
h=1

f
(h)
jk γ

(h)
jk + gjk

∣∣∣∣∣+
∣∣∣∣∣
n∑
h=1

f
(h)
ik γ

(h)
ik + gik

∣∣∣∣∣
)2

≤ −mG(1 +W )R

+R

n∑
k=1

m∑
i=1

m∑
j=i+1

(∣∣∣∣∣
n∑
h=1

f
(h)
jk γ

(h)
jk + gjk

∣∣∣∣∣+
∣∣∣∣∣
n∑
h=1

f
(h)
ik γ

(h)
ik + gik

∣∣∣∣∣
)

= −mG(1 +W )R+ (m− 1)R

n∑
k=1

m∑
i=1

∣∣∣∣∣
n∑
h=1

f
(h)
ik γ

(h)
ik + gik

∣∣∣∣∣
≤ −mG(1 +W )R+ (m− 1)R

n∑
k=1

m∑
i=1

[
Bik +Aik

n∑
l=1

(xil)
2

+

n∑
h=1

(
B

(h)
ik +A

(h)
ik

n∑
l=1

(xil)
2

)]
≤ −mG(1 +W )R

+(m− 1)R
n∑
k=1

m∑
i=1

[
Aik

n∑
l=1

(xil)
2 +

n∑
h=1

(
A

(h)
ik

n∑
l=1

(xil)
2

)]

+(m− 1)R
n∑
k=1

m∑
i=1

(
Bik +

n∑
h=1

B
(h)
ik

)
≤ −mG(1 +W )R+ (m− 1)n(n+ 1)ARW

+(m− 1)R
n∑
k=1

m∑
i=1

(
Bik +

n∑
h=1

B
(h)
ik

)
≤ −mG(1 +W )R+R(1 +W )B

= −(mG−B)(1 +W )R = −
√
2(mG−B)(1 +W )

√
H .
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Let G0 =
B
m , when G > G0 +

2B
√

2H(0)

m(π−2 arctan
√

2V (0))
,

dH

dt
≤ −
√
2(mG−B)

√
H = −

√
2m(G−G0)

√
H . (18)

From Eq. (18),
√
H ≤

√
H(0)−

√
2
2 m(G−G0)t.

Let [0, a) be the largest region subjecting to positiveH(t), obviouslyH(t)

decrease monotonously in [0, a), and a ≤
√

2H(0)

m(G−G0)
< T . In the following, we

prove lim
t→a−

H(t) = 0.

Suppose lim
t→a−

H(t) 6= 0, then lim
t→a−

H(t) > 0. For any arbitrary ε > 0,

there exists 0 < δ < ε, when |t1− a| < δ, |t2− a| < δ, (0 < t1, t2 < a, may as
well think t1 < t2, obviously |t1 − t2| < δ < ε)

|xik(t1)− xik(t2)| ≤
t2∫
t1

∣∣∣∣∣
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t) + gik(xi1, xi2, . . . , xin) + vik

∣∣∣∣∣dt
≤

t2∫
t1

(∣∣∣∣∣
n∑
h=1

f
(h)
ik (xi1, xi2, . . . , xin)γ

(h)
ik (t) + gik(xi1, xi2, . . . , xin)|+ |vik

∣∣∣∣∣
)
dt

≤
t2∫
t1

(
n∑
h=1

∣∣∣f (h)ik (xi1, xi2, . . . , xin)γ
(h)
ik (t)

∣∣∣+ |gik(xi1, xi2, . . . , xin)|+ |vik|
)
dt

≤
t2∫
t1

[
Bik +Aik

n∑
l=1

(xil)
2 +

n∑
h=1

(
B

(h)
ik +A

(h)
ik

n∑
l=1

(xil)
2

)

+
√
mG(1 +W (t))

]
dt

≤
t2∫
t1

[
Bik +

n∑
h=1

B
(h)
ik +

√
mG+

(
Aik +

n∑
h=1

A
(h)
ik +

√
mG

)
W (t)

]
dt

≤
t2∫
t1

{
Bik +

n∑
h=1

B
(h)
ik
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+
√
mG+

(
Aik+

n∑
h=1

A
(h)
ik +
√
mG

)
tan2

[
B
√

2H(0)

m(G−G0)
+ arctan

√
2V (0)

]}
dt

≤

{
Bik +

n∑
h=1

B
(h)
ik +

√
mG

+

(
Aik +

n∑
h=1

A
(h)
ik +

√
mG

)
tan2

[
B
√
2H(0)

m(G−G0)
+ arctan

√
2V (0)

]}
(t2−t1)

<

{
Bik +

n∑
h=1

B
(h)
ik +

√
mG

+

(
Aik +

n∑
h=1

A
(h)
ik +

√
mG

)
tan2

[
B
√
2H(0)

m(G−G0)
+ arctan

√
2V (0)

]}
ε

i.e.

|xik(t1)− xik(t2)| <

{
Bik +

n∑
h=1

B
(h)
ik +

√
mG+

(
Aik +

n∑
h=1

A
(h)
ik +

√
mG

)
× tan2

[
B
√

2H(0)

m(G−G0)
+ arctan

√
2V (0)

]}
ε (19)

(i = 1, 2, . . . ,m; k = 1, 2, . . . , n). Therefore, lim
t→a−

xik(t) exists, mark

lim
t→a−

xik(t) = xik(a), (i = 1, 2, . . . ,m; k = 1, 2, . . . , n), then

n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk(a)− xik(a))2 = lim
t→a−

 n∑
k=1

m∑
i=1

m∑
j=i+1

(xjk(t)− xik(t))2


= 2 lim
t→a−

H(t) > 0 .

Thus xik(a) (i=1, 2, . . . ,m; k=1, 2, . . . , n) are not all equal. Suppose Xi(a)
is the initial data, from the continuity of solution of complex network (4),
here we can extend the solution to the region [0, a + δG(a)] subjecting to
H(t) > 0 in [0, a + δG(a)], (δG(a) > 0). This is in conflict with the conclu-
sion that the region [0, a) is the biggest region for positive H(t), therefore,
lim
t→a−

H(t) = 0.

Let tG = a, then 0 < tG ≤
√

2H(0)

m(G−G0)
< T , like in the proof for Eq. (19),

there exists a pointX0, when t→ t−G,Xi = (xi1(t), xi2(t), . . . , xin(t))→X0,
(i = 1, 2, . . . ,m).
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Obviously, when α = 0, complex network (5) turns to be (4). Thus
for complex network (5) when α = 0, there exists a constant G0, which

is only related to network (3) when G > (1 +
2
√

2H(0)

π−2 arctan
√

2V (0)
)G0, and

there exist 0 < tG ≤
√

2H(0)

m(G−G0)
< T and point X0, when t → t−G,Xi =

(xi1(t), xi2(t), . . . , xin(t))→X0, (i = 1, 2, . . . ,m).

Appendix B

Proof for Corollary 3.2

(i) If y(tG) =
√
H(tG, α) >

G0
G−G0

β, from the poof for Theorem 3.2,

when tG +

√
2H(tG,α)

m(G−G0)
+
√
α ≤ t < T ,

0 ≤ H(t, α)

≤ 1

2

 G0

G−G0
+

Ge
1
2
ln(H(0))−G0

G

(G−G0)
(√

2m
2 (G−G0)(t− tG)−

√
H(tG, α)

)
2

α2

≤ 1

2

[
G0

G−G0
+

√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2
√
α

]2
α2

≤ 1

2

[
G0

G−G0
+

√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2

]2
α .

If y(tG) =
√
H(tG, α) ≤ G0

G−G0
β, and if there exists ξ ∈ (tG, T ) subject-

ing to
√
H(tG, α) >

G0
G−G0

β, let ξ∗ be the minimal value of ξ, from the conti-
nuity of

√
H(tG, α), there exist t1 ∈ (tG, T ) and ξ∗ < t1 < ξ∗+ 1

2

√
α subject-

ing to G0
G−G0

β <
√
H(t1, α) <

2G0
G−G0

β, i.e., G0
G−G0

α <
√
2H(t1, α) <

2G0
G−G0

α.

From the above discussion, when t1 +
√

2H(t1,α)

m(G−G0)
+ 1

2

√
α ≤ t < T ,

0 ≤ H(t, α)

≤ 1

2

 G0

G−G0
+

Ge
1
2
ln(H(0))−G0

G

(G−G0)
(√

2m
2 (G−G0)(t− t1)−

√
H(t1)

)
2

α2

≤ 1

2

[
G0

G−G0
+

2
√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2
√
α

]2
α2

≤ 1

2

[
G0

G−G0
+

2
√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2

]2
α .
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From Corollary 3.1 for an arbitrary small 0 < ε < 1, there exists 0 <
δ ≤ ε, when 0 < α ≤ δ,

√
2H(tG, α) <

√
ε. Mark

C = max

{
1

m(G−G0)
+ 1,

2G0

m(G−G0)2
+

1

2

}
,

D = max

1

2

[
G0

G−G0
+

√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2

]2
,

1

2

[
G0

G−G0
+

2
√
2Ge

1
2
ln(H(0))−G0

G

m(G−G0)2

]2 ,

then for complex network (5) and sufficient small 0 < ε < 1, there exists
0 < δ ≤ ε, when 0 < α ≤ δ, H(t, α) ≤ Dε in those regions in [tG, T ) without
the region I with length smaller than C

√
ε.

(ii) Can be obtained from Theorem 3.1 and (i).

Appendix C

Proof for Lemma 3.2

Here, we prove only to show that F ∗(t, y) satisfies the basic conditions
in the open region ∆, and F (t, y) can be proved similarly. According to
the definition F ∗(t, y), obviously, for arbitrary (t, y) ∈ ∆, F ∗(t, y) is a com-
pact convex set. For any fixed t(0) and point y(0) = (y

(0)
1 , y

(0)
2 , . . . , y

(0)
n )T ,

(i) when y
(0)
j − βij(t(0), y

(0)
n+1) 6= 0 and xij(t

(0), y
(0)
n+1) 6=0, from the continu-

ity of f (j)ik (x1, x2, . . . , xn), gik(x1, x2, . . . , xn), (i=1, 2, . . . ,m; j = 1, 2, . . . , n;
k = 1, 2, . . . , n) and Hypothesis 3.1, we know F ∗(t, y) is upper semi-conti-
uous in (t, y). (ii) If y(0)j − βij(t

(0), y
(0)
n+1) = 0, (i ∈ {i1, i2, . . . , im1}, j ∈

{j1, j2, . . . , jn1}, 1 ≤ i1 < i2 < · · · < im1 ≤ m, 1 ≤ j1 < j2 < · · · < jn1 ≤ n),
or xij(t(0), y

(0)
n+1) = 0, (i ∈ {p1, p2, . . . , pm2}, j ∈ {q1, q2, . . . , qn2}, 1 ≤ p1 <

p2 < · · · < pm2 ≤ m, 1 ≤ q1 < q2 < · · · < qn2 ≤ n). Without losing
generality, let us suppose here y(0)1 − β11(t(0), y

(0)
n+1) = 0, x11(t(0), y

(0)
n+1) = 0.

Mark

f∗∗1

(
t(0), y(0)

)
=

1

m

n∑
j=2

m∑
i=2

f
(j)
i1

(
y
(0)
1 , y

(0)
2 , . . . , y(0)n

)
×sgn

(
y
(0)
j − βij

(
t(0), y

(0)
n+1

))
+

1

m

m∑
i=1

gi1

(
y
(0)
1 , y

(0)
2 , . . . , y(0)n

)
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− 1

m

n∑
j=2

m∑
i=2

[
f
(j)
i1

(∑m
i=1 xi1

(
t(0), y

(0)
n+1

)
m

,

∑m
i=1 xi2

(
t(0), y

(0)
n+1

)
m

, . . . ,

∑m
i=1 xin

(
t(0), y

(0)
n+1

)
m

)
− f (j)i1

(
xi1

(
t(0), y

(0)
n+1

)
, xi2

(
t(0), y

(0)
n+1

)
, . . . ,

xin

(
t(0), y

(0)
n+1

))]
sgn

(
xij

(
t(0), y

(0)
n+1

))

− 1

m

m∑
i=1

[
gi1

(∑m
i=1 xi1

(
t(0), y

(0)
n+1

)
m

,

∑m
i=1 xi2

(
t(0), y

(0)
n+1

)
m

, . . . ,

∑m
i=1 xin

(
t(0), y

(0)
n+1

)
m

)

−gi1
(
xi1

(
t(0), y

(0)
n+1

)
, xi2

(
t(0), y

(0)
n+1

)
, . . . , xin

(
t(0), y

(0)
n+1

))]
,

a∗(t, y) =
1

m
f
(1)
11

(
y
(0)
1 , y

(0)
2 , . . . , y(0)n

)
,

b∗
(
t(0), y(0)

)
=

1

m

[
f
(1)
11

(∑m
i=1 xi1

(
t(0), y

(0)
n+1

)
m

,

∑m
i=1 xi2

(
t(0), y

(0)
n+1

)
m

, . . . ,

∑m
i=1 xin

(
t(0), y

(0)
n+1

)
m

)

−f (1)11

(
xi1

(
t(0), y

(0)
n+1

)
, xi2

(
t(0), y

(0)
n+1

)
, . . . , xin

(
t(0), y

(0)
n+1

))]
,

here, F ∗(t(0), y(0)) is the closed convex polyhedron with vertices

J1

(
t(0), y(0)

)
=
(
f∗∗1

(
t(0), y(0)

)
+ a∗

(
t(0), y(0)

)
+b∗

(
t(0), y(0)

)
, f∗2

(
t(0), y(0)

)
, . . . , f∗n

(
t(0), y(0)

)
, 0
)T

,
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J2

(
t(0), y(0)

)
=
(
f∗∗1

(
t(0), y(0)

)
+ a∗

(
t(0), y(0)

)
−b∗

(
t(0), y(0)

)
, f∗2

(
t(0), y(0)

)
, . . . , f∗n

(
t(0), y(0)

)
, 0
)T

,

J3

(
t(0), y(0)

)
=
(
f∗∗1

(
t(0), y(0)

)
− a∗

(
t(0), y(0)

)
+b∗

(
t(0), y(0)

)
, f∗2

(
t(0), y(0)

)
, . . . , f∗n

(
t(0), y(0)

)
, 0
)T

,

J4

(
t(0), y(0)

)
=
(
f∗∗1

(
t(0), y(0)

)
− a∗

(
t(0), y(0)

)
−b∗

(
t(0), y(0)

)
, f∗2

(
t(0), y(0)

)
, . . . , f∗n

(
t(0), y(0)

)
, 0
)T

.

For any open set including F ∗(t(0), y(0)), there exists ε0 > 0 subjecting to
(F ∗(t(0), y(0)))ε0 ⊂ U , there exist δ1 > 0, δ2 > 0, when ‖(t, y)−(t(0), y(0))‖ <
δ1, yj−βij(t, yn+1) 6= 0 and xij(t, yn+1) 6= 0, (i = 2, 3, . . . ,m; j = 2, 3, . . . , n);
when ∥∥∥(t, y)− (t(0), y(0))∥∥∥ < δ2 ,∥∥∥J1(t, y)− J1 (t(0), y(0))∥∥∥ < ε0 ,∥∥∥J2(t, y)− J2 (t(0), y(0))∥∥∥ < ε0 ,∥∥∥J3(t, y)− J3 (t(0), y(0))∥∥∥ < ε0 ,∥∥∥J4(t, y)− J4 (t(0), y(0))∥∥∥ < ε0 .

Let δ0 = min{δ1, δ2}, V = {(t, y)| ‖ (t, y)− (t(0), y(0)) ‖< δ0}, then F ∗(V ) ⊂
(F ∗(t(0), y(0)))ε0 ⊂ U . Thus, F ∗(t, y) is upper semi-continuous with (t, y).
Therefore, we conclude that F ∗(t, y) satisfies the basic conditions in the open
region ∆.
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