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1. Introduction

Over the last decade, ab initio approaches to nuclear structure and re-
actions succeeded in achieving first-principles descriptions of light p-shell
nuclei [1–3]. Extending reach of first-principles nuclear structure studies
towards heavier open-shell nuclei places serious demands on computational
resources and represents a great challenge even for the emerging exascale
computing facilities. This points to the need of further major advances
in many-body methods to access a wider range of nuclei and experimental
observables, while retaining the ab initio predictive power. These consid-
erations motivate us to develop and investigate the importance-truncation
method for the SU(3) scheme basis that underpins the symmetry-adapted
no-core shell model (SA-NCSM) approach [6]. The significance of the SU(3)
group for a microscopic description of low-energy nuclear dynamics can be
seen from the fact that it is the symmetry group of the successful Elliott
model [7], and a subgroup of the physically relevant Sp(3,R) symplectic
model [8], which provides a comprehensive theoretical foundation for un-
derstanding the symmetries of nuclear collective motion. The organization
of basis according to symmetries enables to restrict model space to a small
subspace spanned by physically relevant sets of equivalent irreducible repre-
sentations (irreps). The aim of this paper is to study the effectivness of the
importance-truncation (IT) algorithm for selecting dominant SU(3) scheme
configurations and study properties of this combined method.

2. Ab initio SA-NCSM and SU(3) scheme basis

The SA-NCSM is a many-body configuration-interaction method that
solves the Schrödinger equation by finding eigensolution of the nuclear Hamil-
tonian matrix expressed in the SU(3) scheme basis of a physically relevant
model space. The model space is given by a fixed parity and limited by
cutoff Nmax. The Nmax cutoff is defined as the maximum number of har-
monic oscillator (HO) excitation quanta that an allowed SU(3) basis state
can carry. The SU(3) scheme basis states are decomposed into spatial and
intrinsic spin parts, where the spatial part is further classified according
to the SU(3)⊃SO(3) group chain. The SA-NCSM basis states are labeled
schematically as

|~γ;N(λµ)κL; (SpSn)S; JM〉 , (1)

where Sp, Sn, and S denote proton, neutron, and total intrinsic spins, respec-
tively, N is the total number of HO excitation quanta, and (λµ) represent
a set of quantum numbers that labels an SU(3) irrep. The SU(3) irrep la-
bels (λµ) bring forward important information about nuclear shapes and
deformation [9]. The label κ distinguishes multiple occurrences of the same
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orbital momentum L in the parent irrep (λµ). The L is coupled with S
to the total angular momentum J and its projection M . The symbol ~γ
schematically denotes the additional quantum numbers needed to specify a
distribution of nucleons over the major HO shells and their single-shell and
inter-shell quantum numbers.

3. Selection of relevant states

The importance-truncation (IT) algorithm [11] has emerged as a success-
ful method capable of selecting a relevant basis states that are essential for
a close reproduction of a target wave function in a large model space. Let
us suppose that H is spanned by many-body states |i〉 with cuttof Nmax for
which diagonalization of the Hamiltonian is impracticable but one can carry
out diagonalization in a subspaceH′ ⊂ H, with a cutoffN ′max, N ′max < Nmax.
Eigenvectors of this “unperturbed” Hamiltonian Ĥ0 define a set of reference
states |Ψνref〉 which satisfy

Ĥ0 |Ψνref〉 = Eνref |Ψνref〉 . (2)

The rest of the model space can be taken into account as a perturbation
Ŵ = Ĥ − Ĥ0 by using the Rayleigh–Schrödinger perturbation theory. The
set of reference states (2) represents zeroth-order approximation of the target
wave functions. The first-order correction is given by

|Ψν1 〉 = −
∑
i/∈H′

〈i|Ŵ |Ψνref〉
Ei − Eνref

|i〉 = −
∑
i/∈H′

κνi |i〉 , κνi ≡ −
〈i|Ĥ |Ψνref〉
Ei − Eνref

, (3)

where we defined an importance-measure parameter κνi of the basis state |i〉.
The value |κνi | is correlated with the probability amplitude of the basis state
|i〉 in the eigenvector obtained in the full model space H.

A numerical threshold κmin ≥ 0 defines a limit for the acceptance of a
basis state |i〉 /∈ H′. The state is accepted if |κνi | ≥ κmin for at least one
reference state |Ψνref〉. The model space H′ can be augmented by a set of
accepted basis states for a given threshold κmin, and one can diagonalize
Hamiltonian in this enlarged model space. Resulting eigenvectors can, in
turn, establish a new set of reference states (2), and the procedure can be
repeated with a smaller value of κmin. In the limit κmin → 0, one obtains
eigenvalues and eigenvectors of Hamiltonian in the complete model space H.

4. Numerical example: 12C

We augmented the SA-NCSM framework as implemented by the state-
of-art code LSU3shell [12] by the IT algorithm. Here, we investigate perfor-
mance of IT procedure for low-lying 0+1 , 2

+
1 , 4

+
1 states of 12C using realistic
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chiral NNLOopt nucleon–nucleon interaction [5] in the configuration space
up to Nmax = 6. Such a model space is not capable of providing results
independent of the basis parameter ~ω. However, the purpose of the present
study is to demonstrate the effectiveness of the IT procedure rather than a
presentation of fully converged NCSM results.

The initial set of reference states was generated by diagonalizing Hamil-
tonian in the complete N ′max = 2 space. A starting value of the threshold
was set to κmin = 0.005, and linearly decreased at each step of the calcula-
tion. In the limit κmin → 0, we exhausted complete Nmax = 6 model space.
A condition |κνi | ≥ κmin leads to a selection of NIT states (for a given κmin).
We denote the fraction of accepted states η = NIT/Ntot, where Ntot denotes
the number of J = 0 basis states spanning the complete Nmax = 6 model
space. This value is generally larger if more than one reference state is used
in the IT procedure. In the current study, we utilized three lowest reference
states with the corresponding J as our aim was to investigate convergence
of several lowest levels.

First, we examined how convergence is influenced by the basis parame-
ter ~ω for different values of κmin. This is demonstrated in Fig. 1 for the
ground-state energy. For example, the ground-state binding energy obtained
in a model space truncated with κmin ≈ 1.2 × 10−3 importance threshold
represents 91–96% of the binding energy obtained in the complete space. At
the same time, selected basis states span just ≈ 2.2–2.9% of the complete
Nmax = 6 basis, in particular, corresponding dimensions are ≈ 3 × 104 and
1.2× 106, respectively.
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Fig. 1. The ground-state energy of 12C as a function of HO strength ~ω in the
interval 10–30 MeV and different threshold κmin parameters (left). The convergence
of the ground-state energy with respect to the fraction of accepted states η shown
for different ~ω (rigth).
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We also studied the efficacy of the IT-based selection procedure for the
description of the 2+1 and 4+1 states of the ground-state rotational band. To
be consistent, we used the same numerical thresholds κmin to determine 0+gs,
2+1 and 4+1 states. The evolution of energies is shown in Fig. 2. The spectrum
obtained for κmin ≈ 3 × 10−4 is reasonably close to the “exact” one, while
the dimensions are reduced typically to ≈ 9% of the complete model space.
The convergence pattern is similar for all studied values of the total angular
momenta J .
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Fig. 2. Dependence of absolute (left) and excitation (right) energies for a sequence
of 0+1 , 2

+
1 , 4

+
1 ground-state band on numerical threshold κmin calculated for ~ω =

20 MeV (filled symbols) and ~ω = 25 MeV (open symbols).

An overlap between truncated and full eigenfunction and transition ma-
trix elements are essential quantities indicating a quality of the wavefunc-
tions obtained in spaces selected by the IT procedure. In particular, we
utilize wavefunctions obtained for a given threshold κmin to study the ef-
ficacy of the IT selected model space for the description of the reduced
electromagnetic B(E2) transition strengths.

Figure 3 shows the dependence of B(E2, Ji → Jf ) on the fraction of
accepted basis states with the total angular momenta Ji for two values of ~ω.
Apparently, convergence is very fast for transitions from the ground as well as
excited state. A closer look unveils that major contribution to the transition
strength originates from a small fraction of basis states.

5. Conclusion

We have applied the importance-truncation procedure in the framework
of multi-shell SU(3) scheme basis of the ab initio SA-NCSM. In particular,
we studied the efficacy of the IT based selection procedure for the descrip-
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Fig. 3. Reduced transition probability for E2 transitions 0+1 → 2+1 (filled symbols)
and 2+1 → 4+1 (open symbols) calculated for ~ω = 20MeV (black) and ~ω = 25MeV
(gray/red). Each point represent a calculation for a specific value κmin resulting to
a fraction of selected states η in the model space of initial state.

tion of the ground state and its rotational band in 12C. The calculations of
energies and E2 transitions demonstrate that the IT procedure provides a
recipe for the selection of relevant basis states which leads to a significant
reduction of matrix dimensions used in SA-NCSM. The symmetry-guided
selection with quantitative criteria rooted in many-body perturbation the-
ory can be used for even more dramatic reduction of model spaces, which
is an important step towards advancing applicability of ab initio SA-NCSM
studies towards medium-heavy nuclei.

This work was supported by the Czech Science Foundation under grant
No. 16-16772S. This work is also part of the “PRAC Collaborative Research:
Advancing first-principles symmetry-guided nuclear modeling for studies of
nucleosynthesis and fundamental symmetries in nature” PRAC allocation
support by NSF (award number OAC-1713690), and is part of the Blue
Waters sustained-petascale computing project, which is supported by NSF
(awards OCI-0725070 and ACI-1238993) and the state of Illinois. Blue Wa-
ters is a joint effort of the University of Illinois at Urbana-Champaign and
its National Center for Supercomputing Applications.



Importance Basis Truncation in the Symmetry-adapted No-core Shell Model 547

REFERENCES

[1] P. Navrátil, J.P. Vary, B.R. Barrett, Phys. Rev. Lett. 84, 5728 (2000).
[2] S. Quaglioni, P. Navrátil, Phys. Rev. Lett. 101, 092501 (2008).
[3] G. Hagen, T. Papenbrock, M. Hjorth-Jensen, Phys. Rev. Lett. 104, 182501

(2010).
[4] D.R. Entem, R. Machleidt, Phys. Rev. C 68, 041001(R) (2003).
[5] A. Ekstrom et al., Phys. Rev. Lett. 110, 192502 (2013).
[6] T. Dytrych et al., Phys. Rev. Lett. 111, 252501 (2013).
[7] J.P. Elliott, Proc. Roy. Soc. A 245, 128 (1958); 245, 562 (1958).
[8] G. Rosensteel, D.J. Rowe, Phys. Rev. Lett. 38, 10 (1977).
[9] O. Castaños, J.P. Draayer, Y. Leschber, Z. Phys. 329, 33 (1988).
[10] J.P. Draayer, Y. Leschber, S.C. Park, R. Lopez, Comput. Phys. Commun.

56, 279 (1989).
[11] R. Roth, P. Navrátil, Phys. Rev. Lett. 99, 092501 (2007).
[12] T. Dytrych et al., Comput. Phys. Commun. 207, 202 (2016).

http://dx.doi.org/10.1103/PhysRevLett.84.5728
http://dx.doi.org/10.1103/PhysRevLett.101.092501
http://dx.doi.org/10.1103/PhysRevLett.104.182501
http://dx.doi.org/10.1103/PhysRevLett.104.182501
http://dx.doi.org/10.1103/PhysRevC.68.041001
http://dx.doi.org/10.1103/PhysRevLett.110.192502
http://dx.doi.org/10.1103/PhysRevLett.111.252501
http://dx.doi.org/10.1098/rspa.1958.0072
http://dx.doi.org/10.1098/rspa.1958.0101
http://dx.doi.org/10.1103/PhysRevLett.38.10
http://dx.doi.org/10.1016/0010-4655(89)90024-6
http://dx.doi.org/10.1016/0010-4655(89)90024-6
http://dx.doi.org/10.1103/PhysRevLett.99.092501
http://dx.doi.org/10.1016/j.cpc.2016.06.006

	1 Introduction
	2 Ab initio SA-NCSM and SU(3) scheme basis
	3 Selection of relevant states
	4 Numerical example: 12C
	5 Conclusion

