
Vol. 50 (2019) Acta Physica Polonica B No 7

CLUSTER DECAY HALF-LIFE
WITH DOUBLE-FOLDING POTENTIAL:

UNCERTAINTY ANALYSIS
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Cluster decay half-lives of some cluster emitters were calculated by us-
ing microscopic potential in framework of semiclassical WKB method with
considering the Bohr–Sommerfeld quantization. The microscopic double-
folding potential was used for cluster–daughter nuclear potential. By con-
sidering the uncertainty of the radius and surface diffuseness in double-
folding nuclear potential, the uncertainties of the cluster decay half-lives
have been determined. The calculated half-lives with double-folding po-
tential were in reasonable agreement with experimental data.
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1. Introduction

Cluster radioactivity is somewhat recent topic in nuclear physics, and
several theoretical studies [1–4] and experiments [5–9] have been performed
after first prediction in 1980 [10] and first foundation in 1984 [11]. From
theoretical point of view, the cluster decay half-life can be determined from
semiclassical WKB method, in which effective potential between cluster–
daughter system plays a crucial role in calculations. The nuclear potential
as an important part of the effective potential may significantly change the
results. So, its proper selection is imperative. Different microscopic [12–14]
and phenomenological macroscopic [15–20] nuclear potentials have been in-
troduced and adopted in literature for nuclear potential. For instance, in
Ref. [14], the cluster decay process has been investigated by using density-
dependent double-folding potential. In Refs. [16, 17], the Woods–Saxon,
squared Woods–Saxon, and Cosh potentials have been used for nuclear po-
tential. By means of fourteen proximity potentials, the cluster decay half-
lives of even–even cluster emitters have been calculated in Ref. [18].
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Our aim in this study is to calculate the cluster decay half-lives of
some cluster emitters with heavy clusters by using double-folding poten-
tial, Woods–Saxon potential, and cut-off Woods–Saxon potential. In Sec. 2,
the theoretical model is introduced. The obtained results and discussion are
given in Sec. 3. Finally, the concluding remarks are given in Sec. 4.

2. Theoretical method

The cluster decay half-life, T1/2, can be calculated by means of semiclas-
sical WKB approximation as

T1/2 =
ln 2

λ
, (1)

where λ is the decay constant given as

λ = νPSc , (2)

where ν, P , Sc are assault frequency, tunneling probability, and cluster
preformation probability, respectively. The assault frequency is obtained
as [22]

ν =
~
2µ

 r2∫
r1

dr√
2µ
~2 |Q− V (r)|

−1 . (3)

The tunneling probability of cluster nucleus through barrier in subbarrier
energies is given as

P =
1

1 + eq
, (4)

q =
2
√
2µ

~

r3∫
r2

dr
√
V (r)−Q , (5)

where Q is the energy released in cluster decay process and V (r) is effective
potential between daughter and cluster nucleus; ri are turning points and µ
reduced mass of the cluster–daughter system.

The effective potential includes attractive nuclear potential VN, repulsive
Coulomb potential VC, and additional repulsive centrifugal part Vcf , and is
given by

V (r) = ηVN(r) + VC(r) + Vcf(r) , (6)

where η is a quantization factor. Based on double-folding method, the nu-
clear potential VN is calculated as

VN(r) =

∫
d~r1d~r2ρc(~r1)v(s)ρd(~r2) , (7)
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where s = |~r2 − ~r1 + ~r | is the relative distance between interacting nucleon
pair. v is the nucleon–nucleon interaction potential. ρc(~r1) and ρd(~r2) are
the matter density distributions of the cluster and daughter nucleus, respec-
tively. The matter density distribution of the cluster (or daughter) is given
via the two-parameter Fermi distribution as

ρ(r) =
ρ0

1 + exp
[
r−R0
a0

] , (8)

where half-density radius is Rd(c)
0 = 1.07A

1/3
d(c) [fm] and surface diffuseness

parameter is a0 = 0.54 [fm] [23]. The parameter ρd(c)0 is determined as
Ad(c) =

∫
dvρd(c)(r).

The effective nucleon–nucleon potential Yukawa (M3Y)-Paris-type inter-
action with zero-range exchange contribution is given as [21]

v(s) = 11062
e−4s

4s
− 2537

e−2.5s

2.5s
− 592(1− 0.003Ec/Ac)δ(s) , (9)

where Ec = Q(Ad/Ap). Ac, Ad and Ap are mass numbers of the cluster,
daughter, and parent, respectively.

The Coulomb potential is calculated as

VC(r) =

{
1

4πε0
ZdZce2

2RC

(
3− r2

R2
C

)
, r ≤ RC ,

1
4πε0

ZdZce2

r , r ≥ RC .
(10)

The centrifugal potential is written as

Vcf(r) =
~2l(l + 1)

2µr2
, (11)

where, by using Langer modification, we have l(l + 1) → (l + 1/2)2. µ is
the reduced mass of the cluster–daughter system. l is the orbital angular
momentum of the cluster nucleus. The values of l are determined according
to the spin-parity selection rule

|Jp − Jd| ≤ l ≤ Jp + Jd , (12)
πp
πd

= (−1)l ,

where J is spin and π is parity of parent (p) and daughter (d) nuclei.
The normalization factor η is determined by using the Bohr–Sommerfeld

quantization condition for cluster decay [23]
r2∫
r1

dr

√
2µ

~2
[Q− V (r)] = (Gc − l + 1)

π

2
, (13)
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where parameter G is the global quantum number determined by using the
Wildermuth quantum rule. The global quantum number values for cluster
nuclei are given as Gc = GαAc/4 [17, 24], where Gα is given as [23]

Gα =


22 N > 126

20 82 < N ≤ 126 .

18 N ≤ 82

The calculated double-folding nuclear potential of the system of 20O cluster
nuclei and 208Pb daughter nuclei by inclusion of the quantization condition
has been plotted in Fig. 1.
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Fig. 1. Double-folding nuclear potential of 20O cluster decay of 228Th nuclei.

In order to evaluate the effect of the shape of the nuclear potential on
cluster decay half-life, two phenomenological nuclear potentials, Woods–
Saxon (WS) potential

VN(r) =
V0

1 + e
r−R
a

, (14)

and cut-off Woods–Saxon (CWS) potential

VN(r) =
V0

1 + e
r−R
a

δ (Rmax − r) , (15)

were used. The δ(x) is the step function. Because of comparative analysis,
the same values of the nuclear well depth V0 = −160 MeV, interaction radius
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R = r0(A
1/3
c + Ad1/3) with r0 = 1 fm, surface diffuseness parameter a =

0.54 fm were adopted for both potentials. The position of cut-off potential
was considered as Rmax = 1.15R ≈ Rc+Rd. In Fig. 2, we show the shapes of
WS and CWS nuclear potentials for 20O cluster and 208Pb daughter nuclei.
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Fig. 2. WS and CWS nuclear potentials form factor for 20O cluster decay of 228Th
nuclei.

Different empirical formulas have been introduced for cluster preforma-
tion probability [25–27]. We have used the following formula [27]:

logSc = a
√
µZcZd + b , (16)

where a = −0.052, b = 0.69 for even–even nuclei and b = −0.6 for odd–A
nuclei. Zc and Zd are atomic numbers of cluster and daughter nuclei, re-
spectively.

The experimental cluster preformation probability, Sexp
c , inside the par-

ent nucleus can be determined from the experimental half-life as

Sexp
c =

T cal
1/2

T exp
1/2

. (17)

3. Results

The model described in the previous section is now applied to obtain
the cluster decay half-lives of some heavy nuclei. The obtained results have
been listed in Table I. The minimum angular momentum of cluster lmin has
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been determined by using total angular momentum and parity of parent
and daughter. The total angular momentum has been adopted from nrv
website [28]. The Q-value has been extracted from [29]. In columns 6–8,
log T

(I)
1/2, log T

(II)
1/2 , log T

(III)
1/2 , denote calculated cluster decay half-lives with

double-folding, WS, and CWS potentials with including calculated cluster
preformation probability S(I)

c . Columns 7 and 8 give experimental half-lives,
log T

(exp)
1/2 , and corresponding references.

TABLE I

Cluster decay half-lives.

Cluster decay lmin Q [MeV] log S
(I)
c log S

I(exp)
c log T

(I)
1/2

log T
(II)
1/2

log T
(III)
1/2

log T
exp
1/2

Ref.

221Fr→14C+207Tl 3 31.29 −3.46 −3.40 14.58+1.86
−1.58 12.63 13.67 14.52+0.06

−0.05 [32]
221Ra→14C+207Pb 3 32.40 −3.49 −3.39 13.52+1.83

−1.61 11.52 12.57 13.42+0.68
−0.25 [32]

222Ra→14C+208Pb 0 33.05 −3.49 −2.27 12.21+1.73
−1.71 10.20 11.25 11.00+0.07

−0.06 [33]
223Ra→14C+209Pb 4 31.84 −3.49 −4.83 13.87+1.75

−1.71 12.15 13.36 15.21+0.08
−0.07 [33]

224Ra→14C+210Pb 0 30.54 −3.49 −3.31 16.05+1.88
−1.62 14.41 15.60 15.87+0.14

−0.11 [33]
226Ra →14C+212Pb 0 28.20 −3.49 −3.56 21.19+1.89

−1.64 19.40 20.55 21.24+0.18
−0.13 [34]

226Th→14C+212Po 0 30.55 −3.24 — 16.14+1.72
−1.58 16.69 17.78 >15.30 [35]

226Th→18O+208Pb 0 45.73 −4.73 — 19.86+1.64
−2.87 16.03 17.29 >15.30 [35]

228Th→20O+208Pb 0 44.73 −5.00 −2.95 22.92+2.70
−1.87 18.80 20.17 20.87+0.23

−0.15 [36]
230Th→24Ne+206Hg 0 57.76 −6.13 −5.51 25.25+2.60

−2.97 20.83 22.44 24.64 [36]
232Th→26Ne+206Hg 0 55.97 −6.38 — 29.47+2.34

−3.36 24.42 26.13 >29.20 [1]
231Pa→23F+208Pb 1 51.86 −7.03 — 25.63+2.78

−2.29 21.98 23.52 >24.61 [36]
231Pa→24Ne+207Tl 1 60.42 −6.17 −6.08 22.99+2.12

−3.33 18.13 19.75 22.89+0.06
−0.05 [37]

230U→22Ne+208Pb 0 61.40 −5.95 — 21.16+2.89
−2.42 17.35 18.84 >18.20 [35]

230U→24Ne+206Pb 0 61.36 −6.21 — 23.04+2.25
−3.51 18.18 19.81 >18.20 [35]

232U→24Ne+208Pb 0 62.31 −6.22 −6.14 20.47+3.24
−2.18 16.77 18.40 20.40+0.04

−0.03 [38]
232U→28Mg+204Hg 0 74.33 −7.30 — 25.52+2.83

−3.38 20.23 22.09 >22.65 [39]
233U→24Ne+209Pb 2 60.51 −6.22 −8.82 22.23+2.9

−2.58 18.66 20.56 24.84+0.04
−0.04 [40]

233U→25Ne+208Pb 2 60.75 −7.63 −6.45 24.48+3.30
−2.26 20.74 22.40 23.30 [1]

233U→28Mg+205Hg 3 74.25 −7.41 — 28.63+4.33
−1.94 23.34 25.14 >27.59 [40]

234U→24Ne+210Pb 0 58.84 −6.22 −6.72 24.57+3.06
−2.24 21.03 22.88 25.07+0.12

−0.65 [41]
234U→26Ne+208Pb 0 59.47 −6.47 −6.13 25.41+3.52

−2.18 20.43 23.33 25.07+0.12
−0.65 [41]

234U→28Mg+206Hg 0 74.13 −7.31 −7.47 25.38+4.08
−2.15 23.34 22.28 25.54+0.34

−0.34 [41]
235U→24Ne+211Pb 1 57.36 −6.22 −5.56 28.11+1.94

−3.58 24.65 25.15 27.44+0.33
−0.19 [38]

235U→25Ne+210Pb 3 57.73 −7.64 −5.64 29.45+1.90
−3.77 26.08 26.55 27.44+0.33

−0.19 [38]
235U→28Mg+207Hg 1 72.21 −7.41 — 31.63+3.23

−3.07 25.53 27.83 >28.45 [42]
236U→24Ne+212Pb 0 55.96 −6.22 — 29.21+3.16

−2.37 25.23 27.32 >26.28 [42]
236U→26Ne+210Pb 0 56.75 −6.47 — 30.09+2.04

−3.73 25.23 27.20 >26.28 [42]
236U→30Mg+206Hg 0 72.48 −7.55 −7.90 27.23+4.64

−1.81 23.22 25.17 27.58 [43]
237Np→30Mg+207Tl 2 74.99 −7.61 — 25.35+4.56

−1.92 21.20 23.16 >27.57 [44]
236Pu→28Mg+208Pb 0 79.67 −7.41 −7.67 21.41+3.08

−3.57 16.22 18.10 21.67 [45]
238Pu→28Mg+210Pb 0 75.93 −7.42 −9.30 23.79+4.16

−2.52 20.05 22.20 25.69+0.25
−0.25 [46]

238Pu→30Mg+208Pb 0 77.00 −7.66 −8.29 25.04+3.60
−2.92 19.99 21.96 25.69+0.25

−0.25 [46]
238Pu→32Si+206Hg 0 91.21 −8.58 −5.06 28.80+4.04

−3.03 22.88 24.92 25.30+0.16
−0.16 [46]

240Pu→34Si+206Hg 0 91.05 −8.71 — 25.81+3.72
−3.49 20.22 22.44 >24.20 [1]

241Am→34Si+207Tl 3 93.94 −8.77 — 24.07+4.07
−3.67 18.36 20.59 >25.32 [47]

nrv
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In order to evaluate the uncertainties of the calculated half-lives with
double-folding potential, the uncertainties of the two parameters r0 and a in
nuclear matter density distribution of cluster and daughter nuclei in Eq. (8)
were taken into account as r0 = 1.07±0.02 [fm] and a = 0.54±0.07 [fm] [30].

Figure 3 displays the calculated half-lives, log T
(I)
1/2, and experimental

log T exp
1/2 with corresponding errors. This figure have been depicted for clus-

ter emitters 221Fr(14C), 221Ra(14C), 222Ra(14C), 223Ra(14C), 224Ra(14C),
226Ra(14C), 228Th(20O), 231Pa(24Ne), 232U(24Ne), 233U(24Ne), 234U(24Ne),
234U(26Ne), 234U(28Mg), 235U(24Ne), 235U(25Ne), 238Pu(28Mg), 238Pu(30Mg),
238Pu(32Si).

2
2

1
F

r(
1

4
C

)

2
2

1
R

a
(1

4
C

)

2
2

2
R

a
(1

4
C

)

2
2

3
R

a
(1

4
C

)

2
2

4
R

a
(1

4
C

)

2
2

6
R

a
(1

4
C

)

2
2

8
T

h
(2

0
O

)

2
3

1
P

a
(2

4
N

e
)

2
3

2
U

(2
4
N

e
)

2
3

3
U

(2
4
N

e
)

2
3

4
U

(2
4
N

e
)

2
3

4
U

(2
6
N

e
)

2
3

4
U

(2
8
M

g
)

2
3

5
U

(2
4
N

e
)

2
3

5
U

(2
5
N

e
)

2
3

8
P

u
(2

8
M

g
)

2
3

8
P

u
(3

0
M

g
)

2
3

8
P

u
(3

2
S

i)

10

15

20

25

30

35

lo
g
 T

1
/2

Fig. 3. Cluster decay half-lives. The circle and star denote log T
(I)
1/2 and log T exp

1/2 ,
respectively.

The noticeable uncertainty in calculated half-lives with double-folding
potential is observed. For heavier cluster emitters, the uncertainty is in-
creased. These uncertainties show the sensitivity of double-folding calcula-
tions to the adopted values of r0 and a parameters, especially the value of
the surface diffuseness parameter. However, as investigated in our recent
work [31], this sensitivity is anticipated.
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As can be seen from Table I and Fig. 3, good agreement between calcu-
lated and experimental half-lives with double folding potential is observed.
As expected, by the increase of weight of clusters, the cluster preformation
probability is decreased, except cluster decays with double magic daughter
nuclei.

The calculated half-lives with CWS potential are closer to the experiment
in comparison with WS potential. Figure 4 displays the difference between
calculated half-lives with WS and CWS potentials. As expected, larger half-
lives are obtained with CWS. The difference is increased for heavier cluster
emitters. This figure also shows noticeable role of cut-off distance (Rmax) in
cluster decay calculations.
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Fig. 4. Difference between calculated half-lives with WS and CWS.

By using the following relation, the standard deviation between loga-
rithm of experiment and calculated half-lives can be determined

σ =

[
1

n− 1

n∑
i=1

(
log T cal

1/2 − log T exp
1/2

)2]1/2
. (18)

By considering the distinct values of experimental half-live of 18 cluster
emitters, the standard deviation is obtained as σ = 1.34 for double-folding
potential, σ = 3.74 for WS potential, and σ = 2.32 for CWS potential. It
is worthwhile to note that calculated half-lives and, consequently, standard
deviation are strictly dependent on the adopted values or formulas of the
cluster preformation probability. These results show the effective role of cut-
off in calculation of cluster decay half-lives. Comparison between calculated
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standard deviation based on double-folding potential, CWS potentials, and
14 types of proximity potentials in Ref. [18], with ranges from 1.373 up to
7.951, shows that double folding gives better results in all cases and CWS
potential in 6 cases.

4. Discussion and conclusion

In this theoretical study, the cluster decay half-lives of 36 cluster emitters
from 221Fr to 241Am with heavy clusters (heavier than alpha particle) were
calculated by using double-folding potential. By considering the uncertain-
ties of the radius and surface diffuseness in nuclear matter distribution, the
uncertainties of calculated half-lives were determined. The obtained data
were in good agreement with the experiment. Moreover, the sensitivity of
calculations to the adopted valued of surface diffuseness were revealed. The
noticeable role of the shape of the potential in calculations was detected by
using phenomenological nuclear potentials WS and CWS.
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