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In this contribution, we present an overview of the “three-dimensional”
(3D) approach that can be used to describe few-nucleon systems. Instead
of relying on the partial wave decomposition of quantum mechanical opera-
tors related to a specific problem, the 3D approach works directly with the
(three-dimensional) momentum degrees of freedom of the nucleons. Using
this approach is, in principle, equivalent to using all partial wave at once
and does not require a numerical implementation of heavily oscillating func-
tions. In practice, these beneficial properties are limited by the available
computing resources. Nonetheless, some recent results suggest that 3D
calculations can be used in situations where traditional calculations are
problematic. We briefly describe nucleon–nucleon scattering, and three-
nucleon (3N) bound state calculations within the 3D approach. We also
provide some preliminary results for the 3He bound state with a screened
Coulomb interaction.
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1. Introduction

In order to demonstrate the underlying idea of 3D calculations, we will
discuss a simple example: a system of two nucleons in the center-of-mass
frame. If the individual momenta of the two particles are k1, k2, then it is
sufficient to consider relative momentum p = 1

2 (k1 − k2) eigenstates | p〉 of
the two-nucleon (2N) system. Apart from momentum, the nucleons possess
spin and isospin: they are spin-12 and isospin-12 particles.

In traditional partial wave (PW) calculations, momentum eigenstates
| p〉 are projected onto states with a given orbital angular momentum l,
orbital angular momentum projectionml and relative momentum magnitude
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p: | plml〉. The overlap between | p〉 and | plml〉 is given by〈
p′ | plml

〉
=
δ (p− |p′|)

p2
Yl ml

(
p̂′) , (1)

where Yl ml
(p̂′) is the spherical harmonic. The spin states of the two nucleons

can be coupled to a state | sms〉 of the total spin s with projection ms.
Analogously, the isospin states of the two particles can be coupled to a total
isospin t state | tmt〉, where mt is a projection of the total isospin that is
related to the charge. Finally, the states | plml〉, | sms〉, | tmt〉 can be used
to construct PW basis states

| p(ls)jm tmt〉 =
∑
ml ms

C(lsj,mlmsm) | plml〉 | sms〉 | tmt〉 , (2)

where j is the total angular momentum, m is its projection, C(lsj,mlmsm)
is the Clebsh–Gordan coefficient and the sum runs over all physical values of
ml andms. In traditional calculations, all relevant operators are represented
in a finite sized PW basis. This is done by computing all the matrix elements
of an operator between states (2) that satisfy j < jmax, where jmax is some
given truncation value for the total angular momentum.

The PW calculations are the mainstream method of performing calcula-
tions in the few-nucleon sector. Assuming a reasonable value for jmax, the
PW calculations can be performed using a moderate amount of computing
resources. There are, however, certain disadvantages of using this approach.
One is related to the necessity of numerically implementing the heavily os-
cillating functions in the definition of the spherical harmonics Ylml

(p̂). This
can be problematic if the calculations are performed at higher energies or
with potentials that have longer ranges like the screened Coulomb potential
since many partial wave states have to be included in order for the calcu-
lations to converge. Another problem lies in the application of new models
of nuclear interactions since each new term in the potential operator creates
the necessity to calculate its matrix elements in the PW basis (2). This can
be especially tedious for the chiral 3N force above N2LO (see e.g. [1, 2]).
In addition, for systems of three or more particles, there are different ways
of coupling the momentum and spin states. This can be confusing since it
is not obvious which coupling scheme to use. The 3D approach solves some
of these issues by working directly with the (three-dimensional) momentum
degrees of freedom of the nucleons. We will demonstrate this approach using
the 2N transition operator.

The 2N transition operator ť can be used to calculate observables in
the nucleon–nucleon scattering process (see e.g. [3, 4] for more details). It
satisfies the Lippmann–Schwinger equation

ť = V̌ + V̌ Ǧ0(E)ť , (3)
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where V̌ is the 2N potential and Ǧ0(E) is the free propagator for the en-
ergy E. Using the 3D approach, the transition operator is calculated directly
in the momentum eigenstate basis

〈p′ | ť | p〉 (4)

and it is not necessary to calculate its matrix elements in the basis from (2)

〈p′
(
l′s′
)
j′m′t′m′

t | ť | p(ls)jmtmt〉 . (5)

Using (4) rather than (5) has several ramifications. Matrix elements of ť in
(5) are complex numbers and matrix elements in (4) are operators in the
isospin–spin space of the 2N system. This means that they are represented
by 16×16 matrices, since each of the two nucleons can be in two spin states
and in two isospin states. It turns out that the isospin parts can be separated
out in (3) and it is sufficient to consider only the spin space of the 2N system.
This still leaves 4×4 matrices and each element of the matrix is, in general, a
function of the three spatial components of p′ and three spatial components
of p. This would mean that calculating the 2N transition operator within
the 3D approach amounts to calculating 4 × 4 = 16 functions of 3 + 3 = 6
arguments in such a way that they satisfy equation (3) for each isospin case.
Even using modern computing resources, this is a challenging numerical
task. In order to make the 3D approach more feasible, operator forms of
both states and operators are employed in the calculations.

2. Operator form of the 2N transition operator

The momentum and isospin space matrix element of the 2N transition
operator can be written as (see e.g. [3])

〈p′ | 〈t′m′
t | ť | p〉 | tmt〉 = δt′tδm′tmt

6∑
i=1

ttmt
i

(
p′, p, p̂′ · p̂

)
w̌i

(
p′,p

)
, (6)

where | t′m′
t〉 and | tmt〉 are the final and initial isospin states, w̌i(p

′,p) are
given (momentum-dependent) spin space operators, listed e.g. in [4], and
ttmt
i (p′, p, p̂′ · p̂) are scalar functions of the initial and final momenta (they
depend only on the magnitudes of the momenta and the angle between
them). These scalar functions effectively define the transition operator and
are the central object of the 3D calculations.

The operator form (6) is inserted into the Lippmann–Schwinger equa-
tion (3) together with the corresponding operator form of the 2N potential.
Next, the spin dependencies are removed as described in [4], and (3) is
transformed into a set of coupled linear equations for the scalar functions
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ttmt
i (p′, p, p̂′ · p̂) that define the transition operator. At this point, instead
of having to calculate 16 functions of 6 arguments for each isospin case, it is
only necessary is to work out (for each isospin case) the 6 scalar functions of
only 3 real arguments. This makes 3D calculations of the transition operator
feasible. Results of these computations can be found in [4, 5]. A direct link
between the scalar functions and observables is given in [3].

A similar method of employing operator forms in order to reduce the
numerical cost of the 3D calculations was used for other nuclear systems
beyond two nucleons. Recent work was focused on calculating the 3He bound
state with a screened Coulomb interaction and in the next section, we show
the operator form of the 3N bound state together with some preliminary
results related to an upcoming paper [6].

3. Operator form of the 3N bound state and preliminary
results for 3He

3N bound state calculations are carried out within the Faddeev formal-
ism

| ψ〉 = Ǧ0(E)V̌
(
1 + P̌

)
| ψ〉+ Ǧ0(E)V̌ (1)

(
1 + P̌

)
| ψ〉 . (7)

In (7), Ǧ0(E) is the 3N free propagator for energy E, | ψ〉 is a Faddeev
component of the bound state | Ψ〉 and V̌ , V̌ (1) are the 2N potential of the
(2, 3) subsystem and the part of the 3N potential that is symmetric with re-
spect to the exchange of particles 2, 3 respectively. Finally, the permutation
operator P̌ = P̌12P̌23 + P̌13P̌23 is built from P̌ij operators that interchange
particles i and j. The full bound state of the 3N system | Ψ〉 can be ob-
tained by applying 1 + P̌ to the Faddeev component | ψ〉. Note that we use
a version of the Faddeev equation without the 2N transition operator. This
saves us from having to perform the difficult, additional step of calculating
this operator.

Using the operator form of the 3N state from [7], (7) can be transformed
into a set of coupled linear equations for scalar functions that define the
Faddeev component. Details on this procedure can be found in [8]. The
relation between the scalar functions and Faddeev component is given by [7]

〈
pq;

(
t12
)
TMT | ψ

〉
=

8∑
i=1

φ
(i)
tT (p, q, p̂ · q̂) Ǒi (p, q) , (8)

where Ǒi(p, q) are spin operators listed in [8], p and q are Jacobi momenta
of the 3N system, t is the total isospin of the 2N subsystem, T is the total
isospin, and MT is the projection of the total isospin that is directly related
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to the charge. Finally, φ(i)tT (p, q, p̂ · q̂) are scalar functions that define the
Faddeev component of the bound state that are the central object of the 3D
calculations.

The newest work [6] extends the 3N bound state calculations to 3He
with a screened Coulomb interaction from [9]. In Fig. 1, we show preliminary
results for selected scalar functions that define the Faddeev component. The
disappearance of the T = 3

2 component can be observed when going from 3He
to 3H. Small differences in the scalar functions lead to substantial differences
in the expectation values of different observables, more details will be given
in [6].
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Fig. 1. Comparison of the dominant scalar function φ(1)(|p|, |q|, p̂ · q̂) from (8)
calculated for 3H (×; +; − correspond to t = 0, T = 1

2 ; t = 1, T = 1
2 ; t = 1, T = 3

2 )
and 3He (circles; squares; triangles correspond to t = 0, T = 1

2 ; t = 1, T = 1
2 ;

t = 1, T = 3
2 ).

3He calculations use the screened Coulomb interaction form [9] with
the screening radius 10 fm.

4. Summary and outlook

Results obtained for the 3He bound state suggest that the “three-dimen-
sional” approach can be successfully applied to problems that utilize not
only short-range nuclear potentials but also longer-range screened Coulomb
interactions. A detailed description of these calculations together with the
results for the expectation values of selected operators and matrix elements
of nuclear currents related to the beta decay of the triton will be published
in a separate paper.
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376 K. Topolnicki et al.

REFERENCES

[1] H. Krebs, A. Gasparyan, E. Epelbaum, Phys. Rev. C 87, 054007 (2013).
[2] K. Topolnicki, Eur. Phys. J. A 53, 181 (2017).
[3] W. Glöckle, The Quantum Mechanical Few-Body Problem, Springer-Verlag,

Berlin, Heidelberg 1983.
[4] J. Golak et al., Phys. Rev. C 81, 034006 (2010).
[5] J. Golak et al., Few-Body Syst. 53, 237 (2012).
[6] K. Topolnicki, in preparation.
[7] I. Fachruddin, W. Glöckle, Ch. Elster, A. Nogga, Phys. Rev. C 69, 064002

(2004).
[8] J. Golak et al., Few-Body Syst. 54, 2427 (2013).
[9] M. Rodríguez-Gallardo et al., Phys. Rev. C 78, 034602 (2008).

http://dx.doi.org/10.1103/PhysRevC.87.054007
http://dx.doi.org/10.1140/epja/i2017-12376-4
http://dx.doi.org/10.1103/PhysRevC.81.034006
http://dx.doi.org/10.1007/s00601-012-0480-5
http://dx.doi.org/10.1103/PhysRevC.69.064002
http://dx.doi.org/10.1103/PhysRevC.69.064002
http://dx.doi.org/10.1007/s00601-012-0472-5
http://dx.doi.org/10.1103/PhysRevC.78.034602

	1 Introduction
	2 Operator form of the 2N transition operator
	3 Operator form of the 3N bound state and preliminaryresults for 3He
	4 Summary and outlook

