
Vol. 50 (2019) Acta Physica Polonica B No 10

ON EINSTEIN–CARTAN’S THEORY IN THE STATIC
SPHERICALLY SYMMETRIC CASE WITH
AN ANTISYMMETRIC TORSION TENSOR

AND BREAKING OF THE WEAK GAUSS LAW

Abdelghani Hadj Hammou†, Amine Benachour‡

Sami Ryad Zouzou§

Laboratoire de Physique Théorique, Département de Physique
Faculté des Sciences Exactes, Université Frères Mentouri Constantine 1, Algeria

(Received April 18, 2019; accepted November 5, 2019)

We consider Einstein–Cartan’s theory in the static spherically sym-
metric case with a completely antisymmetric torsion tensor. We show, in
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1. Introduction

In reference [1], there is shown a particular example of Einstein–Cartan’s
theory [2–4] in the static spherically symmetric case, i.e. the Kottler or
Schwarzschild–de Sitter model with torsion that the weak Gauss law is bro-
ken: The interior massMi, the real mass, and the exterior massMe, defining
the strength of the gravitational field outside the mass distribution, do not
coincide.

In the example shown, the torsion tensor does not possess a completely
antisymmetric irreducible part (only the vectorial and mixed irreducible
parts are present). The fact that the torsion tensor is completely anti-
symmetric is much appealing [5]. In particular, when this happens, the
connection geodesics coincide with Christoffel’s geodesics.

In this paper, we will show that the torsion tensor possesses, in general,
the three irreducible parts. Requiring the irreducible vectorial and mixed
parts to vanish results in a completely antisymmetric torsion tensor. Then,
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we will show that, in general, the weak Gauss law is broken when the torsion
tensor is completely antisymmetric. We obtain, in particular, a mass formula
for the external mass Me.

In comparison to reference [1], we can, under some conditions, go further
and solve completely the problem, that is, we determine the metric tensor,
together with the energy-momentum tensor. In the absence of torsion, we
confirm previous results [6–8]. The paper is constructed in a similar manner
as reference [1] and uses results of references [1, 9].

The paper is organized as follows: In Section 2, we determine the general
form of the connection after imposing invariance under time translations and
rotations around the 3 axes. In Section 3, we establish general formulae for
the curvature and torsion tensors. Then, we compute the torsion tensor and
decompose it into its irreducible parts for the static spherically symmetric
case. In Section 4, we require the torsion tensor to be completely antisym-
metric and then write the corresponding curvature tensor, the Ricci tensor
and the scalar curvature. Finally, we write Einstein–Cartan’s equations. In
Section 5, we consider the case of a Schwarzschild star, i.e. the case with
constant mass and spin densities. We then determine the mass formula, i.e.
the external mass Me in term of the internal mass Mi. We are lead, natu-
rally, to distinguish between time reversal even and time reversal odd cases.
In the more interesting case from the point of view of cosmology, we can,
under some assumption, go further and determine completely the remaining
component of the metric tensor, together with the energy-momentum tensor
components. In Section 6 we discuss our findings, and Section 7 is devoted
to conclusions.

2. General form of the metric connection
in the static spherically symmetric case

Einstein’s theory admits the metric g as a fundamental variable. Einstein
–Cartan’s theory has in addition to the metric, another independent funda-
mental variable, the metric connection, not to be confused with Christoffel’s
connection. The presence of symmetries impose constraints on the metric
as well as on the connection.

In the static spherically symmetric case, it is well-known that the metric
gµν may be on the one handput, without loss of generality, in the form of

gµν =


B(r) 0 0 0
0 −A(r) 0 0
0 0 −r2 0
0 0 0 −r2 sin2 θ

 . (1)
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On the other hand, we have to solve the connection Killing equation

ξα
∂Γ λµν
∂xα

− ∂ξλ

∂xλ̄
Γ λ̄µν +

∂ξµ̄

∂xµ
Γ λµ̄ν +

∂ξν̄

∂xν
Γ λµν̄ +

∂2ξλ

∂xµ∂xν
= 0 , (2)

for Killing vector fields

ξ = ξα
∂

∂xα
(3)

corresponding to time translation

ξ =
∂

∂t
, (4)

and rotations

ξ = − sinϕ
∂

∂θ
− cosϕ

cos θ

sin θ

∂

∂ϕ
, (5)

ξ = cosϕ
∂

∂θ
− sinϕ

cos θ

sin θ

∂

∂ϕ
, (6)

ξ =
∂

∂ϕ
. (7)

One gets the following non-vanishing components of the connection:

Γ abc = Xa
bc (r) , a, b, c ∈ {t, r} ,

Γ aθθ =
Γ aϕϕ

sin2 θ
= Ea (r) , Γ aθϕ = −Γ aϕθ = sin θF a (r) ,

Γ θaθ = Γϕaϕ = Ca (r) , Γ θθa = Γϕϕa = Ya (r) ,

Γ θϕa = − sin2 θΓϕθa = − sin θZa (r) , Γ θaϕ = − sin2 θΓϕaθ = sin θGa (r) ,

Γ θϕϕ = − sin θ cos θ , Γϕθϕ = Γϕϕθ =
cos θ

sin θ
. (8)

In comparison to [1], we have additional non-vanishing components paramet-
rized by four new functions of r: Zt(r), Zr(r), Gt(r), Gr(r).

Next, requiring the metricity condition to be satisfied

∂gµν
∂xλ

− Γ µ̄µλgµ̄ν − Γ
ν̄
νλgµν̄ = 0 , (9)

one obtains the following non-vanishing components of the connection:
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Γ trt = Dt
A

B
, Γ rtt = Dt ,

Γ trr = Dr
A

B
, Γ rtr = Dr ,

Γ ttr =
B

′

2B
, Γ rrr =

A
′

2A
,

Γ tθθ =
r2

B
Ct , Γ rθθ = −

r2

A
Cr ,

Γ tϕϕ =
r2

B
sin2 θCt , Γ rϕϕ = −r

2

A
sin2 θCr ,

Γ θtθ = Ct , Γ θrθ = Cr ,

Γϕtϕ = Ct , Γϕrϕ = Cr ,

Γ θθr =
1

r
, Γϕϕr =

1

r
,

Γ tθϕ =
r2

B
sin θGt , Γ rθϕ = −r

2

A
sin θGr ,

Γ tϕθ = −r
2

B
sin θGt , Γ rϕθ =

r2

A
sin θGr ,

Γϕtθ = − Gt
sin θ

, Γϕrθ = −
Gr
sin θ

,

Γ θtϕ = Gt sin θ , Γ θrϕ = Gr sin θ ,

Γϕθt =
Zt
sin θ

, Γϕθr =
Zr
sin θ

,

Γ θϕt = − sin θZt , Γ θϕr = − sin θZr ,

Γ θϕϕ = − sin θ cos θ , Γϕθϕ = Γϕϕθ =
cos θ

sin θ
(10)

parametrized by eight functions of r: Ct(r), Cr(r), Dt(r), Dr(r), Zt(r),
Zr(r), Gt(r), Gr(r). In comparison to [1], there are additional non-vanishing
components parametrized by the four functions of r: Zt(r), Zr(r), Gt(r),
Gr(r). In fact, our solution is the most general one corresponding to the
static spherically symmetric case. The solution of [1] is less general, corre-
sponding to a particular case of ours, obtained by setting Zt(r) = Zr(r) =
Gt(r) = Gr(r) = 0. We will show in the following that the four functions
Zt(r), Zr(r), Gt(r), Gr(r) are crucial in order to obtain a completely anti-
symmetric torsion tensor.
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From now on, we will work in an orthonormal frame ea related to the
holonomic frame dxµ by

ea = eaµdx
µ , (11)

where eaµ ∈ GL(4). From (11), we get

gµν(x) = eaµ(x)e
b
ν(x)ηab . (12)

Since the metric tensor is given by (1), one deduces that

eaµ =


√
B 0 0 0

0
√
A 0 0

0 0 r 0
0 0 0 r sin θ

 . (13)

The components of the same connection with respect to the orthonormal
frame ω and with respect to the holonomic frame Γ are linked by a gauge
transformation

ωabµ = eaαΓ
α
βµ

(
e−1
)β
b
+ eaα

∂

∂xµ
(
e−1
)α
b
. (14)

The non-vanishing components of the connection ω are

ωtrt =

√
A

B
Dt , ωθϕt = −Zt ,

ωtrr =

√
A

B
Dr , ωθϕr = −Zr ,

ωtθθ =
r√
B
Ct , ωtϕθ = −

r√
B
Gt ,

ωrθθ = − r√
A
Cr , ωrϕθ =

r√
A
Gr ,

ωtθϕ =
r√
B

sin θGt , ωtϕϕ =
r√
B

sin θCt ,

ωrθϕ = − r√
A

sin θGr , ωrϕϕ = − r√
A

sin θCr ,

ωθϕϕ = − cos θ . (15)

Let us notice that in comparison to [1], there are additional non-vanishing
components expressed in terms of the four new parametrizing functions
Zt(r), Zr(r), Gt(r), Gr(r).
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3. Formulae for the curvature and torsion tensors.
Computation of the torsion tensor

Thanks to the structure equations for the curvature Rab and the tor-
sion T a

Rab = dωab + ωacω
c
b , (16)

T a = dea + ωac e
c , (17)

one can compute the curvature and torsion tensors defined respectively by

Rab = 1
2R

ab
cde

c ed (18)

and

T a = 1
2η

aa′Ta′bce
b ec . (19)

It is a straightforward calculation to obtain explicit formulae for the
curvature and torsion tensors

Rabcd =
(
∂µω

a
bν − ∂νωabµ + ωab̄µω

b̄
bν − ωab̄νω

b̄
bµ

) (
e−1
)µ
c

(
e−1
)ν
d
, (20)

T abc =
(
∂µe

a
ν − ∂νeaµ + ωakµe

k
ν − ωakνekµ

) (
e−1
)µ
b

(
e−1
)ν
c
, (21)

where (e−1)µb is the inverse of eaµ, that is

eaµ
(
e−1
)µ
b
= ηab . (22)

Thus,

(
e−1
)µ
a
=


1√
B

0 0 0

0 1√
A

0 0

0 0 1
r 0

0 0 0 1
r sin θ

 . (23)

As stressed in the introduction, we are especially interested in the case
where the torsion tensor is completely antisymmetric. We will proceed in
three steps: We must first compute the torsion tensor, then decompose it
into its irreducible completely antisymmetric Aabc, vectorial Va, and mixed
Mabc parts and finally, require the vectorial and mixed parts to vanish, i.e. re-
quire the torsion tensor to be completely antisymmetric. The non-vanishing
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components of the torsion tensor are

Tttr =

(
Dt −

1

2

B
′

A

) √
A

B
, (24)

Trtr =
Dr√
B
, (25)

Tθtθ = Tϕtϕ =
Ct√
B
, (26)

Tϕtθ = −Tθtϕ = − 1√
B

(Zt +Gt) , (27)

Tθrθ = Tϕrϕ =
1√
A

(
Cr −

1

r

)
, (28)

Tϕrθ = Tθϕr = −
1√
A

(Zr +Gr) , (29)

Ttθϕ = − 2√
B
Gt , (30)

Trθϕ = − 2√
A
Gr . (31)

In addition to the non-vanishing components of [1], we have additional non-
vanishing components expressed in terms of Zt(r), Zr(r), Gt(r), Gr(r). Let
us now decompose the torsion tensor into its irreducible completely anti-
symmetric Aabc, vectorial Va and mixed Mabc parts

Tabc = Aabc + ηabVc − ηacVb +Mabc , (32)

with

Aabc =
1

3
(Tabc + Tbca + Tcab) , (33)

Vc =
1

3
ηabTabc , (34)

Mabc = Tabc −Aabc − ηabVc + ηacVb . (35)
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For the non-vanishing components, one obtains the following expressions:

Atθϕ =
−2
3
√
B

(Zt + 2Gt) ,

Arθϕ =
−2
3
√
A

(Zr + 2Gr) ,

Vt =
1

3
√
B

(Dr + 2Ct) ,

Vr =
1

3
√
A

(
−B′

2B
− 2

r
+ 2Cr +

A

B
Dt

)
,

Mttr =
−2
3
√
A

(
B

′

2B
− 1

r
+ Cr −

A

B
Dt

)
,

Mtθϕ =
2

3
√
B

(Zt −Gt) ,

Mrtr =
2

3
√
B

(Dr − Ct) ,

Mrθϕ =
2

3
√
A

(Zr −Gr) ,

Mθtθ = −1

2
Mrtr =

1

3
√
B

(Ct −Dr) ,

Mθtϕ =
1

3
√
B

(Zt −Gt) ,

Mθrθ =
1

2
Mtrt =

1

3
√
A

(
B

′

2B
− 1

r
+ Cr −

A

B
Dt

)
,

Mθrϕ =
1

3
√
A

(Zr −Gr) ,

Mϕtθ =
−1
3
√
B

(Zt −Gt) ,

Mϕtϕ = Mθtθ = −
1

2
Mrtr =

1

3
√
B

(Ct −Dr) . (36)

4. Completely antisymmetric torsion tensor case

Finally, requiring the vectorial and mixed parts of the torsion tensor to
vanish, one obtains the constraints

Ct = 0 , Cr =
1

r
, Dt =

B′

2A
, Dr = 0 , Gt = Zt , Gr = Zr .

(37)
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The completely antisymmetric torsion tensor obtained in this way has two in-
dependent components Atθϕ and Arθϕ related respectively to the parametriz-
ing functions Zt and Zr

Atθϕ = −2 Zt√
B
, (38)

Arθϕ = −2 Zr√
A
. (39)

In the completely antisymmetric torsion tensor case, the expressions of
the components of ω simplify to

ωtrt =
B′

2
√
AB

, ωθϕt = −Zt ,

ωθϕr = −Zr , ωtϕθ = −
r√
B
Zt ,

ωrθθ = − 1√
A
, ωrϕθ =

r√
A
Zr ,

ωtθϕ =
r√
B

sin θZt , ωrθϕ = − r√
A

sin θZr ,

ωrϕϕ = −sin θ√
A
, ωθϕϕ = − cos θ . (40)

We can now compute the curvature tensor componentsRabcd using formula (20).
We have the following non-vanishing components:

Rtrtr =
1√
AB

(
B′

2
√
AB

)′
, Rθϕtr = − 1√

AB
Z ′t ,

Rtθtθ =
1

B

(
B′

2rA
− Z2

t

)
, Rtϕtθ =

−B′

2AB
Zr ,

Rrθtθ =
Zr√
A

Zt√
B
, Rrϕtθ =

1√
AB

(
B′

2B
+

1

r

)
Zt ,

Rtθtϕ =
B′

2AB
Zr , Rtϕtϕ =

1

B

(
B′

2rA
− Z2

t

)
,

Rrθtϕ = − 1√
AB

(
B′

2B
+

1

r

)
Zt , Rrϕtϕ =

Zr√
A

Zt√
B
,
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Rtθrθ = − Zr√
A

Zt√
B
, Rrϕtϕ = − 1

r
√
A

Zt√
B
,

Rrθrθ =
1

r
√
A

(
1√
A

)′
+
Z2
r

A
, Rtθrϕ = − 1

r
√
A

Zt√
B
,

Rtϕrϕ = − Zr√
A

Zt√
B
, Rrϕrϕ =

1

r
√
A

(
1√
A

)′
+
Z2
r

A
,

Rtrθϕ =
2

r
√
A

Zt√
B
, Rθϕθϕ = − 1

r2
− Z2

t

B
+

1

r2A
+
Z2
r

A
, (41)

where the ′ denotes derivative with respect to r.
The non-vanishing components of the Ricci tensor Rab , defined by

Rab = Rcacb (42)

are

Rtt =
1√
AB

(
B′

2
√
AB

)′
+

B′

rAB
− 2

B
Z2
t ,

Rrr =
1√
AB

(
B′

2
√
AB

)′
+

2√
A

(
1

r
√
A

)′
− 2

A

(
1

r2
+ Z2

r

)
,

Rθθ = Rϕϕ =
1

B

(
B′

2rA
− 2Z2

t

)
+

1√
A

(
1

r
√
A

)′
+

2

A

(
1

r2
+ Z2

r

)
− 1

r2
,

Rtr = −2 Zr√
A

Zt√
B
,

Rrt = 2
Zr√
A

Zt√
B
,

Rθϕ = −Rϕθ =
B′

2AB
Zr , (43)

and the scalar curvature R, defined by

R = Raa = Rtt +Rrr +Rθθ +Rϕϕ (44)

is given by

R =
2√
AB

(
B′

2
√
AB

)
+

4√
A

(
1

r
√
A

)′
+

2

A

(
2

rA
+

1

r2
+ 3Z2

r

)
+

2

B

(
B′

rA
− 3Z2

t

)
− 2

r2
. (45)
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The Einstein equation reads [1, 9, 10]

Gab − Ληab = 8πGτba , (46)

where Gab is the Einstein tensor, related to the Ricci tensor Rab and scalar
curvature R by

Gab = Rab −
1

2
Rηab . (47)

In the orthonormal frame, the most general energy momentum tensor reads

τab =


ρ(r) q(r) 0 0
−o(r) pr(r) 0 0

0 0 pa(r) u(r)
0 o −u(r) pa(r)

 . (48)

Let us justify that (48) is the more general form of the energy momentum
tensor. It is clear that the vanishing of a component of Gab − Ληab implies
the vanishing of the corresponding component τba of the energy momentum
tensor. Since the components tθ, θt, tϕ, ϕt, rθ, θr, rϕ, ϕr of Gab − Ληab
are vanishing, this on the one hand implies that τθt = 0, τtθ = 0, τϕt = 0,
τtϕ = 0, τθr = 0, τrθ = 0, τϕr = 0, τrϕ = 0. On the other hand, Gϕθ−Ληϕθ =
−(Gθϕ−Ληθϕ) implies that τϕθ = −τθϕ and Gθθ−Ληθθ = Gϕϕ−Ληϕϕ implies
that τθθ = τϕϕ. Finally, since Gab − Ληab is a function only of r, the same
is true for the components of the energy momentum tensor τab. Hence, we
can, without loss of generality, parametrize the energy momentum tensor as
in (48). τtt is interpreted as a density of matter ρ, and τrr and τθθ = τϕϕ
as pressures: τrr = pr as radial pressure, and τθθ = τϕϕ = pa as azimuthal
pressure. Using (43), (45) and (48), we can explicit the components of the
Einstein equation

− 2√
A

(
1

r
√
A

)′
− 1

A

(
3

r2
+ 3Z2

r

)
+
Z2
t

B
+

1

r2
− Λ = 8πGρ (r) ,

1

A

(
1

r2
+ Z2

r

)
+

1

B

(
B′

rA
− 3Z2

t

)
− 1

r2
+ Λ = 8πGpr (r) ,

1√
AB

(
B′

2
√
AB

)′
+

1√
A

(
1

r
√
A

)′
+

1

A

(
1

r2
+ Z2

r

)
+

1

B

(
B′

2rA
− Z2

t

)
+ Λ = 8πGpa (r) , (49)
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Zt√
B

Zr√
A

= 4πGo (r) ,

Zt√
B

Zr√
A

= −4πGq (r) ,

− 1√
A

(
Zr√
A

)′

− 1

B

(
B

′

2A
Zr

)
= −8πGu (r) . (50)

In the case of a completely antisymmetric torsion tensor, Cartan’s equations
[1] reduce to

Aabc = −8πGaabc , (51)

where aabc is the completely antisymmetric irreducible part of the spin tensor
sabc: aabc = 1

3 (sabc + scab + sbca) [1]. Here, since the completely antisym-
metric torsion tensor has two independent components (38), (39), we have
two Cartan equations

Zt√
B

= 4πGatθϕ ,

Zr√
A

= 4πGarθϕ . (52)

5. Schwarzschild star

Now, let us consider the case of a Schwarzschild star with the constant
matter density ρ and constant spin densities atθϕ and arθϕ. Then, it is clear
that

atθϕ = ωtρ (53)

and
arθϕ = ωrρ , (54)

where ωt and ωr are constants. In the following, ρ, ωt and ωr will be treated
as parameters. Then, Einstein’s equations simplify to

− 2√
A

(
1

r
√
A

)′

− 3

r2A
− 3 (4πGωrρ)

2 + (4πGωtρ)
2 +

1

r2
− Λ = 8πGρ ,

1

r2A
+ (4πGωrρ)

2 +
B

′

rAB
− 3 (4πGωtρ)

2 − 1

r2
+ Λ = 8πGpr (r) ,

1√
AB

(
B

′

2
√
AB

)′

+
1√
A

(
1

r
√
A

)′
+

1

r2A
+ (4πGωrρ)

2

+
B

′

2rAB
− (4πGωtρ)

2 + Λ = 8πGpa (r) , (55)
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o = −q = 4πGωrωtρ
2 ,

u (r) =
B′

4B
√
A
ωrρ , (56)

and Cartan’s equations reduce to

Zt√
B

= 4πGωtρ

and
Zr√
A

= 4πGωrρ . (57)

The tt-component of Einstein’s equation (55) may be put in the form of

−
( r
A

)′
− 3 (4πGωrρ)

2 r2 + (4πGωtρ)
2 r2 + 1− Λr2 = 8πGρr2 . (58)

Integrating the last equation, one obtains

− r
A
− (4πGωrρ)

2 r3 +
1

3
(4πGωtρ)

2 r3 + r − Λ

3
r3 − 8πGρ

r3

3
= K , (59)

where K is a constant of integration to be determined. Evaluating for r = 0
and taking into account that A (0) > 0, one gets K = 0. Then,

r

A (r)
+ (4πGωrρ)

2 r3 − 1

3
(4πGωtρ)

2 r3 − r + Λ
r3

3
+ 8πGρ

r3

3
= 0 . (60)

Finally,

A (r) =

[
1−

(
Λ+ 8πGρ+ 48π2G2ω2

rρ
2 − 16π2G2ω2

t ρ
2
) r2

3

]−1

. (61)

For r = R, we have

A−1 (R) = 1−
(
Λ+ 8πGρ+ 48π2G2ω2

rρ
2 − 16π2G2ω2

t ρ
2
) R2

3
. (62)

However,

A−1 (R) = 1− 2GMe

R
− ΛR2

3
, (63)

where Me is the external mass [1] defining the strength of the gravitational
field. Then, by comparison,

2GMe = 3
(
3ω2

r − ω2
t

) G2M2
i

R3
+ 2GMi , (64)
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where Mi is the internal mass defined by

Mi =
4

3
πρR3 . (65)

In this way, we obtain a mass formula for the external mass

Me =Mi

[
1 +

3

2

(
3ω2

r − ω2
t

) GMi

R3

]
, (66)

quadratic in ω2
r and ω2

t , which shows that the external mass is different from
the internal mass, i.e. that the weak Gauss law does not hold, except when
ω2
r

ω2
t
= 1

3 .

For ω2
r

ω2
t
> 1

3 , the external mass is greater than the internal mass and for
ω2
r

ω2
t
< 1

3 , it is the internal mass which is greater. Solution (61) is valid inside
the mass distribution that is, for r ≤ R, where R is the radius of the mass
distribution. Outside the mass distribution, i.e. for r ≥ R, the solution is the
well-known Kottler, also named Schwarzschild–de Sitter, vacuum solution

A(r) =

[
1− 2GMe

r
− Λr2

3

]−1

. (67)

Equation (64), with (62) and (63), is nothing but the continuity condition.
Thus, we have an exact analytical solution for A(r) valid for all values of r

A(r) =


[
1−

(
Λ+ 8πGρ+ 48π2G2ω2

rρ
2 − 16π2G2ω2

t ρ
2
)
r2

3

]−1
r ≤ R ,[

1− 2GMe
r − Λr2

3

]−1
r ≥ R .

(68)
Using the condition

Γ λµν(x) =
(
Λ−1

)λ
λ̄
(x)Λµ̄µ(x)Λ

ν̄
ν(x)Γ

λ̄
µ̄ν̄ (ϕ(x))−

(
ΛT
)ν̄
ν
(x)

∂

∂xµ
(
Λ−1

)λ
ν̄
(x) ,

(69)
where Λµ̄µ(x) is the Jacobian matrix

Λµ̄µ(x) =
∂ϕµ̄

∂xµ
(x) ,

which applies to continuous as well as to discreet isometries preserving the
metric, it is easy to see that Zt and Zr are, respectively, odd and even under
time reversal. This allows us to treat the two cases separately Zt 6= 0, Zr = 0
(ωt 6= 0, ωr = 0) and Zt = 0, Zr 6= 0 (ωt = 0, ωr 6= 0). We would like to have
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Me > Mi, in view of the resolution of some dark matter problems. From
now on, let us take ωt = 0 so the mass formula (66) reduces to

Me =Mi

[
1 +

9

2
ω2
r

GMi

R3

]
, (70)

and since Zt = 0, (56) reduces to

o(r) = 0 , q(r) = 0 ,

u(r) =
B′

4B
√
A
ωrρ (71)

and the expression of A(r) (68) reduces to

A(r) =


[
1−

(
Λ+ 8πGρ+ 48π2G2ω2

rρ
2
)
r2

3

]−1
r ≤ R ,[

1− 2GMe
r − Λr2

3

]−1
r ≥ R .

(72)

To simplify further, we take pr = pa = p that is, we consider only one
pressure. The rr and θθ components of the Einstein equation (55) reduce to

1

r2A
+ (4πGωrρ)

2 +
B

′

rAB
− 1

r2
+ Λ = 8πGp (r) ,

1√
AB

(
B

′

2
√
AB

)′

+
1√
A

(
1

r
√
A

)′
+

1

r2A
+ (4πGωrρ)

2

+
B′

2rAB
+ Λ = 8πGp (r) . (73)

Since the expression of A(r) is already known, (73) may be considered as
a coupled nonlinear system of two equations with two unknowns B(r) and
p(r). The solution of (73) satisfying the continuity conditions

B(R) = 1− 2GMe

R
− ΛR2

3
, p(R) = 0 (74)

is [11] √
B(r) = β̃

√
1− γ̃r2 + α̃

√
1− γ̃R2

= (1− α̃)
√
1− γ̃r2 + α̃

√
1− γ̃R2 , (75)

p(r) =
(
ρ+ 4πGω2

rρ
2
)( √1− γ̃r2√

1− γ̃R2
− 1

)
, (76)
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where we have introduced notations similar to those of [8]

γ̃ =
1

3

(
Λ+ 8πGρ+ 48π2G2ω2

rρ
2
)
, (77)

α̃ =
12πG

(
ρ+ 4πGω2

rρ
2
)

3γ̃
, (78)

β̃ =
Λ− 4πGρ

3γ̃
= 1− α̃ . (79)

The knowledge of A(r) (72), and of B(r) (75) allows us to determine the
expression of u(r)

u(r) = −1

2

(1− α̃) γ̃ωrρr
(1− α̃)

√
1− γ̃r2 + α̃

√
1− γ̃R2

. (80)

Let us notice that the expressions of B(r) (75), p(r) (76), and u(r) (80)
hold inside the mass ditribution, i.e. for r ≤ R. For r ≥ R, the solution is
well-known

B(r) = A(r)−1 = 1− 2GMe

r
− Λr2

3
, p(r) = 0 , u(r) = 0 . (81)

It is worthwhile to stress that the determination of A(r) and B(r), which
is equivalent to the determination of the metric tensor, is essential. For
instance, A(r) and B(r) are both involved in the geodesic equations

ẗ+
B′(r)

B(r)
ṫṙ = 0 , (82)

r̈ +
B′(r)

2A(r)
ṫ2 +

A′(r)

2A(r)
ṙ2 − r

A(r)
ϕ̇2 = 0 , (83)

ϕ̈+
2

r
ṙϕ̇ = 0 , (84)

where the dot denotes derivation with respect to an affine parameter p and
the ′ derivation with respect to r. Thus, to study geodesics, it is essential
to have explicit expressions for A(r) and B(r).

6. Discussion

Let us now discuss our results and compare them to those of reference [1].
First, it is worthwhile to notice that in comparison to reference [1], we have,
to parametrize the non-vanishing components of the connection, four addi-
tional functions of r: Gt, Gr, Zt, Zr. In reference [1], due to the lack of these
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functions, the torsion tensor does not possess an irreducible, completely an-
tisymmetric part and thus, it was not possible to construct completely an-
tisymmetric torsion tensors. In the present paper, in the general case, the
torsion tensor has an irreducible, completely antisymmetric part and it was
possible to construct completely antisymmetric torsion tensors, by requiring
the irreducible vector and mixed parts to vanish. This results in torsion ten-
sors parametrized by two functions Zt and Zr. These functions transform
differently under time reversal. Thus, we can treat the time reversal even
case corresponding to Zt = 0 and the time reversal odd case corresponding
to Zr = 0 separately. In both cases, the weak Gauss law is broken, that is,
the external Me and the internal mass Mi differ. In the time reversal even
case, the external mass Me is greater than the internal mass Mi, while in
the time reversal odd case, the external massMe is smaller than the internal
massMi. In the light of these findings, the torsion, in the time reversal even
case, may be an alternative to the dark matter by choosing suitable values
of the parameter ωr. One can interpret the internal massMi as the ordinary
matter mass, that is, the real mass enclosed inside the sphere of radius R.
However, the observer outside the sphere of mass felt a different mass, the
external mass Me greater than the internal mass Mi. All happens as if the
external observer feels a supplementary mass Me−Mi, which is interpreted
as dark matter mass. Using the mass formula (70), one gets

Me

Mi
= 1 +

9

2
ω2
r

GMi

R3
. (85)

From (85), one can notice that the ratio Me/Mi is independent of the cos-
mological constant Λ and is a sum of two terms: 1 and a positive quadratic
term in ωr. This contrasts with the result of [1], where the ratio Me/Mi is a
sum of three terms: 1, a linear term in ω and a positive quadratic term in ω

Me

Mi
= 1 +

6ω

R3

R∫
0

r̃dr̃√
A (r̃)

+
3ω2GMi

2R3
, (86)

from formula (58) of reference [1]. Furthermore, in this case, the ratioMe/Mi

presents a dependence, although weak, on the cosmological constant Λ com-
ing from the linear term in ω. For illustration purposes, let us determine,
as in reference [1], the values of ωr for the sun and for a cluster of galaxies
for a ratio Me/Mi = 5 corresponding roughly to the ratio of the ordinary
matter mass to the total matter mass. From (85), one obtains

ωr =

(
8R3

9GM

) 1
2

. (87)
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In the case of our sun, whose mass and radius are receptively: Mi =M� =
1.9884 × 1030 kg and R = 7 × 108 m, we have ωr = 1.52 × 103 s. For a
cluster of galaxies, such that Mi = 1015M� and R = 3 × 1023, one obtains
ωr = 4.26 × 1017 s. For the particular example studied by the authors of
reference [1], ω = 3.1 s for the sun and ω = 1.33 × 1015 s for the cluster of
galaxies. On the other hand, the authors of reference [9] have shown that
the Hubble diagram of super novae can be fitted with the Einstein–Cartan
theory with ω = 1017 and no dark matter. Although the value of ωr obtained
in this paper is closer to the value of ω obtained in reference [9] than that
obtained in reference [1], the three values are not very far from each other.
However, they are very far from the naive microscopic value

ω =
~/2

mprotonc2
∼ 10−25 s . (88)

7. Conclusion

We consider Einstein–Cartan’s theory in the static spherical case with a
completely antisymmetric torsion tensor. In the case of Schwarzschild star
with constant mass density ρ and constant spin densities atθϕ and arθϕ,
i.e. atθϕ = ωtρ and arθϕ = ωrρ, with ρ, ωt, ωr constants, we integrate the
tt-component of the Einstein equation obtaining forA(r) an expression show-
ing that the weak Gauss law is broken. In the case of ωt = 0, ωr 6= 0, the
torsion may be an alternative to dark matter. In this case, if we assume only
one pressure p, i.e. pr = pa = p, we can completely solve the problem, that
is, we can determine B(r) and the components of the energy momentum
tensor q(r), o(r), p(r) and u(r). In the ωr = 0 limit, i.e. in the absence of
torsion, we recover the interior Kottler solution [6–8].
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