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The Tolman–Bondi–Lemaître-type of inhomogeneous spacetime with
generalised Chaplygin gas equation of state given by p = − A

ρα , where α
is a constant, is investigated. We get an inhomogeneous spacetime at the
early stage but at the late stage of the universe, the inhomogeneity disap-
pears with suitable radial co-ordinate transformation. For the large scale
factor, our model behaves like ΛCDM-type which is in accord with the re-
cent WMAP studies. We have calculated ∂ρ

∂r and it is found to be negative
for α > 0 which is in agreement with the observational analysis. A strik-
ing difference with Chaplygin gas (α = 1) lies in the fact that with any
suitable co-ordinate transformation, our metric cannot be reduced to the
Einstein–de Sitter type of homogeneous spacetime in dust distribution as
it is possible for the Chaplygin gas. We have also studied the effective de-
celeration parameter and find that the desired feature of flip occurs at the
late universe. It is seen that the flip time depends explicitly on α. We also
find that flip is not synchronous occurring earlier at the outer shells, thus
offering a natural path against occurrence of the well-known shell cross-
ing singularity. This is unlike the Tolman–Bondi case with perfect gas,
where one has to impose stringent external conditions to avoid this type
of singularity. We further observe that if we adopt separation of variables
method to solve the field equations, the inhomogeneity in matter distri-
bution disappears. The whole situation is later discussed with the help of
Raychaudhury equation and the results are compared with previous cases.
This work is the generalisation of our previous article, where we have taken
α = 1.
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1. Introduction

From the growing number of observational data of high-redshift and
luminosity-distance relation of type IA supernovae in the last decade [1, 2],
we know that when they are interpreted in the framework of Einstein’s
field equations and the standard FRW type of universe (homogeneous and
isotropic), we are left with the only alternative that the universe is cur-
rently passing through an accelerated phase of expansion where baryonic
matter paradoxically contributes only four percent of the total energy bud-
get. Moreover, if we have faith in Einstein’s theory, the FRW model dictates
that one should hypothesize at once a peculiar and rather unphysical type
of matter field (DE) [3] with a very large negative pressure clearly violating
the energy conditions, to explain the late acceleration.

In the existing literature, a fairly good number of DE models are pro-
posed, but very little is precisely suggested about the nature and origin of it.
Nowadays, the DE problem remains one of the major open problems of the-
oretical physics [4]. On the way of searching for possible solutions of this
problem, various models have been explored during the last few decades, re-
ferring to new exotic forms of matter, e.g., quintessence [5, 6], phantom [7, 8],
holographic models [9], string theory landscape [10, 11], the Born–Infeld
quantum condensate [12], the modified gravity approaches [13, 14], inhomo-
geneous spacetime [15, 16], various types of higher dimensional theories etc.
(readers interested in more detail may refer to [17–20] for a comprehensive
overview of existing theoretical models). The one which attracted huge at-
tention is the Chaplygin gas (CG) inspired model [21–24], obeying an EoS,
p = −A

ρ . Although the model is very successful in explaining the SNe Ia
data, it shows that the CG fails to explain the tests connected with structure
formation and observed strong oscillations of matter power spectrum [25].
To overcome the problems, it is generalized (GCG) [26] with the addition of
an arbitrary constant as

p = − A
ρα

, (1)

where both A(A > 0) and α are constants. Here, α is constrained in the
range of 0 < α < 1 in order to have an acoustic speed that is at the most
luminal for perturbation [27] and also for the best fit with observations [28–
30]. Another bottleneck stems from the fact that the basic inferences from
the ΛCDM and GCG are essentially the same and thus one cannot chose
between the two from the experimental angle. One more point of concern is
the fact that the accelerating phase coincides with the period when the inho-
mogeneities in the matter distribution at length scales < 10 Mpc become sig-
nificant so that the universe can no longer be approximated as homogeneous
at these scales. Moreover, one may point out that homogeneity and isotropy
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of the geometry are not essential ingredients to establish a number of rele-
vant results in relativistic cosmology. One need not be too sacrosanct about
these concepts so as to sacrifice basic physics (energy conditions, for exam-
ple) in relativistic cosmology. On the other hand, if we forgo the concepts of
homogeneity and isotropy, the observational data do not force us to imply
an accelerating expansion of the universe, or even if the cosmic expansion is
accelerating, it does not necessarily point to an existence of a dark energy.
Thus, a parallel line of activities has emerged to explain the observational
findings without introducing the concept of dark energy. A community of ac-
tivists have started a sort of ‘mission’ to explain (sometimes with conflicting
claims) the observational findings within inhomogeneous models. Given the
complexities involved in dealing with inhomogeneous models, the simplest
generalisation of FRW spacetime is the well-known Tolman–Bondi–Lemaître
model which is also spherically symmetric but the spacetime is inhomoge-
neous and the acceleration is supposedly caused by the back reaction effects
due to the inhomogeneities in the background FRW universe. It was shown
that from observational point of view, their [15, 20] results become very
similar to the predictions of CDM model.

The motivation for the present work may be summed up as follows: As
pointed out earlier that following the discovery of the late acceleration of
our cosmos and the subsequent inability of the standard models to explain
the phenomenon within the context of Einstein’s theory with standard per-
fect fluid, there have been a proliferation of proposals to reintroduce the
idea of a cosmological constant, a quintessential field, higher dimensional
theories, higher derivative models etc. However, all these suffer from the
disqualification that the exotic fluid violate energy conditions and are also
not physically viable.

An alternative line of approach is to address the problem in the realm
of inhomogeneous cosmology, such that the back reaction coming from the
extra terms due to inhomogeneity may trigger and drive the acceleration
without being forced to invoke the presence of any exotic fluid and a vigor-
ous search for compatibility of late acceleration with inhomogeneous model
ensued. However, the journey is not free from controversies and failures.
Returning to the idea of back reaction, Kolb et al. [31] argued, using per-
turbative techniques, that when observed from the centre of perturbation,
the expansion rate is large and sometimes may accelerate. The work later
got credence from similar analysis of Wiltshire [32] and Carter et al. [33]
where the universe is modeled as underdense bubble in an Einstein–de Sit-
ter universe and predictions tally with those of ΛCDM. However, it is later
pointed out [34, 35] that the claim is seriously flawed as domain of validity of
perturbation is extrapolated to a regime where perturbative analysis breaks
down as also constraints are violated.
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Thus, it points to the fact that acceleration cannot be explained with the
help of inhomogeneities alone. Therefore, we have thought it fit to explore
the phenomenon of late acceleration in inhomogeneous model with the help
of now popular Chaplygin gas to see if the two are compatible i.e. if one can
explain acceleration in this framework too.

As is common in all Chaplygin-types of models, our field equations are
amenable to closed form solutions only at the extremal cases. Unlike the
FRW models, all the physical parameters are here both space- and time-
dependent and all our solutions reduce to our earlier work [23] when α = 1.

The organization of work is as follows: in Section 2, we write the field
equations of our inhomogeneous spacetime with a generalized Chaplygin gas
as a matter field and find the detail solutions in Section 3. The solution de-
scribed by our equation (25) is unique and may be termed as the generalised
Einstein–de Sitter metric (ED) and one cannot directly revert to the well-
known ED metric with any coordinate transformation. At the late stage of
evolution, we get the solution similar to ΛCDM model. We also calculate the
acceleration flip in our spacetime, which depends both on space and time.
In contrast to the homogeneous case, the flip is evidently not synchronous.
Each shell characterised by an r-constant hypersurface has its own instant
of flip.

For any inhomogeneous dynamics, we come across two important sin-
gularities — shell crossing and shell focusing. We have noted that in our
case, shells with higher value of r start accelerating earlier and thus shell
crossing singularity is naturally avoided. For completeness, we contrast our
inferences with those obtained from the Raychawdhury equation [36], and
the paper ends with a brief discussion in Section 4.

2. Field equations and its integrals

ds2 = dt2 − eλ(t,r) dr2 −R2(t, r)
(
dθ2 + sin2 θdφ2

)
, (2)

where the scale factor, R(t, r) depends on both time and space coordinates
(t, r) respectively. As inhomogeneous equations in GTR are, in general,
very difficult to solve analytically we assume for mathematical simplicity
that g00 = 1.

In comoving coordinate system, the energy momentum tensor for the
above defined coordinates is given by

Tµν = (ρ+ p)δµ0 δ
0
ν − pδµν , (3)

where ρ(t, r) is the matter density and p(t, r) is the pressure. The fluid con-
sists of successive shells marked by r, whose local density is time-dependent
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over the successive hypersurfaces. The function R(t, r) describes the loca-
tion of the shells characterized by r at the time t. Einstein’s field equations,
subject to the rescaled gauge,

R(0, r) = r , (4)

gives the following independent equations for metric (2) and energy momen-
tum tensor (3) as

−e
−λ

R2

(
2RR′′ +R′2 −RR′λ′

)
+

1

R2

(
RṘλ̇+ Ṙ2 + 1

)
= ρ , (5)

−e−λR
′2

R2
+

1

R2

(
2RR̈+ Ṙ2 + 1

)
= −p , (6)

e−λ

R2

(
2RR′′ +R′2 −RR′λ′

)
+

1

R2

(
RṘλ̇+ Ṙ2 + 1

)
= −p , (7)

2Ṙ′ − λ̇R′ = 0 . (8)

Here, prime and a dot overhead denote space and time derivative respec-
tively.

Solving equation (8), we get

e
λ(t,r)

2 =
R′

f(r)
, (9)

where f(r) is an arbitrary function of r such that f(r) > 0.
Since the WMAP and other recent data [37, 38] point to a nearly flat

universe in the current era, we take f(r) = 1 such that the field equations
finally reduce to the following two independent equations as:

Ṙ2

R2
+ 2

Ṙ′

R′
Ṙ

R
= ρ , (10)

2
R̈

R
+
Ṙ2

R2
= −p . (11)

The conservation equation leads to

dρ

dt
+

1

e
λ
2R2

d

dt

(
e
λ
2R2

)
(ρ+ p) = 0 . (12)

For our case, we take a matter field, given by equation (1) along with
(12) and we get

ρ̇+
1

e
λ
2R2

d

dt

(
e
λ
2R2

)(
ρ− A

ρα

)
= 0 (13)
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which, on integration, gives

ρ =

A+
C(r)(

e
λ
2R2

)1+α


1
1+α

, (14)

where C(r) is a function of integration. Now, putting equation (9), we get

ρ =

[
A+

C(r)

(R′R2)1+α

] 1
1+α

. (15)

With the help of equation (10), we finally obtain

Ṙ2

R2
+ 2

Ṙ′

R′
Ṙ

R
=

[
A+

C(r)

(R′R2)1+α

] 1
1+α

. (16)

This is the main equation in our future analysis but unlike the homogeneous
models, C(r) also depends on space. As it is well-known, the resulting field
equations with the Chaplygin-type of matter field do not, in general, of-
fer any closed type of solutions and in what follows, we see that we have
to study some extremal cases only. Following Moffat [39], the present au-
thors, in an earlier communication [23], have taken the expression of Hubble
parameter as

H =
2

3
H⊥ +

1

3
Hr , (17)

where

H⊥ =
Ṙ

R
(18)

and

Hr =
Ṙ′

R′
(19)

which may be taken as a measure of the local expansion rate in the perpen-
dicular and radial directions, respectively. Now, we can write the decelera-
tion parameter

q⊥ = − 1

H2
⊥

R̈

Ṙ
. (20)

From equation (15), another important physical quantity, ∂ρ∂r (a sort of mea-
sure of inhomogeneity), comes out to be

ρ′ =
∂ρ

∂r
= − C(r)

1 + α

(1 + α)
(
R′′

R′ + 2R
′

R

)
− C′

C(r)

(R2R′)1+α ρα
. (21)
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For realistic mass distribution, ρ′ < 0 implying

(1 + α)

(
R′′

R′
+ 2

R′

R

)
>

C ′

C(r)
. (22)

If we consider C(r) to be a true constant, then from equation (21), we see
that ρ′ < 0 as expected. Otherwise, we have to know the form of C(r) to
get an idea regarding the negativity of ρ′. We have chosen here two simple
forms of C(r) as (i) power law and (ii) exponential to check the negativity
of ρ′ in the next section.

3. Solutions

As pointed out earlier, parent equation (16) admits hypergeometric so-
lutions only in general. So we have to take some special cases only.

3.1. Case A: R(t, r) is very small

When the scale factor R(t, r) is relatively small, i.e., at the early stage of
the universe, from equation (16) we get dust-dominated universe for C(r) =(
4
3αr

3α−1)1+α yielding

R(t, r) = rα [t+ t0(r)]
2
3 , (23)

where t0(r) is an arbitrary function of integration depending on r.
With this expression of R(t, r), the pressure vanishes. Moreover, for

isotropic expansion (e
λ
2 = R), we get ρ ∼ 1

R3 (in an r-constant hypersurface)
as in the FRW universe. Interestingly, expression (23) is not exactly Tolman–
Bondi-like because we are dealing with a generalised Chaplygin gas-type
exotic fluid and our line element reduces to

ds2 = dt2 − r2(α−1) [t+ t0(r)]
4
3
{
α2dr2 + r2

(
dθ2 + sin2 θdφ2

)}
. (24)

If we further assume that t0(r) vanishes or becomes a true constant (in that
case a time translation is necessary), then we get

ds2 = dt2 − r2(α−1)t
4
3
{
α2dr2 + r2

(
dθ2 + sin2 θdφ2

)}
. (25)

The spacetime described by equation (25) is unique and one may look upon
it as a modified Einstein–de Sitter metric for the inhomogeneous space-
time. There is a striking difference between the spacetime described by
equation (25) and that in our work [23] referred to earlier for α = 1. In
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our previous work with pure Chaplygin gas (α = 1), the additional assump-
tion of t0(r) = 0 reduces the metric to a homogeneous Einstein–de Sitter
case with dust distribution in the flat space (R

2
3 ). However here, t0(r) = 0

does not reduce the metric to any homogeneous form. For that, we need an
additional assumption of α = 1. Therefore, the generalised Chaplygin gas
does not admit any homogeneous distribution in the Tolman–Bondi metric.
From equation (15), we get the expression of density as

ρ(t, r) ≈
√
C(r)

(R′R2)1+α
=

4α

3r [t+ t0(r)]
[
α{t+t0(r)}r + 2

3 t
′
0

] . (26)

If we calculate the deceleration parameter q⊥ using equations (20) and (23),
we get q⊥ = 1

2 implying a dust-dominated universe. From equation (26), we
have checked the signature of ρ′ given by

ρ′ = −
8α
[
(3α+ 1) {t0(r) + t} t′0(r) + rt′0(r)

2 + r {t0(r) + t} t′′0(r)
]

{t0(r) + t} 2 {3αt0(r) + 2rt′0(r) + 3αt} 2
. (27)

Equation (27) shows that ρ′ is always negative for positive value of α as
desired. This equation further ensures that α should be greater than zero.

3.2. Case B: R(t, r) is very large

Type 1: In the late stage of evolution, the second term of the RHS of
equation (16) vanishes and we get

Ṙ2

R2
+ 2

Ṙ′

R′
Ṙ

R
= A

1
1+α . (28)

(a) A straightforward integration of equation (28) gives R(t, r) as

R(t, r) = R0 exp


√
A

1
1+α

3
(t+ r)

 . (29)

This is the well-known de Sitter-type of solution generalised to in-
homogeneous spacetime with A

1
1+α simulating as Λ, the cosmological

constant. It may be pointed out at this stage that the beauty of the
idea of the Chaplygin gas lies in the fact that it unifies both the dark
matter and dark energy concept in different limits producing an early
dust-dominated and an accelerating phase at the late stage of the evo-
lution. It is found that this late stage expansion mimics the ΛCDM
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model. At this stage, a comparison to an earlier work of Moffat [40] of
the LTB model with cosmological constant may be relevant. Our key
equation (16) yields solution (29) for large scale factor which is strik-
ingly similar to the Moffat result [40]. However, the essential difference
lies in the fact that while Moffat assumed a priori a cosmological con-
stant in his analysis, in our case, it manifests itself at a late stage of
evolution. Moreover, a simple radial coordinate transformation

r̄ = R0 exp


√
A

1
1+α

3
r

 (30)

reduces metric (2) to

ds2 = dt2 − exp

2

√
A

1
1+α

3
t

{dr̄2 + r̄2
(
dθ2 + sin2 θdφ2

)}
. (31)

At the late stage of evolution, it is seen that with suitable transfor-
mation of radial co-ordinate (equation (30)), we get the de Sitter-type
metric with homogeneous spacetime. Thus, it may be concluded that
for large R(t, r), the inhomogeneity may disappear as expected.

One can also see from equation (15) that for the late universe

ρ ' A
1

1+α +
C(r)

(1 + α)A
α

1+α

1

(R′R2)1+α
, (32)

p ' −A
1

1+α +
α

1 + α

C(r)

A
α

1+α

1

(R′R2)1+α
. (33)

This may be viewed as a combination of a cosmological constant A
1

1+α

with a type of matter representing a ΛCDM model. Moreover, in the
asymptotic limit (R ∼ ∞), we get p = −ρ = −A

1
1+α for this Chaplygin

type of gas, corresponding to an empty universe with a cosmological
constant.

In this case, the deceleration parameter q⊥ = −1, which shows an
acceleration at the late stage. Now, we can calculate ρ′ using equa-
tion (32) and we get

∂ρ

∂r
= − C(r)

(1 + α)A
α

1+α

1

(R′R2)1+α

{
(1 + α)

(
R′′

R′
+ 2

R′

R

)
− C ′

C(r)

}
(34)
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which is consistent with inequality condition (22) for ρ′ < 0. With the
help of equation (29), condition (22) reduces to

√
3(1 + α)A

1
2(1+α) >

C′

C(r) . Since C(r) is a positive integration constant, it may be true con-
stant or may be a function of r. If the integration constant C(r) ≡ C
is a true constant, then ρ′ < 0. On the other hand, if C(r) depends
on r such that C(r) ∝ eγr, which gives

√
3(1 + α)A

1
2(1+α) > γ and

under this condition ρ′ < 0.

(b) Alternatively, one may also get another type of solution of (28) as

R(t, r) = R0 sinh
2
3 w(t+ r) , (35)

where w =
√
3
2 A

1
2(1+α) . Unlike the previous work [23], this result does

not contain any explicit reference of α, being absorbed in the expres-
sion of w.

Now, using equations (20) and (35), we get the deceleration parame-
ter as

q⊥ =
3

2
sech2w(t+ r)− 1 . (36)

Figure 1 shows that the flip occurs early at greater value of r, i.e.,
velocity increases for greater r. The flip time τc can be calculated
from equation (36) when q⊥ = 0 and we get

τc =
2√
3
A
− 1

2(1+α) sech−1

(√
2

3

)
− r . (37)

Fig. 1. The variation of q⊥ vs. t is shown taking A = 2 and α = 1.
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As expected, the flip time (τc) explicitly depends on α. The variation
of τc with α depends on magnitude of A. If A > 1, the τc increases as
α increases, i.e., late flip for large α, on the other hand, for A < 1, i.e.,
the conclusion is just the reverse. For A = 1, τc is independent of α
for r-constant hypersurface. The variation of τc with α for different
values of A is shown in figure 2.

Fig. 2. τc with α for different value od A are shown taking r = 0.01.

Another important conclusion coming out of equation (37) has not
escaped our notice. As is customary in any inhomogeneous evolutions,
this equation shows that all physical quantities including instant of flip
depend on both space and time co-ordinate. So each shell characterised
by an r-constant hypersurface has its own flip time. Moreover, we
further observe that shells with higher values of r start accelerating
earlier than those with lower values of r. This is a good news because
it avoids the well-known shell crossing singularity associated with any
inhomogeneous evolution. This is unlike the Tolman–Bondi case with
perfect gas, where one has to impose stringent external conditions to
avoid this type of singularity.
Next, we have to check the signature of ρ′. Using condition (22), we
may write (1+α) {tanhw(t+ r) + cothw(t+ r)} > γ for ρ′ < 0, where
we have taken C(r) = eγr.

Type 2: Now, we attempt to solve equation (16) using the method of
separation of variables. Let R(t, r) = a(t)g(r). From equation (16), we get

3
ȧ2

a2
=

(
A+

B

a3(1+α)

) 1
1+α

, (38)
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where
B =

C(r)

(g′g2)1+α
. (39)

However, the LHS of equation (38) depends on time only which dictates that
B must be a true constant.

Then, using equations (21) and (39), a long but straightforward calcu-
lation shows that ρ′ = 0 (C may be a function of r or a true constant),
implying that the matter field is homogeneous in this case. May not be out
of space to point out that one of the authors discussed, albeit in a different
context, the same situation and got similar results [41].

3.3. Temporal solution

Equation (38) gives the hypergeometric solution of a(t) with t. The
solution and other features are the same as homogeneous case [20] at the
late stage of evolution, i.e., a(t) is large in this case and equation (38)
becomes (neglecting higher order terms)

3
ȧ2

a2
= A

1
1+α +

B

(1 + α)A
α

1+α

a−3(1+α) . (40)

Fig. 3. The variation of a(t) vs. t is shown taking A = 5 and B = 5.

Solving equation (40), we get the solution

a(t) = a0 sinhm ωt , (41)

where a0 =
{

B
A(1+α)

} 1
3(1+α) ; m = 2

3(1+α) and ω =
√
3
2 (1 + α)A

1
2(1+α) .
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From equation (41), we get the deceleration parameter

q =
1−m cosh2 ωt

m cosh2 ωt
. (42)

Equation (42) shows that the exponent m determines the evolution of q.
A little analysis of equation (42) shows that (i) if m > 1, we get only
acceleration, no flip occurs in this condition, but for m > 1, it gives −1

3 >
α, which is physically unrealistic, since previously we have shown α > 0.
(ii) Again, if 0 < m < 2

3 , it gives early deceleration and late acceleration
and in this condition α > 0, so the desirable feature of flip occurs which
agrees with the observational analysis for a positive value of α.

Figure 4 shows the variation of q with t for different values of α where flip
occurs. It is seen that the flip time (tc) is different for different values of α but
this change is not monotonous. We would like to focus on the occurrence of
late flip because all observational evidences suggest that accelerating phase
is a recent phenomena. It is interesting to note that the late flip also depends
on the value of A. In figure 4, we have taken two values of A, where we get
the maximum tc for corresponding value of α, e.g., for A = 1.2, we get the
(tc)max at α = 0.20 and for A = 1.38, it comes out to be α = 0.255. In
this context, correspondence to an earlier work of Campo [28] is relevant
where he also got similar results while dealing with Generalised Chaplygin
gas. It is interesting to mention that we also got similar results in our earlier
work [30] although in a different context. From figure 4, we find that flip
occurs later at this range of α in conformity with observational analysis. In
this case, the flip time (tc) will be

tc =
1

ω
cosh−1

(√
1

m

)
. (43)

(a) (b)

Fig. 4. The variation of q and t for different values of α with B = 1. (a) Figure
shows that the maximum value of tc at α = 0.2; (b) tc becomes maximum at
α = 0.255.
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Using equation (43), we have drawn figure 5 where the variation of tc
with α for different value of A is shown. It is seen that the variation of tc
with α is not monotonous. When the value of α is small, tc increases with α;
after a certain value of α, tc decreases as α increases. That means we get
a maximum value of tc for a different value of A. As a trial case, we see
the following data table where we have seen the maximum value of tc for a
different value of A with corresponding α.

Fig. 5. The graphs clearly show that flip time depends on α.

From Table I, we find that the value of (tc)max is larger for the smaller
value of A. From the observational point of view, it has previously been
seen that this corresponds to a value of α ∼ 0.25. The table further shows
that for α = 0.255, the (tc)max will be 0.6780 when we consider the value of
A = 1.38.

TABLE I

Table for α and tc.

A 1.2 1.3 1.35 1.38 1.4
(tc)max 0.7177 0.6945 0.6840 0.6780 0.6742
α 0.200 0.233 0.246 0.255 0.260

3.4. Radial solution

g(r) =

{
3

B
1

1+α

∫
C(r)

1
1+αdr

} 1
3

. (44)
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Now, we have two options: (i) C(r) is a function of r only and (ii) C(r)
is a true constant.

(i) We may choose the simplest form of C(r):

(a) C(r) = rβ , where β is a constant. Equation (44) reduces to∫
C(r)

1
1+αdr =

1 + α

1 + α+ β
r

1+α+β
1+α , (45)

and we get

g(r) =

{
3(1 + α)

(1 + α+ β)B
1

α+1

} 1
3

r
1+α+β
3(1+α) . (46)

(b) C(r) = eγr, where γ is a constant∫
C(r)

1
1+αdr =

1 + α

γ
e
γr

1+α (47)

which gives

g(r) =

{
3(1 + α)

γB
1

α+1

} 1
3

e
γr

3(1+α) . (48)

(ii) When C(r) is a true constant, i.e., C(r) ≡ C, the expression of g(r)
is given by

g(r) = 3
1
3

(
C

B

) 1
3(1+α)

r
1
3 . (49)

3.5. General solution

Now, the general solution will be

R(t, r) =

[
3

{A(1 + α)}
1

1+α

∫
C(r)

1
1+αdr

] 1
3

sinhm ωt . (50)

Using equations (45), (47) and (50), we can write the general solution in the
following form:
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(i) C(r) is a function of r:

(a) C(r) = rβ :

R(t, r) =

{
3

(1 + α+ β)

} 1
3
{

(1 + α)α

A

} 1
3(1+α)

r
1+α+β
3(1+α) sinhm ωt .

(51)
(b) C(r) = eγr:

R(r, t) =

{
3

γ

} 1
3
{

(1 + α)α

A

} 1
3(1+α)

e
γr

3(1+α) sinhm ωt , (52)

and

(ii) C(r) ≡ C:

R(r, t) = 3
1
3

{
C

A(1 + α)

} 1
3(1+α)

r
1
3 sinhm ωt (53)

when we put β = 0 into equation (51), C(r) becomes constant (unity)
and equations (51) and (53) are identical.

If we calculate both q⊥ and tc, we get the same expressions (42) and (43),
respectively, because we are using the method of separation of variables to
calculate the solution of R(t, r).

It is to be mentioned that the considered here C(r) is proportional
to both power law and exponential function of r. Actually, these type of
assumptions-based on some solutions of R(t, r), e.g., in equation (23), we
see that R(r) ∝ rα, on the other hand, we get exponential relation in equa-
tion (30); in a different work, Moffat [42] got the same type of exponential
function of r.

4. Raychaudhuri equation

For the sake of completeness, we have contrasted the results obtained so
far with those obtained from the well-known Raychaudhuri equation [36],
given by

θ,µv
µ = v̇µ;µ − 2

(
σ2 − ω2

)
− 1

3
θ2 +Rνηv

νvη , (54)

where the terms have their usual significance. For our irrotational system,
it reduces to

θ2q = 6σ2 + 12πG (ρ+ 3p) . (55)
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With the help of equations (1), (15) and (55), we finally get for deceleration
parameter

θ2q = 6σ2 + 12πG

[
−2A+

C(r)

(R′R2)1+α

] [
A+

C(r)

(R′R2)1+α

]− α
1+α

(56)

and for shear scalar

σ2 =
1

2
σµνσ

µν =
1

3
(Hr −H⊥)2 . (57)

4.1. Case A: early stage

At the early phase of this evolution when the scale factor R(r, t) is small
enough, equation (56) reduces to

θ2q = 6σ2 + 12πG
[C(r)]

1
1+α

R′R2
. (58)

It follows from equation (58) that q, the deceleration factor, is always posi-
tive. So accelerated expansion is absent in this dust-dominated phase though
inhomogeneity is present here. The same conclusion was obtained previously
using equation (23), where q⊥ = 1

2 . Interestingly, this result is very similar
to the work of Alnes et al. [35].

4.2. Case B: late stage

Type I: If we consider the late stage of evolution i.e., R(t, r) is large enough
in this phase, the second term of the RHS of equation (16) vanishes and we
get from equation (56)

θ2q = 6σ2 − 24πGA
1

1+α . (59)

(a) When we use the scale factor given by equation (29), the shear scalar
becomes σ2 = 0. Equation (59) reduces to

θ2q = −24πGA
1

1+α . (60)

It gives accelerating universe at the late stage. In the previous section,
we get the same conclusion with the help of equation (29), where the
value of q⊥ = −1.
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(b) Again, if we consider the expression of the scale factor given by equa-
tion (35), the shear scalar becomes σ2 = 8

3ω
2cosech2 [2ω (r + t)] and

A = (43ω)(1+α). Equation (59) reduces to

θ2q = 16ω2cosech2 [2ω (r + t)]− 32πGω2 . (61)

Figure 6 shows σ2 vs. t for r-constant hypersurface. In this graph, we
have seen that as t increases, σ2 decreases, i.e., when t → ∞, σ2 → 0.
Thus, initially, it represents the decelerating universe and after flip, we get
acceleration in line with current observational result. It is to be mentioned
that the expressions of σ2 and θ2q seem to be identical with our previous
work [23] but are not exactly the same because here the expression for ω
contains α.

Fig. 6. The variation of σ2 vs. t is shown taking A = 2 and r = 1.

Type II: Again, if we consider first order approximation of equation
(50), neglecting higher order terms, we get

θ2q = 6σ2 +
24πG

A
α

1+α

[
−A+

1 + 3α

2(1 + α)

C(r)

(R′R2)1+α

]
. (62)

If we consider R(t, r) = a(t)g(r), then from equation (51), it follows that
σ = 0. Now, equation (56) reduces to

θ2q =
24πG

A
α

1+α

[
−A+

1 + 3α

2(1 + α)

B

a3(1+α)

]
. (63)
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It follows from equation (63) that flip occurs when a(t) =
{

1+3α
2(1+α)

B
A

} 1
3(1+α) .

Now, q < 0, at a(t) >
{

1+3α
2(1+α)

B
A

} 1
3(1+α) i.e., acceleration takes place in this

case.
Therefore, we get early deceleration and late acceleration here. This also

follows from equation (42) for α > 0.

5. Concluding remarks

We have considered a Tolman–Bondi–Lemaître-type of inhomogeneous
spacetime with a generalised Chaplygin gas equation of state. There is a
proliferation of articles on accelerating universe with Chaplygin EoS in ho-
mogeneous spacetime but scant attention has been paid so far to address
the problem in inhomogeneous spacetime. One intriguing problem is that
accelerating phase supposedly starts at the period when inhomogeneities in
the distribution in the universe at length scale < 10 Mpc can no longer be
ignored. This primarily motivates us to investigate the matter in inhomo-
geneous spacetime. The salient features of other findings may be briefly
summed up as:

(i) Using our field equations being highly nonlinear with contributions
from both inhomogeneity and the generalised Chaplygin-type of mat-
ter field, we have been able to get the solutions in a closed form at
extreme cases only, i.e., at early and late stages of the universe. In the
former case, we have seen that ∂ρ

∂r is always negative for α > 0. From
the theoretical point of view, we may conclude that the α should be
positive which is in agreement with the observational analysis. Here,
C is a function of r, i.e., C(r) =

(
4
3αr

3α−1)1+α. Interestingly, we
have seen that the deceleration parameter q⊥ = 1

2 represents dust-
dominated universe.

(ii) In a different context, the scale factor R(t, r) has been calculated at
asymptotic range i.e., at late stage of the universe. At the extreme case
with suitable transformation of radial co-ordinate, the solution resem-
bles de Sitter-type metric with homogeneous spacetime (see equation
(31)). Thus, it may be concluded that at late stage of the universe,
inhomogeneity may disappear as expected.
Further, the integration function C may be either a true constant or
a function of r. If we consider C as a true constant, then ∂ρ

∂r < 0 as
desired for a regular distribution in each case. Otherwise, if C ≡ C(r),
we have to take particular forms of C(r) and ρ′ may be negative under
certain restriction.



1574 D. Panigrahi, S. Chatterjee

(iii) Another area of interest is the spacetime described by equation (25).
This is a unique result in the sense that for pure Chaplygin gas (α = 1),
one can reduce equation (25) to the well-known Einstein–de Sitter
case with some additional assumption. However, for the generalised
Chaplygin gas (α 6= 0), similar assumption does not reduce it to any
homogeneous spacetime.

(iv) From equation (35), it further follows that at the late era when flip
occurs, the flip time (τc) depends explicitly on α. The variation of τc
with α also depends on magnitude of A (figure 1). In this case, the
flip occurs later for inner shells.
As it is well-known in an inhomogeneous model, all physical param-
eters depend on both space and time, including flip which evidently
depends on time. It is not synchronous. The different shells char-
acterised by r-constant hypersurfaces start accelerating at different
instants of time. We have come across the phenomena of shell crossing
singularity in inhomogeneous gravitational collapse. For an inhomo-
geneous expanding model with acceleration, this is particularly signif-
icant. Since our analysis shows that for a shell with a larger value
of ‘r’ the velocity flip starts earlier, which is a good news for avoid-
ance of shell crossing singularity. Thus, the Chaplygin gas inspired
model offers a natural path against this singularity as opposed to the
Tollman–Bondi case with perfect gas, where one has to impose a set
of stringent external conditions.

(v) For the sake of completeness, we have adopted the separation of vari-
able method to solve our key equation (16). Most of the authors
explained Chaplygin gas considering extreme cases for temporal part.
We have also studied the extremal form in Case A and Case B. Now,
for large R(t, r), we consider up to second term of the temporal part
and then we are able to solve equation (29) in exact form. The solution
of equation (29) was given in equation (30) which shows early deceler-
ation as well as late acceleration. The desirable feature of flip occurs
which agrees with the observational analysis for positive value of α. In
this case, we find that the matter density becomes homogeneous i.e.,
ρ′ = 0 independent of the nature of C.
(a) One can also mention that the flip time (tc) depends on the value

of α but the dependance is not monotonic. Figure 4 shows the
variation of q with t for different values of α where flip occurs.
We have concentrated on the occurrence of a late flip because
all observational probes point to a late accelerating phase. It is
interesting to mention that the late flip also depends on the value
of A. In figure 4, we have taken two values of A where we find
the maximum tc for corresponding value of α.
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(b) To get the exact solution of the radial part represented by (44), we
have to choose the expression of integration constant C(r) as the
simplest form (i) C(r) = rβ and (ii) C(r) = eγr. However, if we
consider C(r) to be a true constant, interestingly, we get R(t, r)∝
r

1
3 , i.e., R(t, r) is related to the power law expression of r.

(vii) We also have calculated θ2q with the help of Raychaudhury equation
and showed that nature of q is the same for each case as in Section 3.

(viii) We further notice that in literature, there exist models generalising
LTB with a cosmological constant. Our work essentially differs in that
it is more general in nature because for a large scale factor, it reduces
to that ΛCDM model, where A

1
1+α simulates Λ in equation (29).

As commented earlier in the introduction the Chaplygin gas (CG) sce-
nario, besides its successful applicability in the accelerating universe
paradigm, is also aesthetically satisfying in the sense that it beautifully syn-
thesizes both matter and dark energy in a single whole, unlike the ΛCDM
case which explains only a part of the evolution. Moreover, many workers
including the present authors have also shown that the CG is thermodynam-
ically stable [43] as well. One should also point out that the CG cosmology
also suffers from serious shortcomings in its attempts to explain the large
scale structure formation of the universe, inviting serious comments and
criticisms. Without going into details (those interested in more details are
referred to [25] and [26]), we would like to mention that the value of the
square sound velocity c2s here comes out to be very small which is shown to
produce unphysical oscillations giving finally rise to an exponential growth
of current power spectrum of matter [25]. However, recent analysis has
shown that one can circumvent this difficulty taking the generalized Chap-
lygin Gas [26]. Moreover, under the ΛCDM case, the c2s here though tiny
remains positive throughout.

The present work suffers from another serious shortcoming in that we
have so far not attempted to constrain the free model parameters with the
help of observational data as is customary in relevant works in this field.
The issue of compatibility of the obtained results with observational data
will be addressed in our future work.

D.P. acknowledges the financial support of the Diamond Jubilee grant of
Sree Chaitanya College, Habra.
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