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In this paper, we revisit the two theoretical approaches for the formula-
tion of the tachyonic Dirac equation. The first approach works within the
theory of restricted relativity, starting from a Lorentz-invariant Lagrangian
consistent with a space-like four-momentum. The second approach uses the
theory of relativity extended to superluminal motions and works directly
on the ordinary Dirac equation through superluminal Lorentz transforma-
tions. The equations resulting from the two approaches show mostly dif-
ferent, if not opposite, properties. In particular, the first equation violates
the invariance under the action of the parity and charge conjugation oper-
ations. Although it is a good mathematical tool to describe the dynamics
of a space-like particle, it also shows that the mean particle velocity is sub-
luminal. In contrast, the second equation is invariant under the action of
parity and charge conjugation symmetries, but the particle it describes is
consistent with the classical dynamics of a tachyon. This study shows that
it is not possible with the currently available theories to formulate a co-
variant equation that coherently describes the neutrino in the framework
of the physics of tachyons, and depending on the experiment, one equation
rather than the other should be used.
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1. Introduction

The Dirac equation is one of the most widely used mathematical tools
in modern theoretical physics [1-4]. It was formulated in 1928 and has
since then been mentioned in the literature of most scientific areas. In
physics and quantum chemistry, the Dirac equation and the Schrédinger
equation together form the main foundation. In its non-linear version [5-7],
the Dirac equation is used in condensed matter physics [8-10] and quan-
tum optics [11-14]. The Dirac equation has also been generalised for curved
space-time in order to study the behaviour of fermions in gravitational fields
[15-17]. In the framework of mathematical physics, the Dirac equation has
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been studied for different potentials (e.g., Coulomb, Yukawa, and Poschl-
Teller) in order to test or find new methods of solving the associated Cauchy
problem [18-20]. However, the Dirac equation has not been adequately con-
sidered in the framework of quantum physics of tachyonic fermions. This
is mainly because its original formulation is not suitable to describe the
dynamics of a superluminal particle that violates the Lorentz invariance.
However, experiments performed on neutrinos show that this particle, un-
der certain conditions, fulfils the energy—momentum relationship typical of
tachyons [21]. In particular, in tritium beta decay measurements, the elec-
tron neutrino shows a negative mass-square (m,, = —2.5 + 3.3 eV?) [22].
A similar result was also obtained for the muon neutrino in pion decay [23].
SN1987A data also has evidence for the superluminal behaviour of neutrinos
[24]. In this context, there is a need to have a suitable covariant equation
to describe the dynamics of %—spin fermions, which would represent the first
step in constructing a theory capable of interpreting the mentioned experi-
mental results, especially for the purpose of designing new experiments that
can provide more precise measurements of the neutrino mass-square.

In this study, two physical-mathematical approaches are adopted and
reworked in order to formulate a Dirac-type equation consistent with the
tachyonic energy—momentum relationship. By tachyonic Dirac-type equa-
tion we mean a covariant equation that describes, in the quantum me-
chanics framework, the dynamics of a %—spin particle moving with super-
luminal velocity. The first approach is based on the Tanaka Lagrangian,
which although Lorentz-invariant is nonetheless consistent with the space-
like energy—momentum relationship owing to the presence of the fifth current
operator in the mass energy term. This approach was introduced in the 1980s
by Chodos [25] and recently investigated by Jentschura [26]. The purpose of
revisiting this approach in this study is to highlight the physical meaning of
the results obtained by solving exactly the obtained tachyonic equation. In
particular, this study proves that this equation describes a new type of parti-
cle that fulfils the tachyonic energy—momentum relationship but propagates
at subluminal velocity. This unexpected result is related to the symmetry
of the obtained wave functions and to the duality between tachyonic and
ordinary spacetime. The second approach is instead based on the introduc-
tion of superluminal Lorentz transformations (SLTs) that are typical of the
theory of relativity extended to superluminal motions (ETRR) [27]. The
results obtained from the second approach are substantially different than
those obtained from the first approach, showing that the resulting tachyonic
equation in the second approach is more suitable for describing the dynam-
ics of a particle that is closest to the classical concept of the tachyon. The
behaviours of the solutions of the two obtained equations under the action of
discrete symmetries (parity, time-reversal and charge-conjugation) are also
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investigated. In this aspect too, the two equations have substantial differ-
ences. The first equation describes the symmetries of the phenomena in
which the hypothetical space-like neutrino is involved, whereas the second
equation is the only choice if we accept that the neutrino propagates at
superluminal velocity.

To our knowledge, these results have not been published previously.
These findings could help formulate a suitable theory to interpret the exper-
imental data mentioned above, even though current theoretical models fail
to consistently reconcile the physics of tachyons with quantum mechanics.

2. Tachyonic Dirac equation from the Tanaka Lagrangian

The Tanaka Lagrangian 28] formulated to describe the tachyonic neu-
trino is as follows (in natural units):

Ly = iy Oup — mipp, (1)

where 1) = 140 45 = i70914243  (45)2 = 1, 4* are the ordinary gamma

Dirac matrices and m is the real part of the tachyon’s imaginary rest mass im.
¢ and 1 are independent coordinates of the Lagrangian operator. As can
be seen, the mass energy term of this Lagrangian is identical to that of
Dirac, whereas the kinetic energy component changes due to the introduc-
tion of the 4° matrix (fifth current) which does not commute with the other
gamma matrices. This feature ensures that the associated tachyon equation,
obtained by taking variations with respect to the v coordinate, fulfils the
tachyonic energy—momentum relationship. It should also be stressed that
Lagrangian (1) is Lorentz-invariant and, therefore, describes the dynamics
of the superluminal neutrino without the need to extend the theory of rela-
tivity (TRR) to superluminal motions, thus avoiding the problem of having
to introduce a privileged reference frame. This also allows us to write the
tachyonic equation using the ordinary Dirac matrices that do not depend on
the subluminal reference frame. The equation obtained from Lagrangian (1)
is the tachyonic Dirac equation for a free particle and reads

(ihvoat — ihey* oy, — 75m62> Y =0. (2)

From now on, we set k = 1,2,3 and the zero index of the gamma ma-
trix in the temporal term will be always written explicitly. Multiplying
equation (2) with its transpose conjugate gives the tachyonic Klein—-Gordon
equation

(R*0} — K2*V? + (im)*c*) ¢ = 0. (3)
Let us solve equation (2) considering that, as it is true for the ordinary Dirac
equation, the wave functions are the product of four-spinors and a plane
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wave. For particle states, these functions are

1 0
0 _i(pa— 1 _i(pa—
r = | [Tl gty = | el il )
uy uy
whereas for antiparticles, they are

g (1) = | "2 [elimemmk ) = [ el )
0 1
where p and E are space-like momentum and energy respectively, given by

E=~vimc® = |y|mc*;  p;=7imuj=|y|meBj;  j=ax,y,2, (6)

where 7 is the (imaginary) tachyonic Lorentz factor [1— (u;/ c)z]fl/ * and
{3 is the relativistic coefficient (u;/c). Substituting the explicit form of the
gamma matrices in equation (2), we obtain a set of four linear equations

1ho; 0 —1hecO, — (ihc@w +hcoy +m02)
0 1hO: (— thcOx +hcdy — mc? ) 1hco.
1hcOo. (ihc@z +hedy — mc2) —1hoy 0
(ihc@x —hcOy — mc2) —thcO. —1h0y
x &) (1)) elFi =B} — (7)

where (#)(1]) is the spinor part of the wave function. By calculating all
the partial derivatives, we get a set of algebraical equations by which the
coefficients uf3 and uétA are explicitly obtained

uf = p.c/E; u; = [c(px +ipy) — ch] /E,
u;f = [c(px — ipy) — ch] /E; u;f = —p.c/E, ()
uy =p.c/E; Uy = [c(pm +ipy) — mc2] /E,

uz = [c(pe —ipy) —mc®| JE; uy = —p.c/E.

As usual, the wave functions must be normalised by imposing the condition
(¢|¥b) = 1, which also helps obtain the normalisation factor ® = E/[2(E? +
m?ct — |y|Bem2c*)|Y/2. For simplicity, the normalisation factor is omitted
in the following equations, as it does not contribute to the discussion of the
results. To investigate the properties of the wave functions (4) and (5), we
write the ¥ matrix whose columns are the spinors of the tachyonic Dirac



Tachyonic Dirac Equation Revisited 2069

equation (2) and compare it with the equation below denoted by 1, which
is obtained by the spinors of the ordinary Dirac equation [29]

s [c(pz—ipy)—mc?]
| 0 e [deemin)omd]
[c(pztipy)—me?] .
bo| O I )
pzC [C(Pm—ipy)—mcﬂ 1 0 ’
E E
[C(p1+1%)_m02] 7pE‘C O 1
ﬁzc C(ﬁz*iﬁ )
1 0 E+mc2 E~+mcg
0 1 C(?z"‘@y) ___Pzc
ZZ . E+mc? E-+mc? (10)
B _ ﬁzc C(?z —lﬁy) 1 0 ’
E+mc? E+mc?
C(?m+lﬁy) _ ﬁzc O 1
E+mc? E+mc?

The tilde above the energy and momentum denotes time-like observables.
We can immediately recognise that the main difference between the non-
trivial components of the two matrices ¥ and v is represented by the change
of position of the mass energy. This difference is due to the matrix 7° in
equation (2), which moves the mass terms on the secondary diagonal of
the energy operator. This ensures that the Hermitian product equation (2)
times itself is consistent with the tachyonic energy—momentum relationship.
The physical meaning of this difference lies in the duality between the time-
like and space-like observables. In this regard, let us consider the tachyonic
momentum from the classical framework p = |y|mu. The superluminal ve-
locity u can always be written as u = ¢ /@, where @ < c. In other words, it
is always possible to find a subluminal velocity @ such that wu is tachyonic.
Each superluminal reference frame is in biunivocal correspondence with its
bradyonic dual. Under this assumption, it is easy to verify that the momen-
tum of a tachyon is directly related to the energy of the corresponding dual
bradyon and wvice versa [30]

pe=1i(1— (u/c)2)_1/2 muc = (1— (ﬂ/c)Q)_l/2 me* = E, (11)

E=i(1- (1L/c)2)_1/2 me? = (1 - (&/0)2)_1/2 muc = pc.

From equations (11), one clearly sees that the kinetic component of the
total energy of the particle in the subluminal reference frame is equal to
the kinetic component in the tachyonic reference frame deprived of the mass
energy, namely p?c? = p>c? —m?c*. This is the reason why in the non-trivial
components of matrix (9) only the total energy of the particle appears in
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the denominator and a negative mass energy is added to the numerator.
This is the physical interpretation of how the fifth current operator works
in equation (2). Equations (11) are useful to find the physical correlation
between the subluminal rest frame, where & = 0, and the superluminal
transcend rest frame, where u — oo

2
U =0=>u=— —00;
U
. E
E = mCZ:p——:mc,
c
p=0=FE=pc=0. (12)

Matrices (9) and (10) converge when w,% — ¢ and when the energy mass
mc? — 0. These limits represent the analytic continuity between the tachy-
onic and ordinary wave functions. This property is a consequence of the
fact that the Lagrangian from which the ordinary and tachyon Dirac equa-
tions are obtained are both Lorentz invariant. Finally, one notes that the
structures of the two matrices 1 and 9 are conserved. That is, there is a cor-
respondence between a given subluminal state and a tachyonic one with the
same spin projection and the same energy sign.

Let us now write the Hamiltonian operator associated with equation (2)

H = ihca® 0y + %5 me?. (13)
This operator is not Hermitian because v%+° is anti-Hermitian. In the quan-
tum mechanics of ordinary particles, all operators representing observables
are Hermitian. In the quantum mechanics of tachyons, non-Hermitian opera-
tors work properly [26]. In fact, the eigenvalues (continuous spectrum) of the
energy operator (13) are all real E = 4++/p?c? — m2¢* and the time evolution
operator is unitary. The necessary and sufficient condition is that the non-
Hermitian Hamiltonian is PJ invariant (spacetime inversion). Otherwise, it
would have imaginary eigenvalues, or the time-evolution operator would be
non-unitary (with consequent non-conservation of probability) [31]. Let us
clarify this aspect further. To better understand the algebraical structure of
matrix (13), let us break it down into the sum of four matrices

H = ilico,y° ' + ihcay'y5’yQ + ihcd, v’y + mc?l . (14)

The first three matrices at the right-hand side of equation (14) are anti-
Hermitian, whereas the latter is trivially Hermitian. However, the fifth
current v° does not commute with the other gamma matrices and this is the
main difference between the ordinary and tachyonic equations. We define
the self-adjoint operator as follows:

o = (75ﬁ”y5)T : (15)
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The Hermicity of the tachyonic energy operator H is recovered. The ordinary
Dirac formalism is modified — this modification is inevitable to formulate
a tachyonic equation without using superluminal transformations.

Let us now investigate the invariance of the tachyonic Dirac equation un-
der the action of the parity P time-reversal T and charge-conjugation € sym-
metry operations. These discrete symmetries work as follows: Py (x,t) =
Aptp (—z, 1), T (2, 1) = Agy"y* (z, —t) and €Y (x,t) = Aer? ¥* (,t). Par-
ity performs a reflection of the space coordinates at the origin, time-reversal
operates on time coordinates and charge-conjugation transforms a particle
into its antiparticle, and wice versa. Therefore, parity changes the sign to
position and momentum, and leaves spin unchanged; time-reversal changes
the sign to spin, momentum and velocity; and charge-conjugation changes
the sign to all intrinsic charges leaving unchanged spin, momentum and
position. Since we proved the analytic continuity of the tachyonic wave-
functions, we expect that, as is true for the ordinary Dirac equation, the
superluminal one too is invariant under these transformations. This can be
illustrated by rewriting equation (2) as

(ih]l@t — ihea® 9y, — 707577202) =0 (16)
and comparing it with the ordinary Dirac one
(ih]l(?t — ihea® ), — 70m02) Y =0. (17)

It is well-known that for the ordinary Dirac equation, parity symmetry is en-
sured by the operator Ap = ~° [32]. In fact, this unitary operator transforms
the space-inverted Dirac operator into itself

(70)_1 (ih’yoat + ihicy* oy, — ]lmc2) A0 = (ih’yoﬁt — iheyk oy, — Ilch) :
(18)
Applying this transformation to equation (2), we see that 7> changes the
sign, and parity is violated

(70)_1 (z’h’yo&g + ilicy* oy, — 75m02) A0 = (ih’yoat — ihey* oy, + '75m02>

(19)
However, comparing equations (16) and (17), we see that the tachyonic
mass operator, analogous to the Dirac one, is 7°9°. Using this matrix
as the Ap operator and changing the sign in the right-hand side of equa-
tion (19), the similarity transformation returns the tachyonic equation, since
(7°9%)719%(799%) = —4* and (199%) 7' 4P (1°9%) = 7. Arbitrarily chang-
ing the sign of one side of the equality is always licit, as the similarity trans-
formation introduces a phase factor that does not affect the result. The



2072 L. NANNI

parity is then recovered but not in the usual Dirac framework. The same
approach can be followed to study the time-reversal symmetry. For the or-
dinary Dirac equation, this symmetry is assured by the operator Ay = iyl~3
[32]. Since the first terms of equations (16) and (17) are identical, T symme-
try is expected to be verified also by the tachyonic equation through the same
operator Ay. By performing the similarity transformation on the conjugate
time-reversed tachyonic equation, one gets

(ivlfys)_l <ih (’yo)* O + ihc (’yk>* O — (75)* m 02) iyty?
= (ih’yoat — iheyk o, — ’y5mc2) . (20)

In this case, similarity transformation reverses the sign of the (’yk)* matrices
leaving unchanged the signs of the other ones. This proves the time-reversal
invariance of the tachyonic equation using the same Ag operator used in the
ordinary Dirac theory. Finally, we study the charge-conjugation symmetry.
For this purpose, equation (2) is formulated including an external field. For
an electrically charged tachyon in an electromagnetic field, the tachyonic
equation can be obtained by minimal coupling

<ih708t —yF (ih@k — gAk) —~Pme® — ]legp) v=0, (21)

where (¢, Ay,) is the four-potential. Equation (21) differs from the Dirac one
only for the fifth current in the mass term. The symmetry € holds, if we
find a transformation such that

(/1¢>_1 (z’h (’yo)* Oy —c (’yk)* (ih@k + SAO + (75)* m ¢? — ]lego) Ag
= (ihvoﬁt — (ih@k + ZAk) —~me? — ]le<p> : (22)

For the ordinary Dirac equation in an external electromagnetic field, Ag is
given by iy? (since only the 42 matrix changes sign under conjugation). How-
ever, this transformation does not change the sign of v°> and equation (22)
does not hold. The charge-conjugation is then violated, at least in the
Dirac framework. In fact, if we use the new transformation Ag = iy2y°
the € symmetry is recovered, provided that the sign of the right-hand side
of equation (22) gets reversed. Before going further, we check if the equa-
tion is also PT-invariant, because, as we anticipated earlier, this symme-
try is the condition that makes a non-Hermitian Hamiltonian an operator
with real eigenvalues. Such a symmetry represents the inversion of space-
time coordinates. Therefore, we need to find an operator Apy that ensures
the similarity transformation (A[Pj’)il (—ih’yo&g + ihey* oy, — 75m02) Apy =
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(ih’yoat — iheykoy, — 75'm02). For the ordinary Dirac equation, this oper-
ator is given by Apy = i75. It is easy to prove that this operator works
properly also on the tachyonic equation. Then, for the theorem proved in
reference [31], the tachyonic non-Hermitian Hamiltonian has real eigenvalues
and also ensures the unitary of the time-evolution operator.

In this section, we have studied equation (2) supposing that it is endowed
with superluminal velocity and satisfies the energy—momentum relationship
E? = p?c® — m?c*. This is proved for the energy-momentum relationship
but must be verified for the velocity. In quantum mechanics, the velocity
operator does not commute with the Hamiltonian and, therefore, we can
calculate only its mean value. In the present study, the particle velocity is
computed as the group velocity of the tachyonic wave packet associated to
equation (2), using the method proposed by Park [33]. This approach is
based on the formulation of the equation of motion of the envelope func-
tion that characterizes the Gaussian wave packet. In order to simplify the
calculation, we suppose the superluminal particle propagating along z-axis.
Therefore, equation (2) becomes

[ih’yoﬁt — ihey30, — mc2’y5] P =0. (23)
In this case, the solutions are plane waves with positive (4) and negative
(—) frequencies

_l’_

Pt =R (u#) expli(kz —w't)},
Ug

o= () exotithz - o, .

where uli are the spinor components to find, 91 is the normalization factor,

while k = p,/h and w* = E*/h. Introducing the plan waves (24) into
equation (23), we get a set of algebraical equations through which the spinor
components uljE are obtained

{ uj = —E/(p.c+mc?) ; uf =E/ (p.c—mc?) ,

(25)
uy = —E/ (p.c—mc®) ;  uy = E/ (p.c+ mc?)

Considering that E = vimc? || me? and p, = yimu, = || mu,, where
Y = (1 —u?/ cz)_l/ % is the pure imaginary tachyonic Lorentz factor and
u, > ¢, equations (25) can be rewritten as

{ ui = =lwle/ (eluz +¢) 5 ug =lvle/ (Inlus — ¢, (26)

up = Ple/ (velue =) 5 ug = =|wle/ (vefus +¢)
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while the normalization factor is 9 = 1/2(||* + 1)/(|:|* —1). We can now

construct a wave packet by multiplying the obtained plane waves times a
Gaussian envelope function f*(t,z) [33]

2 (el +1) hule
WG =" [ () ( e ) exp {i (koz —wit)} . (27)
(I =1) T i)

Introducing spinor (27) into equation (23), we get the two following differ-
ential equations for the envelope functions:

+ +
% — =L 8@ Ao fr(t,z) =0,
Uy g z thug "o
(28)
o Uy |9 A - _
<8t + Cuf o O + ihuf 70> fo(t,2) =0,

where g is the module of the tachyonic Lorentz factor corresponding to the
velocity ug (ug is the particle velocity at t = 0 and corresponds to the center
of the Gaussian function), and A(jf = 2mc? u? ‘70' The numerical coefficient
of the second term in equation (28) is the group velocity v,, which coincides
with the propagation velocity of the wave packet [33]. Using Eq. (26), we
obtain

vg:cu—l_ —cu—i —<W>c§ c, Vu >c. (29)
Uy |y ug | Vol uz + ¢

This quantity is always lower than the speed of light, which is an unexpected
result. The tachyonic Dirac equation obtained from the Tanaka Lagrangian
de facto describes a new type of subluminal particle, which can find its place
within the Standard Model if a new symmetry is conjectured, a symmetry
that transforms an ordinary particle (antiparticle) state into a correspond-
ing one consistent with the tachyonic energy—momentum relationship [34].
This is precisely the starting hypothesis of the second approach that we will
investigate next.

3. Tachyonic Dirac equation
through SLTs of Dirac wavefunctions

In this section, the tachyonic Dirac equation is formulated by perform-
ing an SLT on the ¥ matrix. This approach implies that the tachyonic
wavefunctions cannot be used to realise an irreducible representation of the
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Lorentz group. The SLT, denoted by Agrr, transforms a subluminal ref-
erence frame K in a superluminal frame K such that (v —a) > ¢. This
operator must satisfy the following requirements:

(Ast)’ = (Asr) ™ and  A°Agrrr° = Agrr (30)

so that the tachyonic spinor matrix can be written as ¢ = ASTL&. The
working of SLT is detailed in reference [27|. For our purpose, we employ
the explicit form of Agry, that was proposed by Lemke (but can be obtained
from any other theory concerning the generalised theory of relativity [27]).
It reads [35]

ASTL:(H—i—ia-n)/ﬁ, (31)

where « is the vector whose components are the three Dirac matrices of, and
n is the vector whose components are the direction cosines that determine
the relative direction of motion of the reference frame K with respect to K.
This matrix is unitary and Hermitian since 1 is symmetric and « - n is
antisymmetric. For simplicity, suppose that the relative motion between
the two reference frames takes place along the z-axis. In this case, the
Ag7r, matrix is Agrr, = [Il + i’y5] / V2. Applying this transformation on
matrix (10), we get

Wigine 0 0 itEne
b L 0 1+iE:{j;CQ i+ E_{MQ 0 .
VB0 gk vights 0
i+ 0 0 14ighees

From matrix (32), we note that the structure of transformed spinors is dif-
ferent than the subluminal one (see matrix (10), with the y and z component
set to zero). However, for the limit @ — ¢ (or mc? — 0), the transformed
(tachyonic) wave functions converge to the ordinary ones, less than a phase
factor of (1 £1i) /v/2. We can, therefore, say that analytic continuity is ful-
filled even in this approach. However, whereas in the previous case this
property is a direct consequence of the fact that the tachyonic equation
is derived from a Lorentz-invariant Lagrangian, in this case, the analytic
continuity is due to the fact that the equation is obtained by superluminal
transformation of the ordinary Dirac one.

To obtain the tachyonic equation, we perform the following transforma-
tion on the Dirac spinor:

Y= Agrih = ¥ = (Agpr) ' = —= (1 —ia-n) 9. (33)

Sl
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Since 1 is a solution of the ordinary Dirac equation, we can write

1
(ifwo@t — ihey*ng,op, — ]lmc2) — (I —ia-n)yp=0, (34)
V2
where for consistency of formalism, we used the scalar product between the
a and n vectors. Multiplying the left-hand side with (Agtr,), we get

1
5 (1 +ia-n) (ih’yoﬁt — ihey*ng,dp, — Ilm02> (1 —ia-m)yp=0. (35)

Performing the matrix products, we see that

AstiA° (Astr) ™ = inFng; AstryFng (Ast) ™! =70 (36)

As expected, the superluminal transformation interchanges the temporal
variable with the spatial one and wvice versa, that is, operator 0; is inter-
changed with 0. Therefore, substituting relations (36) into equation (35),
we arrive at the tachyonic Dirac equation

(h’yoﬁt — heyFngo, + ]1m02) P =0. (37)

Equation (37) is the superluminal transformation of the Dirac one. Its co-
variance is trivially inherent from the fact that superluminal transformations
are the components of the Lorentz group ETRR which, in turn, is consistent
with the postulates of the TRR [35]. In other words, a superluminal trans-
formation transforms in a covariant way any other equation that satisfies
the formalism of the ordinary TRR.

Let us rewrite equation (31) as

(mwt — iheakng,dp + i”yoch) b =0. (38)
The Hamiltonian associated with equation (37) is
H = ihea®n,d), — in"me? . (39)

This Hamiltonian is not Hermitian since the operator i7° is anti-Hermitian
but the eigenvalues are real. The main difference between Hamiltonians (39)
and (13) is represented by the matrix —iv? that replaces the anti-Hermitian
operator 7075.

Let us now investigate the behaviour of equation (37) under the action
of discrete symmetries. For convenience, let us rewrite it as

(ihyoﬁt —iheyk Oy + i]lm02> b =0, (40)
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where the cosine directors have been omitted to simplify the formalism.
Concerning parity, performing the similarity transformation on equation (40)
with inverted space coordinates by Ap = 0, the operator (ihy?8; —ihcy* O+
ilmc?) is obtained. Therefore, equation (40) is parity-invariant, as is true
for the ordinary Dirac equation. The action of time-reversal symmetry,
however, presents some surprises. In fact, operating the similarity transfor-
mation using Ay = iy'y3 on the conjugate time-reversed equation (40), we
get the operator (ih’yoat — ihey* oy, — i]lch). This is because the transfor-
mation Ay ~! (1) Ay does not change the sign of the mass energy operator.
Therefore, time-reversal symmetry is violated, and it is not possible to find
any combination of gamma Dirac matrices that are able to verify the equal-
ity between equation (40) and its time-reversed conjugate. Finally, we verify
the action of the charge-conjugation symmetry, rewriting equation (22) as
follows:

(Ae) (ih (’yo)>k O —c ('yk>* (ih@k + %Ak) + (i1)*m % — ]lego) A¢
= (ih’yo&g — P (z’hﬁk + gAk) +ilme® — Ilego) . (41)

This transformation holds using the same operator that leaves unchanged
the ordinary Dirac equation, namely Ag = iy2. Equation (38), therefore,
fulfils the charge-conjugation invariance as the Dirac one does. Regarding
the behaviour of the equation under the PT symmetry operation, it is simply
verified that it is ensured by the operator Apy = i7°, which leaves the matrix
(i1) unchanged but inverts all the others. This result was expected because
Hamiltonian (39) is non-Hermitian but with real eigenvalues.

To complete the comparison with the theory investigated in the previ-
ous section, we calculate the particle velocity described by equation (38)
using always the approach based on the tachyonic wave packet that leads
to equation (28). Even in this case, to simplify the calculation, we consider
a one-dimensional motion along z-axis. Since the structure of equation (40)
is the same as that of Dirac for an ordinary particle, the spinor components
of the positive and negative frequency plane waves become

{ ui = — (Inlus +e) /Imle; ud = (Inlus — ) /1ule,
up = = (Imlus =) /lvle;  uy = = (nelus + ) /lnle.

Substituting these components into equation (29), we get

+ —
vg:cu—l_ =— u—i :<WZ+C>C> c, Vug>c. (43)
uy |y, Us |y [v0lu. — ¢

Hence, the equation obtained by superluminal transformation of the Dirac
one describes a particle whose dynamics are consistent with the classical
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tachyon, namely faster than light velocity and tachyonic energy—momentum
relationship being fulfilled. This is a consequence of the fact that the mass
operator of equation (38) does not change the structure of the ordinary Dirac
Hamiltonian unlike what happens instead for the Hamiltonian obtained from
the Tanaka Lagrangian.

4. Discussion

This paper shows that, depending on the approach used, tachyonic equa-
tions that are obtained describe different particles. The theory developed in
Section 2 was formulated working within the TRR, whereas the second the-
ory was derived within the framework of the ETRR. As deeply investigated
by Sudarshan, Bilaniuk, Recami and others [36-38|, the ETRR predicts the
invariance of the speed of light and ensures that the laws of physics are the
same in all inertial reference frames (subluminal and superluminal). Causal
paradoxes may also be solved, at least in microphysics [39]. However, de-
spite this, the equation obtained by performing a superluminal transforma-
tion of the ordinary Dirac equation leads to solutions with (almost) opposite
properties to those characterising the tachyonic equation derived from the
Lorentz-invariant Lagrangian of Tanaka. In fact, the latter fulfils the tachy-
onic energy-momentum relationship because of the introduction of the fifth
current operator in the mass energy term. The consequence is the loss of
invariance under the action of parity and charge-conjugation symmetries,
at least in the Dirac framework. Only the time-reversal invariance is pre-
served. This is because, as proved, equation (2) describes the dynamics of
a subluminal particle. In other words, we are dealing with a new type of
ordinary particle, called by Salesi the pseudo-tachyon [34], which arises from
having forced an invariant Lorentz equation to fulfil the tachyonic energy—
momentum relationship. The subluminal velocity of the pseudo-tachyon
also explains why equation (2) preserves the time-reversal invariance. How-
ever, it is surprising how the parity and charge-conjugation invariance can
be recovered by modifying the ordinary operators representing the P and
¢ symmetries. In fact, the addition of the fifth current to these operators
ensures the invariance of equation (2), which explains why equation (2) is
widely used to describe a space-like neutrino even if its velocity still remains
subluminal.

Things are different when the tachyonic equation is formulated by su-
perluminal transformation of the ordinary Dirac equation. Equation (38)
preserves many of the properties of the ordinary Dirac equation. For in-
stance, the mean velocity of the particle is consistent with the space-like
four-momentum (just like the ordinary Dirac equation is consistent with
subluminal velocity and time-like four-momentum), and the tachyonic equa-
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tion is invariant under parity and charge-conjugation symmetries. However,
it remains to be explained why the time-reversal symmetry is violated with-
out any possibility of recovering it by changing the form of the respective
operators. We believe that the violation of this symmetry is due to the
causality violation typical of superluminal motion. Even if the reinterpreta-
tion principle introduced by Feinberg, Sudarshan and others has solved this
paradox [40], it is not possible to find an operator Ag so as to ensure the
time-reversal invariance of equation (38).

We conclude by stating that currently it is not possible to coherently
formulate a covariant equation able of describing the hypothetical superlu-
minal behaviour of the neutrino. If we want to remain in the orthodoxy
of the TRR, then we have a good theory for describing a pseudo-tachyon
neutrino. If this theory is accepted, then the experimental research should
be directed towards the precision measurements of the square mass of the
neutrino, rather than towards measuring the travel time between the source
and the detector (because the particle is subluminal). On the other hand,
if we enter into a more speculative framework, such as the ETRR, then we
have an equation that does not adapt properly to the symmetries that char-
acterise the phenomena in which the neutrino is involved. The use of one
theory rather than the other depends, therefore, on the experiment under
consideration. The enigmatic nature of the neutrino seems to inevitably
affect the ability of theoretical physics to find a complete and satisfactory
theory in the tachyonic framework.

REFERENCES

[1] M. Berry, «Paul Dirac: The purest soul in physicsy, Phys. World 11N2, 36
(1998).

[2] P.A.M. Dirac, «The quantum theory of the electron», Proc. R. Soc. A 117,
610 (1928).

[3] B. Thaller, «The Dirac Equation», Springer Berlin Heidelberg, Berlin,
Heidelberg 1992.

[4] F. Wilczek, «The Dirac Equationy, Int. J. Mod. Phys. A 19, 45 (2004).

[6] M.J. Esteban, E. Séré, «An overview on linear and nonlinear Dirac
equationsy, Discrete Cont. DYN-S. 8, 381 (2002).

[6] A.F. Ranada, «Classical Nonlinear Dirac Field Models of Extended
Particles», in: A.O. Barut (Ed.) «Quantum Theory Group, Fields and
Particles», Springer-Science+ Bussines Media B.V., Amsterdam 1983, p. 271.

[7] A. Benhassine, «On nonlinear Dirac equations», J. Math. Phys. 60, 011510
(2019).


http://dx.doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1007/978-3-662-02753-0
http://dx.doi.org/10.1007/978-3-662-02753-0
http://dx.doi.org/10.1142/S0217751X04018592
http://dx.doi.org/10.3934/dcds.2002.8.381
http://dx.doi.org/10.1063/1.5053684
http://dx.doi.org/10.1063/1.5053684

2080 L. NANNI

[8] L.H. Haddad, L.D. Carr, «The nonlinear Dirac equation in Bose-Einstein
condensates: superfluid fluctuations and emergent theories from relativistic
linear stability equationsy», New J. Phys. 17, 093037 (2015).

[9] F. Dalfovo, S. Giorgini, L.P. Pitaevskii, S. Stringari, «Theory of
Bose-Einstein condensation in trapped gases», Rev. Mod. Phys. 71, 463
(1999).

[10] P.G. Kevrekidis, D.J. Frantzeskakis, R. Carretero-Gonzalez, «Emergent
Nonlinear Phenomena in Bose-Einstein Condensates», Springer Berlin
Heidelberg, Berlin, Heidelberg 2008.

[11] L.M. Kovachev, Proceedings of Institute of Mathematics of NAS of Ukraine
50, 843 (2004).

[12] S.M. Barnett, «Optical Dirac equation», New J. Phys. 16, 093008 (2014).

[13] T.L. Silva et al., «Optical simulation of the free Dirac equation», Phys.
Rev. A 99, 022332 (2019).

[14] S.A.R. Horsley, «Topology and the optical Dirac equation», Phys. Rev. A 98,
043837 (2018).

[15] M.D. Pollock, «On the Dirac equation in curved space-timey», Acta Phys.
Pol. B 41, 1827 (2010).

[16] M.D. de Oliveira, A.G.M. Schmidt, «Exact solutions of Dirac equation on a
static curved space-time», Ann. Phys. 401, 21 (2019).

[17] M. Cariglia, «Quantum mechanics of Yano tensors: Dirac equation in curved
spacetimey, Class. Quantum Grav. 21, 1051 (2004).

[18] H. Tezuka, E. Séré, «Analytical solutions of the Dirac equation with a scalar
linear potentialy, AIP Adv. 3, 082135 (2013).

[19] M.R. Setare, S. Haidari, «Spin symmetry of the Dirac equation with the
Yukawa potentialy, Phys. Scr. 81, 065201 (2010).

[20] R.R. Hartmann, M.E. Portnoi, «Two-dimensional Dirac particles in a
Poschl-Teller waveguide», Sci. Rep. 7, 11599 (2017).

[21] R. Ehrlich, «Six observations consistent with the electron neutrino being a
tachyony», Astropart. Phys. 66, 11 (2015).

[22] Particle Data Group (D.E. Groom), «Searches for massive neutrinos», Eur.
Phys. J. C 15, 358 (2000).

[23] G. Cacciapaglia, A. Deandrea, L. Panizzi, «Superluminal neutrinos in long
baseline experiments and SN1987ay, J. High Energy Phys. 1111, 137 (2011).

[24] G. Pagliaroli, F. Vissani, M.L. Costantini, A. Tanni, «Improved analysis of
SN1987A antineutrino eventsy, Astropart. Phys. 31, 163 (2009).

[25] A. Chodos, A. Hauser, V.A. Kostelecky, «The neutrino as a tachyon», Phys.
Lett. B 150, 431 (1985).

[26] U.D. Jentschura, B.J. Wundt, «Pseudo-Hermitian quantum dynamics of
tachyonic spin-1/2 particles», J. Phys. A: Math. Theor. 45, 444017 (2012).

[27] G.D. Maccarone, E. Recami, «The introduction of Superluminal Lorentz
transformations: A revisitation», Found. Phys. 14, 367 (1984).


http://dx.doi.org/10.1088/1367-2630/17/9/093037
http://dx.doi.org/10.1103/RevModPhys.71.463
http://dx.doi.org/10.1103/RevModPhys.71.463
http://dx.doi.org/10.1007/978-3-540-73591-5
http://dx.doi.org/10.1007/978-3-540-73591-5
http://dx.doi.org/10.1088/1367-2630/16/9/093008
http://dx.doi.org/10.1103/PhysRevA.99.022332
http://dx.doi.org/10.1103/PhysRevA.99.022332
http://dx.doi.org/10.1103/PhysRevA.98.043837
http://dx.doi.org/10.1103/PhysRevA.98.043837
https://www.actaphys.uj.edu.pl/findarticle?series=Reg&vol=41&page=1827
https://www.actaphys.uj.edu.pl/findarticle?series=Reg&vol=41&page=1827
http://dx.doi.org/10.1016/j.aop.2018.11.025
http://dx.doi.org/10.1088/0264-9381/21/4/022
http://dx.doi.org/10.1063/1.4820388
http://dx.doi.org/10.1088/0031-8949/81/06/065201
http://dx.doi.org/10.1038/s41598-017-11411-w
http://dx.doi.org/10.1016/j.astropartphys.2014.12.011
http://dx.doi.org/10.1007/BF02683446 
http://dx.doi.org/10.1007/BF02683446 
http://dx.doi.org/10.1007/JHEP11(2011)137
http://dx.doi.org/10.1016/j.astropartphys.2008.12.010
http://dx.doi.org/10.1016/0370-2693(85)90460-5
http://dx.doi.org/10.1016/0370-2693(85)90460-5
http://dx.doi.org/10.1088/1751-8113/45/44/444017
http://dx.doi.org/10.1007/BF00738808

28]

[29]
[30]

31]

[32]

[33]
[34]
[35]
[36]
[37]
[38]

[39]

[40]

Tachyonic Dirac Equation Revisited 2081

S. Tanaka, «Theory of Matter with Super Light Velocity», Prog. Theor.
Phys. 24, 171 (1960).

C. Amsler, «Nuclear and Particle Physics», IOP Publishing, 2015.

A. Gusak, Cherkasy University Bulletin: Physical and Mathematical Sciences
16, 111 (2014).

C.M. Bender, «Making sense of non-Hermitian Hamiltonians», Rep. Prog.
Phys. 70, 947 (2007).

F. Schwabl, «Symmetries and Further Properties of the Dirac Equationy,
in: «Advanced Quantum Mechanics. Advanced Texts in Physicsy, Springer,
Berlin, Heidelberg 2004, pp. 209-244.

S.T. Park, «Propagation of a relativistic electron wave packet in the Dirac
equation», Phys. Rev. A 86, 062105 (2012).

G. Salesi, «Slower-than-light spin 1/2 particles endowed with negative mass
squaredy, Int. J. Mod. Phys. A 12, 5103 (1997).

H. Lemke, «Quantum mechanics of spin-1/2 tachyonsy, Nuovo Cim. A 35,
181 (1976).

E. Recami, «Classical theory of tachyons (special relativity extended to
superluminal frames and objects)», Riv. Nuovo Cim. 4, 209 (1974).

O.M. Bilaniuk, E.C.G. Sudarshan, «Causality and space-like signalsy, Nature
223, 386 (1969).

S.K. Bose, «Aspects of Tachyon theory», J. Phys.: Conf. Ser. 196, 012022
(2009).

E. Recami, F. Fontana, R. Garavaglia, «Special Relativity and Superluminal
Motions: A Discussion of Some Recent Experiments», Int. J. Mod. Phys. A
15, 2793 (2000).

Y. Aharonov, A. Komar, L. Susskind, «Superluminal Behavior, Causality,
and Instability», Phys. Rev. 182, 1400 (1969).


http://dx.doi.org/10.1143/PTP.24.171
http://dx.doi.org/10.1143/PTP.24.171
http://dx.doi.org/10.1088/978-0-7503-1140-3
http://dx.doi.org/10.1088/0034-4885/70/6/R03
http://dx.doi.org/10.1088/0034-4885/70/6/R03
http://dx.doi.org/10.1007/978-3-662-05418-5_11
http://dx.doi.org/10.1007/978-3-662-05418-5_11
http://dx.doi.org/10.1103/PhysRevA.86.062105
http://dx.doi.org/10.1142/S0217751X97002723
http://dx.doi.org/10.1007/BF02730049
http://dx.doi.org/10.1007/BF02730049
http://dx.doi.org/10.1007/BF02747655
http://dx.doi.org/10.1038/223386b0
http://dx.doi.org/10.1038/223386b0
http://dx.doi.org/10.1088/1742-6596/196/1/012022
http://dx.doi.org/10.1088/1742-6596/196/1/012022
http://dx.doi.org/10.1142/S0217751X00001403
http://dx.doi.org/10.1142/S0217751X00001403
http://dx.doi.org/10.1103/PhysRev.182.1400

	1 Introduction
	2 Tachyonic Dirac equation from the Tanaka Lagrangian
	3 Tachyonic Dirac equationthrough SLTs of Dirac wavefunctions
	4 Discussion

