Vol. 50 (2019) Acta Physica Polonica B No 7

ANALYSIS OF THE VECTOR AND AXIALVECTOR
RAQEY TETRAQUARK STATES
WITH QCD SUM RULES*

ZHI-GANG WANGT, ZUN-YAN D1

Department of Physics, North China Electric Power University
Baoding 071003, P.R. China

(Received December 4, 2018; accepted May 8, 2019)

In this article, we construct the axialvector-diquark—axialvector-antidi-
quark-type currents to study both the vector and axialvector QQQQ tetra-
quark states with the QCD sum rules, and obtain the masses My (ccze,1+-) =
6.05 + 0.08 GeV, MY(CCEE71__) =6.11 £0.08 GeV, MY(bbl;l;,1+*) = 18.84 +
0.09GeV, My (4p55,1--) = 18.89 £ 0.09 GeV. The vector tetraquark states

lie 40 MeV above the corresponding centroids of the 07+, 17~ and 2%+
tetraquark states, which is a typical feature of the vector tetraquark states
consisting of four heavy quarks.

DOLI:10.5506/ APhysPolB.50.1335

1. Introduction

The exotic charmonium-like and bottomonium-like states, such as the
Z.(3900), Z.(4025), Z.(4200), Z(4430), Z»(10610), Z;(10650), are excellent
candidates for the multiquark states [1]. If they are really tetraquark states,
their constituents are two heavy quarks and two light quarks. Up to now,
no exotic tetraquark candidate composed of more than two heavy quarks
has been reported. Theoretically, there have been several approaches to
study the masses and widths of the exotic states Yy with QQQQ quark
composition, such as the non-relativistic potential models [2-7], the Bethe—
Salpeter equation [8|, the constituent diquark model with spin—spin inter-
action [9-11], the constituent quark model with color-magnetic interaction
[12], the (moment) QCD sum rules [13, 14|, etc. Experimentally, the AT-
LAS, CMS and LHCb collaborations have measured the cross section for
double charmonium production [15], the CMS Collaboration has observed
the 7" pair production [16]. Recently, the LHCb Collaboration studied the
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T ptp~ invariant-mass distribution for a possible exotic tetraquark state
composed of two b quarks and two b quarks based on a data sample of
pp collisions recorded with the LHCDb detector at center-of-mass energies
Vs =17, 8 and 13 TeV corresponding to an integrated luminosity of 6.3 fb™!,
and observed no significant excess [17]. The decays to the final states
T ptp~ can take place through Y,(0T+/27%) — TT*/TYT — T putp~ or
Y,(177) = TT*/TT — T utp~. In Ref. [11], Esposito and Polosa argue
that the partial width for the Y;(2t+) — T u*u~ decay is too small to be
currently observed at the LHC. However, if the barrier between the diquark
and antidiquark is very narrow and the tetraquark width is sufficiently small,
the detection of such a state is still possible.

In 2013, the BESIII Collaboration studied the ete™ — w7~ J /4 process
at a center-of-mass energy of 4.26 GeV, and observed a ZX(3900) structure
in the 7%.J /¢ mass spectrum [18]. Recently, the BESIII Collaboration de-
termined the spin and parity of the ZF(3900) state to be J¥ = 11 with
a statistical significance larger than 7o over other quantum numbers [19].
Analogously, there may exist a tetraquark state Y, /b(1+*) which decays to
the n.J /1 or 7.

The diquarks (or diquark operators) &%/ kquCF q;, have five structures in
the Dirac spinor space, where the ¢, 7 and k are color indexes, CI' = Cs, C,
CYu75, Cy, and Coy,, for the scalar, pseudoscalar, vector, axialvector and
tensor diquarks, respectively. The favorite diquark configurations are the
scalar (Cys) and axialvector (Cv,) diquark states from the QCD sum rules
[20-23]. The QCD sum rules have been extensively applied to study the
tetraquark states and molecular states [24]. In Refs. [25, 26|, we study the
mass and width of the ZF(3900) with the Cry, ®75C—Cr5®7,C-type current
with the QCD sum rules in details, and reproduce the experimental data sat-
isfactorily. In Ref. [27], we study both the vector and axialvector tetraquark
states with the Cv, ® v,C-Cv, ® v,C-type currents, and reproduce the
experimental values of the masses of the Y (4660) and Z.(4020/4025) satis-
factorily. The double-heavy diquark states eiij]TC%Qk cannot exist due
to the Pauli principle. In previous work, we took the double-heavy diquark
gl kQ?C’yHQk states as basic constituents to construct the scalar and tensor
tetraquark states with the QCD sum rules [14]. Now we extend our previous
work to study the vector and axialvector QQQQ tetraquark states with the
Cvy ® 1,C-Cvy, ® 7y, C-type currents, which are expected to couple poten-
tially to the lowest tetraquark states, especially for the vector tetraquark
states.

The article is arranged as follows: we derive the QCD sum rules for the
masses and pole residues of the vector and axialvector QQQQ tetraquark
states in Section 2; in Section 3, we present the numerical results and dis-
cussions; Section 4 is reserved for our conclusion.
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2. QCD sum rules for the vector and axialvector
tetraquark states

In the following, we write down the two-point correlation functions
I1,,,05(p) in the QCD sum rules

Myuaplp) = i [ dlac?* O {7,u(@) 750 }10). 1)
where
Jw(x) = giikgimn
< QT (@) Qu() Q22 CQL ()~ QF (2) O Qi) Qo (), CQL ()}
B

where the i, j, k, m, n are color indexes and the C' is the charge conjugation
matrix. As the tetraquark states have many Fock states, we can study the
mixing with the substitution

Juw(x) — cosBJy,(z) + sin Hju,,(x) , (3)

where the 6 is a mixing angle, the J,, (z) is another (or any) tetraquark
current with the same quantum numbers as the current J,, (x). We can also
study the mixing between the two-quark and tetraquark components with
the substitution

N PR
Ju(x) — cos0J,(x)+sind 3 (QQ) Q(z)rwQ(z), (4)
where the heavy quark condensate (QQ) = — 1271,1@ (2CCY 4 ... [28]. This

may be our next work.

At the phenomenological side, we can insert a complete set of intermedi-
ate hadronic states with the same quantum numbers as the current operators
Juw () into the correlation functions I1,,,,5(p) to obtain the hadronic rep-
resentation [29, 30]. After isolating the ground state contributions of the
axialvector and vector tetraquark states, we get the following results:

_ Ay

M, (M3 —p?)

% (P*9ua9uvs — P°9uBYIva — GuaPvPs — GusDuPa + 9usPvPa + JuaDuPs)
z2

- (M3 —p?)

Hm/cxﬂ (p)

+ (_g,u,apupﬁ — 9vBPuPa + 9uBPvPa + guapupﬁ) +-

()

2
MY



1338 ZHI-GANG WANG, ZUN-YAN D1

where the Y and Y~ denote the axialvector and vector tetraquark states
respectively, and the pole residues Ay+ are defined by

Ay .
<O‘JHV(O)‘Y+(p)> = %Euuaﬁg pﬁy

<0‘JW(0)|Y_ (p)> = (’S,LLpU - Eupu) s (6)

where the ¢, are the polarization vectors of the vector and axialvector
tetraquark states. We can rewrite the correlation functions I1,,,,5(p) into
the following form according to Lorentz covariance:

Huyaﬁ(p) = HY+ (pQ)
X (p29uaguﬁ - pQQ,uBgua — GuaPvPs — 9vBPuPo + 9upPvPa + guapupﬁ)
+Iy - (p*) (—GuaPuvPs — GupPuPa + GusPrPa + GuaPubs) - (7)

Now, we project out the components ITy+(p?) and Iy - (p?) by intro-
ducing the operators P{jlfraﬁ and P#V_Q’B

ﬁY+ (p2) = pQJYYJr (pQ) = P}lﬁiaﬁﬂpyaﬁ(p)a

Iy (p?) = p*Iy- (p*) = P Ias(p) (8)
where
1 pHp® p’p?
L VB _
ye 6 (g p? > (g p? )’
1 pHp® P\ 1
Pulfoéﬂ _ = mo vB L pa Vﬁ' 9
i G (g e ) <g pe G99 9)

In the following, we briefly outline the operator product expansion for
the correlation functions I1,,,3(p) in perturbative QCD. We contract the
heavy quark fields with Wick theorem and obtain the results

Huyag(p) = 4igiikgimn i’k Jilmin! /d4a:eip'x

X {Tr [wsk’“’ (x)fyacsﬂ’T(m)C} Tr [yﬁsn’"(—xmcsm’mT(—x)c]
v [, (2)95CSH T (2)C Tr [aS™" (=), CS™ ™ (~2)C |
v |3, S (2)32CS7 T (@)C| Tr 758" (~2)7,CS™ ™ (~2)C|

+Tr {%SW (ac)’yﬁCSjj/T(x)C] Tr [fyaS"/”(—:z:)’yuCSm/mT(—:Jc)C]} ,
(10)
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where the S;;(x) is the full Q-quark propagator

i —ik-x
Sz](l') = (27T)4/d4k6 k

8 9sGastiy o (k4 mq) + (K + mg)o™”
K—m 4 2)?
Q (k:2 — mQ>

g:Ghs G’ k2 +mg K
5 0iMmQ 7

and t" = A- the A" is the Gell-Mann matrix [30]. Then we compute the
integrals both in the coordinate and momentum spaces to obtain the cor-
relation functions I7,,,,3(p), therefore, the QCD spectral densities through
dispersion relation

T (11)

pals) = Imﬂ;+(s),
pu(s) = L) (12)

where

]AjYﬂL (p2) = P}lﬁiaﬁﬂuuaﬁ(p)y
Iy - (pQ) = Pil:aﬁnuuaﬁ(p)' (13)

We take the quark-hadron duality below the continuum thresholds sg
and perform the Borel transform with respect to the variable P? = —p? to
obtain the QCD sum rules

M2 S0 Zf te Tf
Ay exp (_T;/) = / ds/dz/dt/dT’PA/v(Syzvt,T) exp (—%) ,
Zi L T

16m2Q
(14)
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3m 2 tzm? 2
Q —2 Q —2 —2
= (s — mQ) + 376 (S — mQ) (48 — mQ>

S —9)? 2
+rtz(l—r—t—z) 66 (s—mQ> <7s—4mQ>
l—-r—t—=z mé

4
+mQ< . > {_7“3 1271'46(8 - mQ) N 2 12qf
2
_ tz Mg tz(l-r—t—z) 1
2
8 [HS(S(S_T”Q)} 73 1274 [1+55<5 mQ” 2 127

1m tz 1
2 —2 Q _2
for (o) i+ Bl m)

2
GG me ., r(l—r—t—2z) _9\2
45 =3 ) - (s-m2)
+< T >{ 48m 4( 5 = 3 1674 R
r(l—r—t—z) 4 1 mQ t m2Q o
- o)+ L7 )
A8 s( $TOMQ) D Rt T g\ TR
tl—r—t—2z) _o\2 t(l—r—t—2) o
3274 (S B mQ) + 4874 8(68 B 5mQ) > (15)

3m? 2 tzm? 3
pv(s,z,t,r):—ﬁ;ée—mQ) — Q(s—sz)

S _9\2

—|—rtz(1—r—t—z)16 6(s—mQ) (

2

5 [ osGG 1 mQ 9 1—r—t—2zmg
+mQ< >{r3 1274 5(5_7”@) +

72 1274
2
tzmy  tz(l—r—t—=z2) 1 9 4
P 12rt r2 1271 45+ 55 (s - )|

2
1 mg tz 1 9
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2
+<aSGG>{48 4(58—3 ) (1f6W4tZ)<S_m2Q)2

™

r(l—r—t—2z) 4
5 (78 - 6mg rz48m4  r 247t

., >z e —28;415 - z)s<3 _mé)} . (16
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where
2 2 2
m2 o= e Mo Mo Q
me = ottt l—r—t—2z’
1 1—2-1
e = 2{1—z—t:|:\/(1—z—t)2—4 _1_1},
z t
; 1
f/i — ~ 1
2(s-3)
1 1 2 1
da z)<3—>—3j: [(1—z)<§—>—3] e z)(s—> |
z z z
1
% = 2§><{§—8i (§—8)2—4§}, (17)

and § = 5.
mQ

We derive Eq. (14) with respect to 7 = TQ, then eliminate the pole
residues Ay, and obtain the QCD sum rules for the masses of the vector and

axialvector QQQQ tetraquark states

t
) ddr 16m2 ds fzf dz if dt fgf drp(s, z,t,r) exp (—7s)

= — . (18
16m2 ds fzf dz J, "t frtf drp(s, z,t,r) exp (—7s) (18)

3. Numerical results and discussions

We take the gluon condensate to be the standard value [29-31], and take
the MS masses m.(m.) = (1.2840.03) GeV and my(mp) = (4.1840.03) GeV
from the Particle Data Group [1]. We take into account the energy-scale
dependence of the MS masses from the renormalization group equation

as(me) ’
Q. u 23
o) = moimg) | 20|
S
1 bilogt b2 (log?t —logt — 1) + bobs
as(p) = b()t[ Rt + bt , (19)
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83—2ny p _ 163-19n¢ . _ 2857— 2 P8 n?
19+ ) 2 —

2
_ 7 _
where t = log %z, by = “45 = o 12873 ’

A =210MeV, 292 MeV and 332 MeV for the flavors ny = 5, 4 and 3, respec-
tively [1].

In Ref. [14], we study the energy-scale dependence of the predicated
masses of the scalar and tensor QQQQ tetraquark states with the QCD sum
rules in details. The predicted tetraquark masses decrease monotonously and
slowly with increase of the energy scales, the QCD sum rules are stable with
variations of the Borel parameters at the energy scales of 1.2GeV < pu <
2.2GeV and 2.5 GeV < u < 3.3 GeV for the ccéé and bbbb tetraquark states,
respectively. At the energy scales of = 2.0 GeV and 3.1 GeV, the relation
V50 = Mg + 0.5GeV is satisfied, where the ‘gr’ denotes the ground state
tetraquark states, the optimal energy scales of the QCD spectral densities are
p = 2.0GeV and 3.1 GeV for the ccéc and bbbb tetraquark states, respectively
[14]. In this article, we choose the same energy scales for the ccéc and bbbb
tetraquark states, respectively, which work well.

In the QCD sum rules, we usually take the continuum threshold pa-
rameters as y/Sg = Mg + (0.4 ~ 0.6) GeV for the conventional mesons,
where the ‘gr’ denotes the ground states. Experimentally, the energy gaps
My — My, = 589 MeV, M, — M, = 656 MeV, My — My = 563 MeV
and M,; — My, = 600MeV from the Particle Data Group [1]. The QCD
sum rules support assigning the Z.(3900) and Z(4430) to be the ground
state and the first radial excited state of the axialvector tetraquark states
with JPC = 17~ respectively, and assigning the X (3915) and X (4500)
to be the ground state and the first radial excited state of the scalar cscés
tetraquark states with JP¢ = 07+, respectively [32, 33]. The mass gaps are
Mz(4430) — MZC(SQOO) = 576 MeV and Mx(4500) - Mx(3915) = 588 1\/[(3\77 which
also satisfies the relation (/s = Mg 4 (0.4 ~ 0.6) GeV. In this article, we
take the relation /sg = Mg, + (0.4 ~ 0.6) GeV as a constraint, and search
for the optimal continuum thresholds sg.

We search for the optimal Borel parameters 72 and continuum threshold
parameters sg to satisfy the two criteria of the QCD sum rules: pole dom-
inance at the phenomenological side and convergence of the operator prod-
uct expansion at the QCD side. The resulting Borel parameters, continuum
threshold parameters, energy scales, pole contributions are shown explicitly
in Table I. From the table, we can see that the pole contributions are about
(45-60)%, the same as that for the scalar and tensor tetraquark states [14]
and the pole dominance at the phenomenological side is well-satisfied.

In the Borel windows, the dominant contributions come from the per-
turbative terms, the contributions of the gluon condensate are about —15%,
—3%, —8% and —2% for the tetraquark states cccc(177), ccee(177),
bbbb(17~) and bbbb(1~7), respectively, the operator product expansion is
well-convergent. As the dominant contributions come from the perturbative
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TABLE I

The Borel parameters, continuum threshold parameters, energy scales, pole contri-
butions, masses and pole residues of the QQQQ tetraquark states.

T2 [GeV?] |s0[CeV?]|u[GeV]| Pole My [GeV] Ay [GeV?)
ccee(1t7)| 4.5-4.9 4341 2.0 |(46-61)%| 6.05+0.08|(2.97+0.44)x107"
ccee(177) | 4.2-4.6 4441 2.0 |(46-62)%| 6.11+£0.08|(1.824+0.33)x 107"
bbbb(1*7)| 13.3-13.9 | 374+3 | 3.1 [(48-60)% |18.84 £ 0.09 5.45 4 1.01
bbbb(177) | 11.7-12.3 | 376 +3 | 3.1 |(47-60)% |18.89 + 0.09 1.64 4 0.36

terms, perturbative O(ag) corrections amount to multiplying the perturba-
tive terms by a factor x, which can be absorbed into the pole residues and
cannot impair the predicted masses remarkably. In the QCD sum rules for
the tetraquark states, we usually carry out the operator product expansion
to the vacuum condensates up to dimension 10 and assume vacuum satura-
tion for the higher dimension vacuum condensates [25, 27]. As the vacuum
condensates are vacuum expectations of the quark and gluon operators, we
take the truncation ¢ < 1 in a consistent way, the operators of the orders
of O(al) with i > 1 are discarded, i.e. we take into account the terms (gq),
(%% <ngUGq>7 <QQ>27 <QQ><QSSG>7 <QQ> <qgso'GQ>a <(jgso'GQ>27 <QQ>2<%>
[25, 27]. In this article, only gluon condensates have contributions. Now,
the two criteria of the QCD sum rules are all satisfied, we expect to make
reasonable predictions.

We take into account all uncertainties of the input parameters, and ob-
tain the values of the ground state masses and pole residues, which are also
shown explicitly in Table I. From Table I, we can see that the constraint
V50 = Mg + (0.4 ~ 0.6) GeV is also satisfied. In Figs. 1-2, we plot the
masses and pole residues with variations of the Borel parameters at larger
intervals than the Borel windows shown in Table I. From Figs. 1-2, we can
see that the predicted masses and pole residues are rather stable with vari-
ations of the Borel parameters. The uncertainties originate from the Borel
parameters in the Borel windows are very small, there appear Borel plat-
forms in the Borel windows.

In Fig. 3, we plot the predicted masses My with variations of the energy
scales u for the central values of the input parameters shown in Table I.
From the figure, we can see that the masses My decrease monotonously and
slowly with increase of the energy scales p. In this article, we choose the
same energy scales as the corresponding ones for the 07+ and 27+ QQQQ
tetraquark states, the uncertainties originate from the energy scales cannot
impair the predicative ability remarkably.
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Fig.3. The masses of the tetraquark states with variations of the energy scales p,
where the A, B, C and D denote the ccce(177), ccee(177), bbbb(11~) and
bbbb(1~7), respectively.

In Table II, we present all the masses of the 0T, 17—, 27 and 17—
QQQQ tetraquark states from the QCD sum rules in Ref. [14] and in the
present work. If we take the central values, the mass splittings among
the spin multiplets are not consistent with the simple spin—spin interac-
tion CSl 52 between diquarks, where the C' is a fitted constant, the Sl
and S5 are the spins of the diquark and antidiquark, respectively. The spin—
spin interactions among the quarks can be written as mc;nj 51 - 89, where the

C is a fitted constant, the §; and Sy are the spins of the quark and anti-
quark, respectively. Although the mass splittings (if the central values are
taken) among the spin multiplets are also not consistent with the interac-
tion m(“:nj §1 - §5 quantitatively, they are reasonable qualitatively, the ccée

tetraquark states have larger mass splittings according to the factor mllmj

Considering the uncertainties of the predicted tetraquark masses, we can-
not draw the conclusion that the mass splittings are not consistent with the
spin—spin interactions indeed.

TABLE II

The masses of the tetraquark states QQQQ from the QCD sum rules.

My [GeV] | Centroids [GeV]

5.99 £0.08 6.07 = 0.08
6.05 £ 0.08
6.09 +0.08

)
)
)

) | 18.844+0.09 | 18.85 4 0.09
+-) | 18.84 +0.09
)

)
)

bbbl
bbbb(2T+ 18.85 + 0.09
ceee(1™~ 6.11 £+ 0.08
bbbb(1~7) | 18.89 4 0.09
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The vector tetraquark states lie 40 MeV above the corresponding cen-
troids of the 07", 17~and 27" tetraquark states. Naively, we expect that
an additional P-wave costs about 500 MeV, which is much larger than the
energy gap 40 MeV. This may be a typical feature of the vector tetraquark
states that consist of four heavy quarks. The calculations based on the QCD
sum rules indicate that the Cvy, ® v,C-C", ® ~,C-type vector tetraquark
state cqcq has a mass 4.66 &= 0.09 GeV, the C ® v,C-type vector tetraquark
state cscs has a mass 4.66 £ 0.09 GeV, which are all consistent with the
Y (4660/4630), the Cvs ® v57,C-type vector tetraquark state cgcq has a
mass 4.34 + 0.08 GeV, which is consistent with the Y (4360/4320) [27, 34].
The energy gap between the vector and axialvector hidden-charm tetraquark
states is about or larger than 440 MeV, which is much larger than 40 MeV.

In Ref. [27], we choose the current

ijk ~imn
N () = %
< (U (2) () (02, € () T () ) (0, CE ) } . (20)

which has the same structure as the current J,,(x) in the present work. In
the QCD sum rules for the vector tetraquark state Y (4660), the pole contri-
bution is (46-64)% [27], while in the QCD sum rules for the vector QQQQ
tetraquark states, the pole contributions are (46-62)% and (47-60)%, we
can draw the conclusion tentatively that the same pole contributions lead to
quite different mass splittings between the vector and axialvector tetraquark
states. The four-heavy tetraquark states may have typical features due to
absence of light quark contributions.

The values of the thresholds are 2M,,,=5966.8 MeV, 2M ;,,=6193.8 MeV,
M, + My = 6080.3MeV, 2M,, = 18798.0MeV, 2My = 18920.6 MeV,
M,, + My = 18859.3MeV from the Particle Data Group [1]. The decays

Y (ccéé, 1+*) — e/ — ptp” + light hadrons,
Y (bbl_)l;, 1+_) — Y — ptp~ + light hadrons,
Y (bbl%, 177) =TT = utp s (21)
can take place with very small phase spaces. The decays
X (ccee,177) = J/J/" — phppt (22)

can take place through the virtual .J/¢*. We can search for the Y'(ccee,
17=/177) and Y (bbbb, 17~ /177) in the mass spectrum of the pu™u~putu~
or utu~ + light hadrons in the future.
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4. Conclusion

In this article, we construct the axialvector-diquark—axialvector-antidi-
quark-type currents to study both the vector and axialvector QQQQ tetra-
quark states with the QCD sum rules, and obtain the predictions My (..ze1+-)
=6.05£0.08GeV, My (ceez1--) = 6.11 £0.08 GeV, My (55 1+-) = 18.84 £
0.09GeV, My pppp1--) = 18.89 £ 0.09GeV. The vector tetraquark states
lie 40 MeV above the corresponding centroids of the 07", 1T~and 27+
tetraquark states, which is a typical feature of the vector tetraquark states
consisting of four heavy quarks. We can search for the J©¢ =1t~ and 17~
QQQQ tetraquark states in the mass spectrum of the ut = + light hadrons
and pt T pT, respectively, in the future.

This work is supported by the National Natural Science Foundation,
grant number 11775079.
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