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We investigate the Bhabha scattering with the Seiberg–Witten ex-
pended noncommutative Standard Model scenario to the first order of the
noncommutativity parameter Θµν . This study is based on the definition of
the noncommutativity parameter that we have assumed. We explore the
noncommutative scale Λ

NC
≥ 0.8 TeV considering different machine energy

ranging from 0.5 TeV to 1.5 TeV.
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1. Introduction and motivation

The noncommutative Standard Model is based on the noncommutativity
of the space and time variables. The noncommutative space-time is defor-
mation of the ordinary one that can be realized by representing ordinary
space-time coordinates xµ by Hermitian operators x̂ν

[x̂µ, x̂ν ] = iΘµν = i
cµν

ΛNC

, (1)

where cµν are dimensionless parameters and ΛNC is the energy scale where
the noncommutative effects of the space-time will be relevant. In the present
work, we are especially interested in the spacetime noncommutative Stan-
dard Model based on the Moyal–Weyl (WM) product [1] and Seiberg–Witten
(SW) maps [2]. In the WM product formalism, to define a field theory on
noncommutative spacetime, we replace the ordinary product by the WM
?-product

(f ? g)(x) = exp

(
1

2
Θµν∂xµ∂yν

)
f(x)g(y) |y=x (2)

and the SW maps express noncommutative fields and parameters as local
functions of the commutative fields and parameters.
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The existence of the Seiberg–Witten maps to all orders leads to expan-
sions for matter field ψ, gauge fields Vα and gauge parameters λα as follows:

ψ̂ = ψ̂ [ψ, V ] = ψ +
1

2
ΘµνVµ∂νψ +

i

8
Θµν [Vµ, Vν ]ψ +O

(
Θ2
)
, (3)

V̂α = V̂α [V ] = Vα +
1

4
Θµν{∂µVα + Fµα, Vν}+O

(
Θ2
)
, (4)

λ̂α = λ̂α [λ, V ] = λα +
1

4
Θµν{∂µλα, Vν}+O

(
Θ2
)
. (5)

The full description of the minimal noncommutative Standard Model
(mNCSM), built on the U(1)Y ⊗ SU(2)L⊗ SU(3)C group, and the complete
Feynman rules derived from NCSM, including new interactions between the
gauge bosons in the nonminimal NCSM version, are presented in [3]. The ex-
tension of SM to noncommutative space-time with motivations coming from
the string theory and quantum gravity provides interesting phenomenolog-
ical implications since the scale of noncommutativity could be as low as a
few TeV, which can be explored at the present or future colliders. Due to the
breaking of Lorentz invariance for fixed Θµν background, noncommutativity
of space-time leads to dependence of cross section on azimuthal angle which
is absent in the Standard Model (SM) as well as in other models beyond
the SM. Thus, the azimuthal dependence of the cross section is a typical
signature of noncommutativity and can be used in order to discriminate it
against other New Physics effects. We have found this dependence to be
best suited for deriving the sensitivity bounds on the noncommutative scale
ΛNC , and the main purpose of this work is to derive the bounds on the non-
commutative scale ΛNC in the Bhabha scattering in the context of mNCSM,
by using the framework introduced in [3].

The present manuscript will be organised as follows. In the next section,
we will present some bounds for the noncommutativity parameter Θµν pro-
vided by the most recent papers. We will then conclude with the results that
we have obtained for noncommutative scale ΛNC in the Bhabha scattering,
in the framework of the mNCSM, using the SW maps to the first order of
the NC parameter Θµν .

2. Overview of bounds on noncommutative scale

We will dedicate this section to the bounds which can presently be stud-
ied in several processes and systems, including estimates for some exper-
iments [4–16]. Most of them used noncommutative antisymetric constant
matrix Θµν analogous to the eletromagnetic field strength tensor; denote
the time-like components coi by ~E and the space-like components cij by ~B.
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However, they often use two different parameterizations for the noncom-
mutative parameter Θµν . The first one is considered as an elementary
constant in nature, its direction is fixed in the specific celestial Cartesian
reference, so one should take into account these rotation effects on Θµν
in this frame, before moving towards the phenomenological investigations.
In the second parameterizations, the values of the two vectors are fixed as
~E = 1√

3
(~i+~j+~k) and ~B = 1√

3
(~i+~j+~k). The phenomenological consequences

of the noncommutative space-time have been explored in several studies for
giving bounds on noncomutative parameter. From the e+e− → qq̄ subpro-
cess and by comparing with the ALEPH and OPAL data of LEP in [4],
there were found two constraints on the noncommutative space-time scale,
215 GeV≤ ΛNC ≤ 240 GeV and 270 GeV≤ ΛNC ≤ 310 GeV respectively.
In [5], the authors investigate the TeV scale signatures of NC space-time
in the e+e− → γγ, e−γ → e−γ and γγ → e+e− using polarized beams in
the mNCSM. The process e+e− → γγ at the International Linear Collider
(ILC), in the framework of nonminimal NCSM, with anomalous triple gauge
boson couplings is studied in [6]; knowing that, all these bounds deal with the
first parameterization. For the constant parameterization case, the bound
ΛNC ≥ 400 GeV was found from the Drell–Yan process pp → γ, Z → l+l−

at the Large Hadron Collider (LHC) in the framework of the nonminimal
NCSM [7]. The Higgs boson pair production e+e− → HH in the linear
collider (LC) gives the range of ΛNC =0.5–1.0 TeV [8]. The study of the
Lorentz violation in the Higgs sector in the NCSM [9] leads to a bound on
the noncommutative parameter as large as ΛNC ∼ 106 TeV. The Higgs boson
production process e+e− → ZH and the SM forbidden process e+e− → HH
were investigated in the framework of the mNCSM [10], with Feynman rules
involving all orders of the noncommutative parameter which are derived us-
ing reclusive formation of SW map. By applying the same Feynman rules,
the authors in [11] have studied the Higgs plus Z-boson production at a
future electron–positron collider to explore the sensitivity of future accel-
erator experiments to noncommutativity, and obtained as a lower limit of
ΛNC = 1.1 TeV. The bound ΛNC ≥ 0.5 TeV was determined in [12] from the
same process at the future Linear Collider. An experimental constraint on
ΛNC and projected sensitivities for the future collider with neutrino–electron
scattering was summarized in [13]. The authors in [14] have also explored
an experiment to probe the effects of noncommutative structure in quantum
optical.

Since the models considered by the various authors are different, and
since also the experimental setups probe different energy and length scales,
one must be careful in the comparison of the various results of the noncom-
mutative scale ΛNC .
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3. Results and conclusion

In this section, we investigate the effect of space-time noncommutativity
on the Bhabha scattering, with the Ansatz for noncommutative parameter
Θµν that we have assumed, and we provide the numerical results of our in-
vestigation. We are restricting ourselves only to the first order in Θ; thus,
the interference between SM and NC term can provide required corrections
to cross section. In order to check the sensitivity of Bhabha scattering in
the context of noncommutative space-time and especially the resulting phe-
nomenological effects, we have defined the noncommutative parameter with
the help of the gamma matrices, by which the noncommutative structure
is determined by some spinor background on which the gamma-dependent
Θµν acts

cµν =
1

2

(
σµν + (σµν)+

)
(6)

knowing that

σµν =
i

2
(γµγν − γνγµ) , (7)

where γµ are Dirac matrices.
We study now, how the space-time noncommutativity affects the e−(p1)

e+(p2) → e−(p3)e
+(p4) scattering process, through the exchange of γ and

Z bosons at tree level (via the s and t channel). The Feynman rules to the
first order in Θ are given in [3].

The Feynman rule for e(pin)− e(pout)− γ(k) vertex is

= ieQf

[
γµ −

i

2
kυ
(
Θµνρp

ρ
in −Θµνmf

)]
(8)

and for e(pin)− e(pout)− Z(k) vertex,

=
ie

sin 2θW

{(
γµ −

i

2
kνΘµνρp

ρ
in

)(
CfV − C

f
Aγ5

)
− i

2
Θµνmf

[
pνin

(
CfV − C

f
Aγ5

)
− pνout

(
CfV + CfAγ5

)]}
, (9)

where Θµυρ = Θµνγρ+Θνργµ+Θρµγυ, C
f
V = T f3 −2Qf sin2 θW and CfA = T f3

with θW is the Weinberg angle and Qf = ∓1 for e∓. Also poutΘpin =
pµoutΘµνp

ν
in = −pinΘpout. The momentum conservation reads as pin + k =

pout.
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The corresponding Feynman diagrams are shown in Fig. 1.

Fig. 1. Feynman diagrams for the e−e+ → (γ, Z)→ e−e+ process in the NCSM.

The scattering amplitude to the first order in Θ can be written as:
— For the γ-mediated diagram

Aγ = Aγs +Aγt , (10)

where

Aγs = e2
[
1 +

i

2
(p2Θp1 + p4Θp3)

]
×
[
v̄(p2, s2)γ

µu(p1, s1)ū(p3, s3)γµv(p4, s4)

(
i

s

)]
(11)

and

Aγt = −e2
[
1− i

2
(p3Θp1 + p4Θp2)

]
×
[
ū(p3, s3)γ

µu(p1, s1)v̄(p2, s2)γµv(p4, s4)

(
i

t

)]
. (12)

— For the Z-mediated diagram

AZ = AZs +AZt , (13)

where

AZs =
e2

sin2 2θW

[
1 +

i

2
(p2Θp1 + p4Θp3)

]
×
[
v̄(p2, s2)γ

µΓ−A u(p1, s1)ū(p3, s3)γµΓ
−
A v(p4, s4)

(
i

s−m2
Z

)]
(14)

and

AZt = − e2

sin2 2θW

[
1− i

2
(p3Θp1 + p4Θp2)

]
×
[
ū(p3, s3)γ

µΓ−A u(p1, s1)v̄(p2, s2)γµΓ
−
A v(p4, s4)

(
i

t−m2
Z

)]
, (15)
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where Γ±A = (CeV±CeAγ5), with s = (p1 + p2)
2, t = (p1 − p3)2 and

u = (p1 − p4)2 .

The spin-averaged squared amplitude is given by (see Appendix A for
more details) ∣∣Ā∣∣2 =

1

4

∑
spins

∣∣Aγ +AZ
∣∣2 . (16)

The differential cross section can be written as

dσ

dΩ
=

1

64π2s

∣∣Ā∣∣2 , (17)

where θ and φ are polar and azimuthal angles, respectively, with dσ
dΩ =

d cos θdφ.
We can obtain the cross section σ = σ (

√
s, ΛNC , θ, φ) as

σ =

1∫
−1

d(cos θ)

2π∫
0

dφ
dσ

dΩ
. (18)

Our results are based on Feynman rules for NCSM given in [3]. We ana-
lyze the total cross section in the presence of space-time noncommutativity.
The results are shown in Fig. 2.
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Fig. 2. (Colour on-line) The total cross section for the e−e+ → (γ, Z)→ e−e+ [pb]
process as a function of the center-of-mass energy Ecom =

√
s [GeV].
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The ordinary SM is presented by the solid black curve and the NCSM
with different curves: dash-dotted green, dotted blue and dashed red, with
the corresponding ΛNC = 0.8, 1.0 and 1.2 TeV, respectively. As can be seen,
the noncommutative correction increases on increasing the center-of-mass
energy of the collisions, and we found that the total cross section departs
significantly from the Standard Model value as the machine energy starts
getting larger than 1.0 TeV. Due to the significant sensitivity of the total
cross section, it can be used to set lower limits on the noncommutative scale.

The NCSM is one of the extensions for physics beyond SM; Its phe-
nomenological implications are quite interesting since the scale of noncom-
mutativity could be as low as a few TeV, which can be explored at present
or future colliders. In the present work, we have examined the testable
nature of noncommutative Standard Model by analyzing the fundamental
Bhabha scattering process at high-energy positron–electron linear collider.
We have parameterized the noncommutative relationship in terms of non-
commutative scale ΛNC and antisymmetric matrix cµν , which is defined with
the help of the gamma matrices, whose noncommutative structure is de-
termined by some spinor background on which the gamma-dependent Θµν
acts, and we have shown how the positron–electron scattering process at the
tree level is affected by space-time noncommutativity. The NC effects are
found to be significant for ΛNC = 0.8, 1.0 and 1.2 TeV for the center-of-mass
energy Ecom = 1.5 TeV. We got the same results that have been obtained
by [16], i.e. the asymmetry at ΛNC = 0.8 TeV is greater than that obtained
at ΛNC = 1.2 TeV.

Linda Ghegal would like to express her gratitude to Prof. Fedele Lizzi
for his useful discussions during the period of her stay at the University of
Naples Federico II, Italy.

Appendix A

The spin squared-amplitude can be written as [16]

|A|2 = |Aγs |2 + |Aγt |
2

+ |AZs |
2 +

∣∣AZt ∣∣2 − 2 Re
(
AγsAγ∗t

)
− 2 Re

(
AZs AZ∗t

)
+2 Re (AγsAZ∗s )− 2 Re (AγtAZ∗s ) + 2 Re

(
AγtAZ∗t

)
(A.1)

with the several terms

|Aγs |2 =
e4

4s2

(
1 +

1

4
C2

)
×Tr

[
/p2γµ/p1γν

]
Tr
[
/p3γ

µ
/p4γ

ν
]
, (A.2)
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|Aγt |
2

=
e4

4t2

(
1 +

1

4
D2

)
×Tr

[
/p1γν/p3γµ

]
Tr
[
/p4γ

ν
/p2γ

µ
]
, (A.3)

|AZs |
2 =

e4

4 (sin 2θW)4
(
s−m2

Z

)2 (1 +
1

4
C2

)
×Tr

[
/p1γνΓ

−
A /p2γµΓ

−
A

]
Tr
[
/p4γ

νΓ−A /p3γ
µΓ−A

]
,(A.4)∣∣AZt ∣∣2 =

e4

4 (sin 2θW)4
(
t−m2

Z

)2 (1 +
1

4
D2

)
×Tr

[
/p1γνΓ

−
A /p3γµΓ

−
A

]
Tr
[
/p4γ

νΓ−A /p2γ
µΓ−A

]
,(A.5)

−2 Re
(
AγsAγ∗t

)
= − e4

2st
Re

[(
1 +

i

2
C

)(
1 +

i

2
D

)]
×Tr

[
/p1γν/p3γ

µ
/p4γ

ν
/p2γµ

]
, (A.6)

+2 Re (AγsAZ∗s ) =
e4

2 (sin 2θW)2 s
(
t−m2

Z

)
×Re

[(
1 +

1

4
C2

)
Tr
[
/p1γν 6Γ

−
A/p2γµ

]
Tr
[
/p4γ

νΓ−A /p3γ
µ
]]

, (A.7)

−2 Re
(
AγsAZ∗t

)
= − e4

2 (sin 2θW)2 s
(
t−m2

Z

)
×Re

[(
1 +

i

2
C

)(
1 +

i

2
D

)
Tr
[
/p1γνΓ

−
A /p3γµ/p4γ

νΓ−A /p2γ
µ
]]

, (A.8)

−2 Re (AγtAZ∗s ) = − e4

2 (sin 2θW)2 t
(
s−m2

Z

)
×Re

[(
1− i

2
C

)(
1− i

2
D

)
Tr
[
/p1γνΓ

−
A /p2γ

µ
/p4γ

νΓ−A /p3γµ

]]
, (A.9)

+2 Re
(
AγtAZ∗t

)
=

e4

2 (sin 2θW)2 u
(
u−m2

Z

)
×Re

[(
1 +

1

4
D2

)
Tr
[
/p1γν 6Γ

−
A/p4γµ

]
Tr
[
/p2γ

νΓ−A /p3γ
µ
]]

, (A.10)

−2 Re
(
AZs AZ∗t

)
= − e4

2 (sin 2θW)4
(
u−m2

Z

) (
t−m2

Z

)
×Re

[(
1+

i

2
C

)(
1+

i

2
D

)
Tr
[
/p1γνΓ

−
A /p4γµΓ

−
A /p2γ

νΓ−A /p3γµΓ
−
A

]]
.(A.11)
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The factors C and D are given by

C = p2Θp1 + p4Θp3 ,

D = p3Θp1 + p4Θp2 .

The differential cross section is calculated using the center-of-mass frame
for the Bhabha e−(p1)e

+(p2) → (γ, Z) → e−(p3)e
+(p4) scattering pro-

cess, in which the four-momenta of the incoming and outgoing particles
are given by

p1 = pe− =

√
s

2
(1, 0, 0, 1) =

(
E1, ~P1

)
,

p2 = pe+ =

√
s

2
(1, 0, 0,−1) =

(
E2, ~P2

)
,

p3 = pe− =

√
s

2
(1, sin θ cosφ, sin θ sinφ, cos θ) =

(
E3, ~P3

)
,

p4 = pe+ =

√
s

2
(1,− sin θ cosφ,− sin θ sinφ,− cos θ) =

(
E4, ~P4

)
. (A.12)

In evaluating the matrix element square, we have ignored the mass of ingoing
particles (me ' 0), with ~P1 + ~P2 = 0 = ~P3 + ~P4. In the relativistic limit s�
4m2, we get s = (E1 +E2)

2 = 4E2 (with E1 = E2 = E), u = − s
2(1 + cos θ)

and t = − s
2(1− cos θ).

In our analysis, we have assumed an Ansatz for Θµ,ν (see Eq. (6)). The
NC antisymmetric tensor Θµ,ν is defined with the help of the gamma matri-
ces. Using this definition, we may write C and D as follows:

C = p2Θp1 + p4Θp3 =

√
s

4Λ2
NC

[1 + sin θ(cosφ+ sinφ)] , (A.13)

D = p3Θp1 + p4Θp2 =

√
s

4Λ2
NC

[sin θ(cosφ+ sinφ)] . (A.14)
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