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A nonlinear wave equation is investigated via the Riemann—Hilbert ap-
proach. Based on the spectral analysis for the Lax pair, a Riemann-Hilbert
problem of the nonlinear wave equation is established. For the reflection-
less cases, we obtain N-soliton solutions of the nonlinear wave equation and
discuss the dynamic behavior of its soliton solutions.
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1. Introduction

The study of explicit solutions for various soliton equations has been
very important in modern mathematics with ramifications to several ar-
eas of mathematics, physics and other sciences. Several systematic methods
have been developed to solve soliton equations, for example, the inverse scat-
tering transformation [1, 2|, the Hirota bilinear method [3|, the Béacklund
transformation [4], the Darboux transformation [5, 6], the algebra-geometric
method [7], the Painlevé analysis and so on [8-20]. Among these methods,
the Riemann—Hilbert (RH) approach is proved to be a powerful tool for solv-
ing nonlinear evolution equations [21]. This approach cannot only solve the
initial value problem of soliton equation, but also study the initial-boundary
value problem of soliton equation [22-30)].
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The main aim of this paper is to study the following nonlinear wave
equation [31]:

Ugt + 2uw — i(uw), = 0,

Wy + (]u\Q)t =0 (1)
via the Riemann—Hilbert approach, from which we obtain N-soliton solu-
tions of the nonlinear wave equation and discuss the dynamic behavior of
its soliton solutions.

The present paper is organized as follows. In Section 2, we introduce
a Lax pair of the nonlinear wave equation (1) and study the spectral anal-
ysis for the Jost solutions. In Section 3, the Riemann—Hilbert problem of
the nonlinear wave equation (1) is constructed by using the inverse scat-
tering transformation. In Section 4, we study the symmetric relations of
the potential matrix and the scattering data. In Section 5, N-soliton so-
lutions of the nonlinear wave equation are obtained on the basis of solving
the Riemann—Hilbert problem for the reflectionless cases. Moreover, the
dynamic behaviors of soliton solutions are discussed.

2. Lax pairs

In this section, we shall investigate the direct scattering transformation
by formulating a Riemann—Hilbert problem for the nonlinear wave equa-
tion (1). We first consider the Lax pair of equation (1)

Y, =UY, Y, =VY (2)

with

k2 1 ”
U = 1+k2  1+ik
- 1 & ik> ’
1—ik 1+k2
1
V = =
2

— 7z W - 1;2”“ (vw + duy)
_ 1tk ' ,
k2

(aw — ity) W

where Y = Y (x,t; k) is a matrix function and k is a complex spectral pa-
rameter with k& % 0, kK # 44, w is a real-valued function, u is a complex
valued function and @ is the complex conjugate quantity of w.

Throughout this work, we assume that v — 0, w — 1 as ¢ — *oo.
When v =0, w =1, Eq. (2) turns into

ik? i
E E=——
) t 2k2

Ex = —WU:{ 03E7 (3)
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where o3 = <1 0

0 _1>. Equation (2) has a special solution

2 .
ik i
E _ 6_ T1r2 o3x— TS ost

For the sake of convenience, we define a new matrix spectral function J =
J(x,t; k) by
Y =JF. (4)

Under transformation (4), the Lax pair (2) can be rewritten as

Jy = —ﬂ[ J+UJ
xr 1+k§2 0-37 )
i ~
Jp = —27:2[0'3’J]+VJ7 (5)

where [o3, J] = 03J — Jog is the commutator and

1
ﬁ _ 10 mu
0

_ 1( — b (w—1) —lgé’f(uwﬂut))_

V= ; .
2 —ﬁ—;k(aw—zut) m(w—1)

In the following, we concentrate on studying the direct scattering by
using the space part of the Lax pair (5), where the time variable ¢ is viewed
as a dummy variable and is hided. Now, we introduce matrix Jost solutions
Jy = Ji(x, k) for the space part of the Lax pair (5)

Jo=([J-1,[J-12), I+ = [+, [T4l2) (6)

with the asymptotic conditions
Jy—1, xr — o0, (7)

where each [Ji]; (I = 1,2) denotes the I*' column of Ji, respectively, and
the symbol I is the 2 x 2 identity matrix. Using the large-z asymptotic con-
dition (7), we can turn the a-part of (5) into the Volterra integral equations

7 ik2 s ~
Je(, k) =1+ / et VI () I (y, K)dy (®)
+o0

where &3 acts on a 2 x 2 matrix X by 63X = [03, X], the e/3X = 73 Xe ™%,
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By performing the standard procedures on the Volterra integral equa-
tions (8), one can prove the existence and uniqueness of the Jost solutions J4.
Moreover, it is important that [J_]1, [J4]2 can be analytically extended into
Dy, and [J4]1, [J-]2 into D_, where the regions Dy are defined by

D, = {keClargk € (0,7/2) U (m,37/2)},
D_ = {keClargk € (7/2,7) U (31/2,2m)},

and 0D = {RUR}.
Now, we investigate the properties of Ji. Indeed, the fact that the

potential matrix U is zero-trace implies that det J1 are independent of the
variable . In particular, by evaluating det Jy at x = +oo and det J_ at
T = —o0, respectively, we have

detJy =1, kedD. (9)

Since J_F4 and J; FEp are both fundamental solutions of the z-part of

_ _ik?_
Eq. (2) for k € 9D with E; = e 1+¥27%"  they are linearly related. That is,
there exists a scattering matrix S(k) such that

J_FEi| = J+E15(l€), ke dD, (10)
where det S(k) = 1 and

alk) —b(k
so- (18 )

Furthermore, we find from the scattering relation (10) that

a(k) = W(J-J,[J+]2),  b(K) 26_%$W([J+]1,U—]1),
a(k) = WL [J)), bRy = e W (e L)), (1)

where W (-,-) denotes the Wronski determinant. Then it follows from the
analytic property of Ji that a(k) can be analytically extended to D, a(k)
allows analytic extensions to D_.

3. Riemann—Hilbert problem

To construct the Riemann—Hilbert problem on 0D by using the analytic
properties of the Jost solutions J4, it is important to introduce a matrix
function P; = Pi(x, k) which is analytic in D

b= ([J-]1, [J4]2) (12)
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which solves the linear spectral problem (2). By (11) and (12), we have
det P, = a(k), keDy. (13)

On the other hand, in order to construct an analytic matrix function P» in
D_, we write the inverse of Ji as

B J_1]1> - [J—l]l
Jo= <[ i) JEh =) 14
[Jfl]Q + [J+1]2 ( )
where each [JT']' (I = 1,2) denotes the I*" row of Ji!, respectively. It is
easy to verify that J;l satisfy the equation of

K. — _ﬂ[ K] - KU
xz = 1+ k2 03, )
7 ~

Resorting to the spectral analysis of (15), we can define a matrix function

Py = Py(x, k) which is analytic for k in D_

- ()
By (11) and (16), we have
det P, = a(k), keD_. (17)
Let us consider the asymptotic expansion of P;
Pik)=T+k'PY +52PP 4+ koo, (18)

and substitute this expansion into (5). Then we find that the potentials u
and w can be reconstructed as

u=0 <P1(1))12 2 (Pl(l))lz ’

w=1-2(PY) o (P") +20(P?) . (19)
21 12 11
where (Pl(l))jk is the (j, k)-entry of Pl(l).

Summarizing the above results, we have constructed two matrix func-
tions P, and P,, which are analytic in D4 and D_, respectively. Now, we
denote the limit of P; when k approaches D inside Dy as P, and the limit
of P, when k approaches 9D inside D_ as P~, respectively. Consequently,
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we can formulate the RH problem. In fact, Pt and P~ satisfy the jump
condition on the curve 0D

P~ (z,k)P*(z,k) = G(z, k), ke oD, (20)
where
Bkye T
1+
Gz, k) = 12ik2 ()e
b(k)ei+i2® 1

In order to ensure the uniqueness of the solution of (20), we consider the
large-k asymptotic behavior of P; and P,, then we have for Vk € D

Py(x, k) =1, ke Dy — oo,
Py(x, k) — 1, keD_ — 0. (21)

(21) is the canonical normalization condition. Equation (20) is the RH
problem of the nonlinear wave equation (1).

In the process of solving the RH problem, the index of RH problem is
a very important factor. For the RH problem: P~P* = @G, the index is
usually defined as

1
)

ind G(k) = [Indet G(k)]|op -

From (13), (17) and (20), we have

det G(k) = 1 — b(k) b(k) = a(k)a(k) = det Py det P, .

a(k) and a(k) could only have zeros, because a(k) and a(k) are analytic
functions in Dy and D_, respectively. So the zeros of det G(k) are the same
as the zeros of a(k) and a(k). We also refer the zeros of det G(k) to the
zeros of the RH problem. The RH problem with nonzero index is named as
an irregular RH problem. In this paper, we solve the RH problem (20) by
the technique of regularization.

4. Symmetric relations
To establish the Riemman-Hilbert problem for Eq. (1), we notice that
there are symmetry relations for the matrix U and V
o3Ut (B) o3 = ~Uk), a3V (k)os=-V(k), (22)
oU(—k)o™' = U(k), oV (—k)o ' =V (k), (23)
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where T means the Hermitian conjugate, k is the complex conjugate quantity
of k and
0= 1+ik .
0 =

Since YT(k) and Y ~!(k) satisfy the same differential equation and bound-
ary value problem, we obtain

o3V (k) o3 =Y 71(k). (24)

Similarly, we have
oY (—k)o =Y (k). (25)

From (4), we know
o3J (k) o3 = JH(k), (26)
oJ(=k)o~! = J(k) (27)

Due to (10), we obtain

o35t (k) o3 = S™H(k), (28)
oS(—k)o~! = S(k). (29)

Based on (28) and (29), we find

a(-k) = a(k), ke D;, (30)
a(—k) = a(k), ke D_, (31)
a(k) = a(k), keadD. (32)

Owing to the definitions of P;, P», we observe

oPj(—k)o™' = Pj(k), j=1,2. (34)

Then from the symmetric relations of above and (13), (17), we can show the
zeros of det Py and det P, as: if k£ is a zero of det P, then —k is also a zero
of det P; and k = k is a zero of det P,. So, we can assume that det P; have
2N single zeros {k 1N in Dy, where kyyj = —k;(1 < j < N). det P, have
2N single zeros {k;}3V in D_, satisfying k = k;,(1 < j < 2N). So, we
have

det Pl(l‘,t,kj) = 0, det P2 (l’,t, ];’J) =0. (35)
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There exist nonzero feature vectors vj, 0;, satisfying
Pl(kj)’l)j = 0, 1 S j S 2N, (36)
0Py (k) =0,  1<j<2N. (37)
Then, from (33), (34) and (36), we have

;= vlog, 1<j<2N, (38)
Ny = 0 lv;,  1<j<N. (39)

Differentiating both sides of (36) with x, and considering (5), we have

ik2
Vjox = k‘2 o3 + ﬁj . (40)

Similarly, we obtain

Vit = ( 2k20’3 + O@I) vj, <41)

where a;; and 3 are any constants. From (40) and (41), we have

ik2 .
<— 1+2203+ﬁj1>$+<—2;203+aj1>t
vj=e g J V0, 1<j<N. (42)

For simplicity, we often assume that v;o(1 < j < N) is a nonzero constant
vector. If we let k; = & + in; and vjo = (e ajo-+ifo ,1)T, then v; can be
rewritten as

v; = e (e(zﬁi%‘)/?,e—(zﬁisoj)/?)T , 1<j<N, (43)
where
. Oéjt + ﬁjl' + (Oéjo + iﬁjo)
Ej = 9 s
zj = &4 T — S 5t + oo,

2
(1+g-m) +ag  (g+m)
2 2 2 2 2,2
2 <5j —77]-) (1 t§; _”j) +8€j77j$ & —n?
i _
(1+&-m) +4gn2 (& +n2)




N-soliton Solutions for a Nonlinear Wave Equation via Riemann—Hilbert ... 801

5. Exact solutions

In order to regularize the RH problem (20), now we introduce the fol-
lowing rational matrix:

ki = kj -1 ki = kj -
xi=1— —T;, x; =1+ —T;, i=1...,n, 45
J k—k‘j J J k‘—kj J ( )
where we assume that u; (j =1,...,n; n = 2N) is a nonzero column vector
and
uju; .
ujuj

T} is a projection operator and we have

TP=T;, wT;=1, T/=T;, rankTj=1. (47)

From (47), we easily know that T} is a first order matrix, and similar to

) 1 0
the matrix < 0 0

_ 1 0
QJ'TJ'QJ'1:<() ())and

). Then there exists a reversible matrix ();, satisfying

kj—k;

_ . B 1 j—Rj 0 k— k.
det (le) — det (ijjl(gjl) - +§_kj )= )

J

Similarly, we obtain
k—k;

det(x;) = L. 49
)= p (49)

Since k=k; is a single zero of det P;, we can have det(P;(z, t, k)xj_l) K=k, #0
at k = k;. So the RH problem (20) is regularized at k = k;.
Similarly, k= k; is a single zero of det P, then det(x; P2 (,t, k))|,_;. #0
-
at k = k;. So the RH problem (20) is regularized at k = k;.

In the following, we will regularize the RH problem (20) for all zeros.
Firstly, we let

(k) = xa(k)Xn-1(k)...x2(k)x1(k), (50)
Pt (z,t,k) = cp+(x,t,k) (x,t, k), (51)
(P) Ya,t, k) = o_(a,t,k)[(x,t, k). (52)

Then ¢4 satisfy the regular RH problem
o N, t, k) oy (x,t,k) =P PTI ' =rGk)r—". (53)
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To solve Eq. (1), we choose the jump matrix G to be the 2 x 2 identity
matrix which corresponds to the reflectionless case. Then, we have

e loy =1. (54)

Based on the definition of I', we have I' — I with k& — oo noting the
canonical normalization condition (21), we have ¢, = I and P*(x,t, k) =
I'(z,t, k). Next, we factorize I'(z,t, k)

I = I—k”_Ak”Tn ]—kz_AkQTz I—kl_fﬁTl
k—k, k— ko k—

n o n (M—l) )
‘
= I- Lyt (55)
£=1 j=1 k= k;

where Mj, = ﬁy}yg, (M~1)y; is the (¢, j)-element of M~ and M =
0—k;j
(Mjg). In the following, we will prove (55). We assume that k; € C\ R,

7 =1,2,...,n are different complex parameters and denote
ki — k.
Aj(k)=1- k{__?Tj, (56)
J

det A;(k) = z:l_@ AT =4 (R), 4 (k)T:IJFIZ__,ijTj'
’ (57)
Letting
I(k) = An(k)Ap_1(k) ... Ax(k) Ay (), (58)
we have
k)™ = Ai(k) T Ag(k) ™t Apq (k) T AL (k)
— AR A® A B AR
= [An (k) Ay (E) ... Ag (F) Ay (B)]'
— (k)" (59)
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We easily know that
— I'(k) is a meromorphic function for k € C,

— I'(k) have only n singularities: &y, ..., kp,

— every singularity Ej is a single pole of I'(k).

Letting
Iy = lim (k—k;) I'(k), (60)
k*)k‘j
and
n F]
Io(k) = I(k) = Y = (61)
v
7j=1
we have
lim (k—kj) Io(k) =0. (62)
k—)kj

This means that the Laurent expansion of Iy(k) at k = Ej has no negative
power items. In other words, I'h(k) is analytic at k = l?:j. On the other hand,
Io(k) is analytic at k € C\ {k1,--- , k,}, then I'y(k) is an integral function
at k € C. From the definition of I(k), we can know

lim Iy(k)=1. (63)

k—o0

Based on the Liouville theorem, we obtain
Io(k)=1, keC. (64)

By (61), we have

r'ky=1I ]
(k) +j§::1k,_k,j

Owing to (58) and (60), we have

Iy = Au(kj) - Ajer (ky) lim (k= k;) 4;(R)Aj-1 (k) -~ Av ()

- _ (k’j — Z;J) A, (E‘j)...AjJrl (

kj) PiAj (k) - A ()
UUT _ _
= — (kj —k;) An (Kj) - Ajer (k) 2450 (Ry) - Av (k) - (66)
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Letting
_ U _
zj = An (k) .- Aji1 (k) TJ ; yT‘—’u}fai(k)147 1 (kj) - A (K5)
i (67)
67
we get
n k o 7
rky=1->" kj__%:jyj (68)
=1 /
From (59), we find
~ Ny
re)y =14y o kjﬂ s (69)
j=1

By (68) and (69), we have

"k — ks "k — ks
(k — k) I—Zﬁxjyj I+ 2 —yal | = (k— ko). (70)
j=1 j=1

When k& — ky, we have

kj — k;
I— Z kj I;:] :ijjT yexy =0 (71)
j=1 TN
and
—k;j
Z ]% Ty j yngxg =0. (72)

Since xy is a nonzero vector, we have $Z$g # 0. Then we get

ki—ki o4\
I_Zk‘g ka:]yj Y =0. (73)
Namely, we have
I(ke)ye =0 (74)
and ~
"k — ks
ve=>Y, — zjylye. (75)
j=t T
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We define D; and Mj, as following:

Dj=kj—kj, M= oy LLL (76)
Then (75) can be rewritten as
Yo = Z Qj‘ijMjg . (77)
j=1

We introduce four matrixes:

D = diag{D1,Ds,..., Dy}, M = (Mj¢)nxn (78)
Y =1[y1,92, - Yn|, X = [z1,22,...,2y].
Then (77) can be rewritten as
Y=XDM, XD=YM*'. (79)
Every column of XD =Y M~ is
(kj — kj) ;= ZW (M_l)e] (80)
=1
We substitute (80) into (68),
n>n (M_l) . 1
— LB — 1
I'k)y=1- —YpY; M,y = = 81
(k) ;; Rk i = T e (81)

considering the zeros of det P; and det P», we get k = k. This means that
(55) is equal to (81).

When G = I, we can get Pt(z,t,k) = I'(x,t,k). Then we know
I'(z,t, k) solves also (5). From (74), we have

ik‘?
I(x,t ko) | Yoo+ —=503y¢ ] = 0,

7
I'(z,t ko) | Yo + m5503y¢ ] = 0.
ij

Since kg is a single zero of det I'(k), the solution space of linear problem
ik2

I'(kg) X = 0 is one-dimensional space. Thus, the vector y,, + #O’gyg

j
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and yp; + ﬁagyg are linearly related with vy. Therefore, without loss of
J

generality, we might let m = ¢ and yy = vy, at (81). Similarly, from (59)

and (74), we can also let y;r = 0j. We have

Py(k) = I+22Wmmj7 (82)

where (M_l)mj is the (m,j)-entry of M~! and M = (Mpj)anxan is an

invertible matrix

VU

My = —2—
ki — km

1<m,j<2N.

Therefore, the matrices Pl(l) and Pl(z) can be obtained from (82) as

: 2N 2N
PO = 3 Y iy (),
m=1 j=1
, 2N 2N
P = =37 oty (M), (83)

m=1 j=1

Then N-soliton solutions are obtained for the nonlinear wave equation (1)
as follows:

2N 2N 2N 2N
w= =0 [ DD vmty (M) ] =20 [ DDty (MY,
m=1 j=1 19 m=1j=1 12
2N 2N 2N 2N
w12 (S vt ), ) o (S S vy (),
m=1 j=1 91 m=1j=1 12
2N 2N
=200, | D kot (M), | (84)
m=1 j=1 11

In particular, for N = 1 in formula (84), one-soliton solution of Eq. (1)
takes the form of
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‘0 = 0g = 0o pue ‘1 wm Iy ‘0 wm Ty ‘+( > Thr + 13 = Ty oToym

e ()13 = () (g e y? (T 1) 2= 13)

CaTuT3y zThT3g

() () ens? (D= )13 (ags) 2 (T4 01+ 15) ) (gl 4 33)

FTiTSg TaTsy
(1—3k) + (1+3k) {32+ 43 . (gl +33)
g ?

4

W13y | dxo (H+ 3l — (p1 + M) Jels — (14 ) J3+ §3) ¢—

(-3 (5 e s? (T =+ B) 4 ()2 () +3) | o+ 33) | =

14
zTuT397 2Tl Tsg

() (T 12+ 13) = (s () oo 52 (T = )2 = 13) (c(r = 13) +30)

z e zTul3g

(U= 13) ((W+13)+1)

N-soliton Solutions for a Nonlinear Wave Equation via Riemann—Hilbert . ..

=) B () (et a2 024 13) = () (T4 T2 = 13) | He138

T+ T Tu+19)xz )2
(4o 1300+ (13 g ) SN -
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To illustrate one-soliton solution, we choose &1 =1, m =1, ag = Gy = 0.
Therefore, the profiles of the solutions are plotted in Fig. 1 to Fig. 6.

t=-1,Relu] t=0Refu] t=1Refu]

2 ) 2

3 3 \/ 2 i - A — 7 '/\\'
-4 -2 2 4
] - \/ \/

Fig. 1. Refu] in (85) with the parameters chosen as & =1, 1 =1, ag = 5o = 0.

t=-1,Im[u] t=0,Im{u] t=1,Im{u]
2

P TN

Fig.2. Im[u] in (85) with the parameters chosen as & =1, n; =1, ag = 5p = 0.

t=-1,Abs[u] t=0,Abs[u] t=1,Abs[u]
20| 20] 20|

15

19
J
2 4 6 -6 -4 2

Fig.3. Abs[u] in (85) with the parameters chosen as & =1, 1 = 1, ag = o = 0.

-6 -4 -2 2 4 6 - 2 4 6
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t==1w t=0w t=1w

-4 2 2 4 -4 P 2 4 -4 2 2 4

Fig. 4. w(z,t) in (85) with the parameters chosen as & =1, m = 1, ap = B = 0.

Re(u) Im(u) Abs(u)

Fig.5. Re[u], Im[u], Abs[u] in (85) with the parameters chosen as & =1, 91 =1,
ag = By = 0.

Fig.6. w(x,t) in (85) with the parameters chosen as & =1, m; =1, ag = fp = 0.

Remark. Equation (2) has an equivalent form of
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with
=~ (ixt A+ A Hu
v= ( u —ixTt )7
T LA+ XNw (14 X)(uw + duy)
2 \Maw — iay) —i(1+ MNw ’

where A\ = —k% — 1, k # +i,k # 0. Through the following gauge transfor-
mation:

- 1
Y =TY, T:<O ?) (k # +i),
1—ik

we have Eq. (2).
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