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Based on both the time-dependent Hartree–Fock (TDHF) and the time-
dependent density matrix (TDDM) methods, we adopt a macroscopic re-
duction procedure to investigate the dissipation dynamics of nuclear fusion
reactions. The TDDM method is an extension of TDHF, in the sense that
it goes beyond the mean-field concept and takes into account two-body
correlations explicitly. To investigate the effect of correlations on dissipa-
tion, the collective trajectories as well as the friction coefficients for the
reaction 16O +16 O→32S are extracted. Our results suggest that two-body
correlations play a relevant role in the fusion process.
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1. Introduction

As a non-equilibrium process involving many-body dynamics, the mi-
croscopic mechanism at the heart of dissipation in nuclear fusion reactions
has been a baffling subject for decades. At a theoretical level, this mech-
anism can be understood by implementing numerical simulations with a
microscopic theoretical basis. Based on the mean-field concept, the time-
dependent Hartree–Fock (TDHF) model is recognised as a generic theoretical
framework to simulate low-energy nuclear dynamics. TDHF has been ex-
tensively applied to study nuclear reactions [1], and there have been several
significant developments in real time dynamical simulations in the recent
past [2–5]. TDHF, however, has limitations. On the one hand, genuine two-
body correlations are neglected at the microscopic level. On the other hand,
despite the quantum mechanical property embodied at single-particle level,
TDHF has a semi-classical nature at the collective level.
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In theory, the exact solution of the many-body dynamics is given by equa-
tions that go beyond the mean-field approach. When projected into density
matrices, those equations can be expressed in terms of the Bogoliubov–
Born–Green–Kirkwood–Yvon (BBGKY) hierarchy [6]. TDHF arises as the
lowest order truncation in the BBGKY hierarchy, which assumes that two-
and higher-body correlations are negligible. To go beyond TDHF and ac-
count for dynamical effects on the two-body density matrix, the following
order in the scheme needs to be implemented [7–10]. This so-called Time-
Dependent Density Matrix (TDDM) approach extends the TDHF method
by including genuine two-body correlations that can modify the structure of
the one-particle density matrix.

The numerical cost associated with the solution of the corresponding
coupled equations is however very high. A technique that can significantly
reduce the numerical cost is to simulate the dynamics in a moving basis
that is the solution of a TDHF-like equation [7, 9]. Further, if one only
considers the beyond mean-field interaction between time-reversed pairs,
a more applicable version of TDDM arises. This is the so-called TDDMP

scheme [11] which has been successfully applied to study the effect of nuclear
correlations on the breakup mechanism [11]. In this work, we carry out
numerical simulations using both TDHF and TDDMP.

The paper is organized as follows. In Sec. 2, we introduce the theoretical
framework and numerical simulations. These are applied to study dissipative
processes in the fusion reaction 16O +16 O↔32S in Sec. 3. A summary and
concluding remarks are given in Sec. 4.

2. Theoretical framework

The BBGKY hierarchy that governs the exact solution of many-body
density matrices reads
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where ρ(n) represents the n-body density matrix and, therefore, depends on
2×n spatial, spin and isospin variables. v is the two-body interaction and ti
is the kinetic energy operator of the ith particle. The traces tr(n) are taken
over the degrees of freedom of particle n.
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For the A-body problem, the hierarchy would consist of A − 1 coupled
differential equations. The TDDM method aims to solve the time evolution
of both ρ(1) and ρ(2), assuming three-body and higher-order correlations are
negligible. For convenience, we use the two-body correlation matrix C(2),
which is customarily defined as the correlated part of the two-body density
matrix, C(2) = ρ(2)− Â(ρ(1)ρ(1)), where Â stands for an antisymmetrization
operator. As mentioned in the last section, to make the problem numerically
feasible, ρ(1) and C(2) are expanded in a moving basis set with a finite number
of single-particle states. These evolve in time obeying a TDHF-like equation
of motion

i~ψ̇i(r, t) = ĥ
(
t, ρ(1)

)
ψi(r, t) , i = 1 . . . Nmax . (1)

We note that the mean-field Hamiltonian, ĥ
(
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)
, depends on the corre-

lated rather than the mean-field, one-body density matrix.
In the TDDMP method, the equations that determine the dynamics of
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Here, the Greek indexes α, β, . . . represent a pair of time reversed states —
e.g. α and its time conjugate partner, ᾱ. Vαβ is the antisymmetric interaction
matrix element, Vαβ = 〈αᾱ|v|ββ̄〉A, and C(2)

αβ is the corresponding correlation

tensor matrix element, C(2)
αβ = 〈αᾱ|C(2)|ββ̄〉.

In practical calculations, a finite basis evolving with Eq. (1) spoils the
energy conservation of the TDDM model [7]. Since energy conservation is
of paramount importance in the discussion of dissipative dynamics, we have
devised a technique to enforce energy conservation by optimizing the moving
basis [12]. This is implemented in the results discussed hereafter.

3. Numerical results

3.1. Correlated ground state

We take advantage of the adiabatic switching technique [13] to obtain
the correlated ground state from the Hartree–Fock (HF) static state. We
switch on adiabatically the residual interaction, which takes the form of
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]
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This residual interaction is the standard choice in the literature [10], but dif-
fers from the mean-field interaction which in this work is the Skyrme III [14]
parametrization of the Skyrme interaction. We use a model space of Nmax =
30 orbits for 16O. Figure 1 shows the evolution of the occupation numbers
of the neutron single-particle orbits as the residual interaction is switched
with τ = 300 fm/c. All the curves display a quite satisfactory convergence.
As we turn on correlations adiabatically, a stable correlated ground state
is obtained. The deeply bound 1s1/2 and 1p3/2 neutron and proton states
keep more than 95% of the single-particle occupation. Correlations have the
largest effect near the Fermi surface, where they deplete the 1p1/2 states by
about 10% and allow for a 6–7% population of the 1d3/2 states.
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Fig. 1. Occupation numbers for the neutron orbits in 16O as we adiabatically
switch on the residual interaction from HF state. Panel (a) hole states, that are
fully occupied in the initial HF state. Panel (b) the corresponding particle states.
States and their degeneracies are labeled.

3.2. Dissipation process on macroscopic level

We consider a head-on symmetric collision, 16O +16 O →32S, using the
adiabatically evolved correlated states as projectile and target. The collec-
tive coordinate R at time t is defined as the relative distance between the
center of masses, R(t) = 〈Ψ(t)pro|z|Ψ(t)pro〉–〈Ψ(t)tar|z|Ψ(t)tar〉. The collec-
tive momentum P is calculated analogously.

Figure 2 shows the trajectories of both R and P . TDHF (dashed) and
TDDMP (solid line) results at an incident energy of 40 MeV are presented. In
panel (a), the distance R is plotted as a function of time, whereas panel (b)
shows P as a function of R. The touching point corresponds to t ≈ 50 fm/c
and R ≈ 6 fm. Beyond this point, the TDHF and TDDMP trajectories
deviate from each other. The momentum for TDDMP slows down faster
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Fig. 2. (Colour on-line) (a) Relative distance R as a function of time. (b) Collective
momentum P as a function of R. Both for the reaction 16O+16 O→32S at incident
energy of 40 MeV. The solid (red) line shows the result of TDDMP , while the
dotted (blue) line gives the result of TDHF.

than for TDHF so that at R = 2 fm, the collective momentum of TDHF is
larger by a third. This is a strong indication that the collective motion is
more dissipative in the presence of two-body correlations.

Next, we directly compare the dissipated energy and the friction param-
eter of both methods. The intrinsic energy Eintr is obtained by subtracting
the collective energy, Ecoll(R) = Tcoll(R)+Vcoll(R), from the initial bombard-
ing energy. It is worth mentioning that the one-body dissipation extracted
from TDHF for low-energy fusion reactions is in a reasonable agreement with
those calculated based on the linear response theory [15]. The friction coef-
ficient γ(R) is extracted as γ(R) = dEintr(R)

dR × 1
P . Panel (a) of Fig. 3 shows

the intrinsic energy as a function of R for both methods. After contact,
the intrinsic energy grows monotonically in the region R < 6 fm. We take
the difference between TDDMP and TDHF intrinsic energies as a further
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Fig. 3. (Colour on-line) Intrinsic energies (a) and friction coefficients (b) as a func-
tion of R for the reaction 16O +16 O→32S at incident energy of 40 MeV. The solid
(red) line shows the result of TDDMP , while the dotted (blue) line gives the result
of TDHF.
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indication of dissipation stemming from two-body correlations. Panel (b)
shows the friction coefficient γ. The shapes of the friction coefficients as a
function of R are very similar for the two methods. As R decreases, the fric-
tion coefficients develop a hump, and then subsequently decrease. We find
that two-body correlations contribute to enhance the friction coefficient.

4. Summary

We investigated dissipative fusion dynamics with both the TDHF and
TDDMP models. We focus on the energetics of the nuclear fusion reaction
16O +16 O →32S, and also extract the corresponding friction coefficients.
Dissipation, both in terms of energy balance and friction coefficients, is
enhanced noticeably by two-body correlations. We note that the form of the
interaction is critical in these simulations. A more realistic future analysis
should start from an effective force adjusted to the static nuclear observables
within the TDDM scheme.
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