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The Dirac formalism allowing to deal with systems subject to constrains
is applied to find the commutation relations that should be imposed on the
canonical variables of the effective two-dimensional field theory of mass-
less fields obtained by defining the recently introduced Bagger–Lambert–
Gustavsson (BLG) three-dimensional theory of a membrane system on the
compactified R1,1 × S1space. The obtained set of constrains is of second
class in the Dirac classification and should, therefore, be quantized through
the introduction of the Dirac brackets which we write down in the explicit
form.
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1. Introduction

The recently formulated [1–5] Bagger–Lambert–Gustavsson (BLG) model
is a superconformal N = 8 supersymmetric field theory. It is intended
to capture the low-energy dynamics of the system of multiple M2-branes
in eleven-dimensional space (the worldvolume). The special feature of the
model is that its gauge fields take values in a Lie 3-algebra (instead in
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an ordinary Lie algebra). The model can be formulated on the N = 1
superspace [6, 7], on the N = 2 superspace [8, 9] as well as on the N = 8
superspace [10, 11].

The interpretation of the BLG theory as well as its possible modifica-
tions, like introducing degenerate or indefinite metrics on the space of its
scalar fields, describing the general dynamics of systems of multiple mem-
branes, not only the low-energy one, etc. have been addressed in many works
with the aim of formulating a more complete [12] theory of multiple mem-
branes. In [13], the BRST quantization of mass-deformed BLG theory in
N = 1 superspace in Landau gauge was discussed. Recently, the BLG theory
in N = 1 superspace has been quantized in Lorentz gauge [14].

Owing to these works [6, 15–56], a considerable progress in the general
understanding of the BLG theory structure, as well as its connection with the
theory of n-Lie algebras has been achieved. Moreover, the general structure
of the supersymmetric field theories reflecting the dynamics of condensates
of M2-branes has been obtained in [57, 58] and a nonlinear extension of the
BLG theory has been suggested in [59].

A useful characterization of the BLG theory can be obtained by per-
forming its dimensional reduction [37, 60]. Originally, the formulation of
the BLG model using the N = 8 superspace in [10, 11] was obtained by
conjecturing that 3-algebras can have positive definite metrics. In [25], it
has been, however, demonstrated that only one type of 3-algebras admits
such a metric. The definition of the Lorentzian 3-algebras has been clarified
in works [27–30] and 3-algebras with Lorentzian metrics were explored in
the compactification of D2 branes [15, 26]. The BLG theory can be also
reduced to F1 strings of the type II string theory with a compactification
along the direction of the M2-branes worldvolume [61, 62].

In this work, we analyzed the structure of the constraints of the effective
field theory in two dimensions obtained by formulating the original BLG
three-dimensional theory on R1,1 × S1 space as in [61] and restricting it to
its massless modes only.

After a brief review of the BLG theory and of its compactification used
in this paper, we investigate the canonical structure of the two-dimensional
theory, find the complete set of constraints its canonical variables are sub-
jected to and apply to it the Dirac quantization prescription to determine
the canonical commutation relations that they should satisfy.

2. A brief review of the BLG theory and of its compactification

As mentioned in Introduction, the model formulated by Bagger and Lam-
bert [1–3] and by Gustavsson [4] which captures the low-energy dynamics
of the system of M2 branes is based on a Lie 3-algebra in which the usual
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Lie bracket is replaced by a more general structure called the Lie 3-bracket.
Lie n-algebras were constructed by Filippov [63] as a generalization of the
Nambu bracket introduced in [64].

Lie 3-algebras are a very peculiar type Lie n-algebraic structures which
play various roles in mathematics and in theoretical physics [1–4][

T a, T b, T c
]

= fabcdT
d , a, b, c, d = 1, . . . , dimA . (1)

A Lie 3-algebra A can be viewed [63, 65] as a vector space spanned by the
basis T a of generators satisfying the rule in Eq. (1) in which the 3-bracket
[T a, T b, T c] is completely antisymmetric in the indices a, b and c and so are,
therefore, the structure constants fabcd. From Eq. (1) follows the generaliza-
tion of the ordinary Jacobi identity [63][
T g, T d,

[
T a, T b, T c

]]
=[[

T g, T d, T a
]
, T b, T c

]
+
[
T a,

[
T g, T d, T b

]
, T c
]
+
[
T a, T b,

[
T g, T d, T c

]]
. (2)

The relation in Eq. (2) implies that the structure constraints satisfy the
relation

fabc ef
gde
f − f

gda
ef
ebc
f − fgdbefaecf − fgdcefabef = 0 . (3)

The basic fields of the BLG theory dimensionally reduced to 3 dimensions
are: the gauge fields taking values in a 3-Lie algebra, Ã a

µ b = f cdabAµcd, where
the space-time indices µ = 0, 1, 2 label the worldvolume variables, the set of
scalars XI

a , I = 1, . . . , 8 transforming as the fundamental representation of
the SO(8) R-symmetry group of which represent transverse coordinates and
the 16-component 3-Lie algebra valued Majorana spinor field Ψ satisfying
the chirality condition (

Γ 012
)A
B
Ψ(x)B = −Ψ(x)A . (4)

Considering the supersymmetric parameter ε, we can write that Γ 012ε = ε.
The SUSY transformations in this theory are given by

δXI
a = iε̄Γ IΨa , (5)

δΨa = DµX
I
aΓ

µΓ Iε− 1
6X

I
bX

J
c X

K
d f

bcd
aΓ

IJKε , (6)

δÃ b
µ a = iε̄ΓµΓIX

I
cΨdf

cdb
a , (7)

where I, J, . . .= 1, 2, . . . , 8 and ΓI are the Dirac matrices. The covariant
derivation Dµ has the form of

DµX
I
a = ∂µX

I
a − Ã b

µ aX
I
b , (8)
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and
DµΨa = ∂µΨa − Ã b

µ aΨb . (9)

The action S invariant with respect to the SUSY transformations in
Eqs. (5)–(7), proposed by Bagger and Lambert, reads

S =
1

g2
BLG

∫
d3x

[
− 1

2
DµX

aIDµXI
a +

i

2
Ψ̄aΓ

µDµΨa +
i

4
Ψ̄bΓ

IJXI
cX

J
d Ψaf

abcd

−V (X)+
1

2
εµνλ

(
fabcdAµab∂νAλcd +

2

3
f cdagf

efgbAµabAνcdAλef

)]
,(10)

where

Γ IJ =
1

2

(
Γ IΓ J − Γ JΓ I

)
. (11)

The scalar potential V (X) has the form of

V (X) =
1

12
fabcdfefgdX

I
aX

J
b X

K
c X

I
dX

J
e X

K
f . (12)

The Euler–Lagrange equations derived from Eq. (10) read

ΓµDµΨa +
1

2
ΓIJX

I
cX

J
d Ψbf

cdb
a = 0 , (13)

D2XI
a −

i

2
Ψ̄cΓ

I
JX

J
d Ψbf

cdb
a +

1

2
f bcdaf

efg
dX

J
b X

K
c X

I
eX

J
fX

K
g = 0 , (14)

F̃ b
µν a + εµνλ

(
XJ
c D

λXJ
d +

i

2
Ψ̄cΓ

λΨd

)
f cdba = 0 . (15)

In these last equations D2 = DµD
µ, the field strength-tensor of the

gauge fields is given by

F̃ b
µν a = ∂νÃ

b
µ a − ∂µÃ b

ν a − Ã b
µ cÃ

c
ν a + Ã b

ν cÃ
c
µ a , (16)

and the structure constants fabcd must satisfy the fundamental identity given
in [2, 4].

Important insight into the working of the BLG model can be obtained by
reducing it to two-dimensional field theories [60–62, 66]. In this paper, we
consider such a two-dimensional theory obtained by formulating the theory
described above on the R1,1 × S1 space and restricting it to its massless
modes only. This corresponds to compacifying one of the directions of the
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M2-brane worldvolume. This tedious procedure has been carried out in [61].
The action of the resulting two-dimensional theory is

S0 =

∫
d2xL =

πR

g2

∫
d2x

[
− 1

2
DαX

aIDαXI
a −

1

R3
Φcdf

cdbaXI
bΦlpf

lps
aX

I
s

+fabcdεαβ(Aαab∂βΦcd+Φab∂αAβcd)+ i

(
Ψ̄aΓαDαΨa−

1

R
Ψ̄aΓ 2Φcdf

cdb
aΨb

)
+
i

2
fabcdΨ̄bΓIJX

I
cX

J
d Ψa −

1

6
fabcdfefgdX

I
aX

J
b X

K
c X

I
eX

J
fX

K
g

+
2

3
fabcgf

defgεαβ
(
AαabAβcdΦef −AαabΦcdAβef + ΦabAαcdAβef

)]
. (17)

The indices α, β = 0, 1 are the two-dimensional worldsheet indices. The
coupling constant g is related to the original coupling g

BLG
of the BLG

theory by g = g
BLG

R−1/2, where R is the radius of the circle S1. The
original three-dimensional gauge fields have been split into a vector field Aα
and scalars A2ab = Φab.

3. The Dirac quantization of the model

We now consider canonical quantization of the two-dimensional theory
defined at the end of the preceding section. To this end we, first deter-
mine the canonical momenta conjugated to the field variables X,A0, A1, Φ, Ψ
and Ψ̄

πnM =
∂L
∂ẊM

n

= ẊnM +XaM Ã0n
a , (18)

Pnm1 =
∂L

∂Ȧ1nm

= −1

2
fabnmΦab = −1

2
Φ̃nm , (19)

Pnm0 =
∂L

∂Ȧ0nm

= XaIfnmbaX
I
b , (20)

pnΨ =
∂L
∂Ψ̇n

=
i

2
Ψ̄aΓ 0 , (21)

pnΨ̄ =
∂L
∂ ˙̄Ψn

= 0 , (22)

pnmΦ =
∂L
∂Φ̇nm

=
1

2
fabnmA1ab =

1

2
Ãnm1 . (23)
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From this, following the procedure of Dirac outlined clearly in [67], one can
identify the primary constraints

χnm1 = Pnm1 +
1

2
Φ̃nm ≈ 0 , (24)

χnm2 = Pnm0 −XaIfnmbaX
I
b ≈ 0 , (25)

χn3 = pnΨ −
i

2
Ψ̄aΓ 0 ≈ 0 , (26)

χn4 = pnΨ̄ ≈ 0 , (27)

χnm5 = pnmΦ − 1

2
Ãab1 ≈ 0 . (28)

The Hamiltonian obtained along the lines of [67] is of the form of

HT = H + λ(1) χnm1 + λ(2) χnm2 + λ(3) χn3 + λ(4) χn4 + λ(5) χnm5 , (29)

with H which in the considered case reads

H =
1

2
πaIπIa+πIaÃ

ba
0 XI

b +
1

2
∂1X

aI∂1XI
a−∂1XI

aÃ
ba

1 XI
b +

1

2
Ã a

1 bX
bIÃ1 b

a X
I
b

+
1

2R3
Φ̃baXI

b Φ̃
b
aX

I
b −

1

2
Ψ̄aΓ 1∂1Ψa+

i

2
Ψ̄aΓαÃ b

α aΨb+
i

2R
Ψ̄aΓ 2Φ̃baΨb

− i
4
fabcdΨ̄bΓIJX

I
cX

J
d Ψa +

1

2

(
Ã cd

0 ∂1Φcd − Φ̃cd∂1A0cd

)
−1

3
εαβ
(
Ã c
α gAβcdΦ̃

gd − Ã c
α gΦcdÃ

gd
β − Φ̃cgAαcdÃ

gd
β

)
−1

6
fabcdfefgdX

I
aX

J
b X

K
c X

I
eX

J
fX

K
g , (30)

and we have a new constraint

χqv6 ≡ ∂1Φ̃
qv − i

2
Ψ̄aΓ 0f qvbaΨb + f qvabπIaX

I
b + 2f qvabÃ0agX

I
bX

gI

− 1

3

(
f qvcgA1cd Φ̃

vg − Ã q
1 gΦ̃

vg − f qvcgΦcdÃ
dg

1 + Ã c
1 g f

dqvg Φcd

+ Φ̃q gÃ
vg

1 − Φ̃cg f
dqvg A1cd

)
≈ 0 . (31)

The next step consists of the successive checking whether the already
identified constrains can be made (by giving the Lagrange multipliers the
appropriate dependence on the canonical variables) consistent with the dy-
namics generated by the Hamiltonian in Eq. (29) and identify in this way
all the (secondary) constraints.
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We have checked that χ6 is the only secondary constraint: its time deriva-
tive

χ̇qv6 = {χqv6 , HT } (32)

leads to no new constraints, and the similar derivatives of χ1, χ3, χ4 and
χ5 can be made (weakly) vanishing by giving the Lagrange multipliers the
appropriate dependence on the canonical variables.

Since the system of constraints in Eqs. (19)–(22) and (31) is second class,
quantization of the theory requires using the Dirac brackets defined by the
formulas

{A(x, t), B(x, t)}DB = {A(x, t), B(x, t)}

−
∫
{A(x, t), χi(z, t)}C−1

ij (z, w){χj(y, t), B(x, t)} , (33)

where C−1
ij (z, w) = {χi(z), χj(z)} is the inverse of the matrix formed out of

the Poisson brackets of all the second class constraints. This matrix has the
form

C =


0 0 0 0 fnmqv Fnmqv

0 0 0 0 0 Jnmqv

0 0 0 iBnm 0 iD̄nmq

0 0 −iBnm 0 0 −iDnmq

−fnmqv 0 0 0 0 Enmqv

−Fnmqv −Jnmqv −iD̄nmq −iDnmq −Enmqv Lnmqv


×δ2(x− y) , (34)

where

Fnmqvδ2(x− y) = {χnm1 (x, t), χqv6 (y, t)} = −1

3

(
f qvngf

efgm − fnmqgfefgv

−f qvegfnmgf + f qvgffnmeg + fnmgvfefqg − f qvgmfefng
)
Φef (y)δ2(x− y) ,

Jnmqvδ2(x− y) = {χnm2 (x, t), χlq6 (y, t)} = 2f qvbaf
nmacXI

bX
I
c δ

2(x− y) ,

iBnmδ2(x− y) = {χn3 (x, t), χm4 (y, t)} =
i

2
Γ 0δnmδ2(x− y) ,

iD̄nmqδ2(x− y) = {χn3 (x, t), χmq6 (y, t)} =
i

2
Γ 0fnmqaΨ̄

aδ2(x− y) ,

−iDmq
nδ

2(x− y) = {χn4 (x, t), χmq6 (y, t)} = − i
2
Γ 0fmqbnΨ

bδ2(x− y) ,
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Enmqvδ2(x−y) = {χnm5 (x, t), χqv6 (y, t)} = −∂1δ
2(x−y)− 1

3

(
f qvngf

efgm

−fnmqgfefgv − f qvegfnmgf + f qvgffnmeg + fnmgvfefqg − f qvgmfefng
)

×A1ef (y)δ2(x− y) ,

Lnmqvδ2(x− y) = {χnm6 (x, t), χqv6 (y, t)} =
(
fnmabf qvbd − f qvabfnmbd

)
×πIaXI

d + 4fnmabf qvcdÃ0acX
I
bX

I
d + 2

(
fnmabf qvca − f qvabfnmca

)
×Ã0aeX

I
bX

I
e . (35)

It is important to note that matrix C in Eq. (34) is the so-called super-
matrix which involves bosonic and fermionic elements (for the definition of
Poisson brackets of anticommuting variables, see Ref. [67]). Obtaining its
inverse, C−1, which satisfies the relation∫

Cij(x, z)C
−1
jk (z, y)d2 z = δikδ

2(x− y) (36)

requires tedious calculations. The result reads

C−1 =


0 EJ−1f−1 0 0 −f−1 0

−J−1Ef−1 J−1LJ1 0 0 J−1Ff−1 −J−1

0 0 0 iB−1 0 0
0 0 −iB−1 0 0 0
f−1 −FJ−1f−1 0 0 0 0

0 J−1 0 0 0 0


×δ2(x− y) . (37)

It is now straightforward to use the definition in Eq. (33) and write down
the relevant nonzero Dirac brackets of the canonical variables{

XI
a(x, t), πbJ(y, t)

}
DB

= δbaδ
IJδ2(x−y)+fnmcaX

I
c JnmqvΣ

qvb,Jδ2(x−y) ,

{
A1ab(x, t), P

1cd(y, t)
}

DB
= δcaδ

d
b δ

2(x− y)− 1

2
fabeff

efcdδ2(x− y) ,

{
Φab(x, t), p

cd
Φ (y, t)

}
DB

= δcaδ
d
b δ

2(x− y)− 1

2
fabeff

efcdδ2(x− y) ,{
A0cd(x, t), P

cd
0 (y, t)

}
DB

= δcaδ
d
b δ

2(x− y)− JabqvJqvcdδ2(x− y) ,

{
Ψa(x, t), Ψ̄b(y, t)

}
DB

= − i
2
Γ−1

0 δabδ
2(x− y) , (38)
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where J is given in Eq. (35), and

Σqvb,I = −f qvabπIa + 2f qvacÃ b
0a XI

c + 2fnmabÃ0adX
dI . (39)

Hence, we have finished the final stage of the procedure, and to explain
the situation we will sum up what we have done so far. After distinguishing
between the first and second class constraints, the Poisson brackets were
discarded. All the equations of the system were written in terms of the
Dirac brackets. The second class constraints are just identities representing
some canonical variables as functions of the others [67]. It is well-known
that in simple scenarios, the second class constraints can be used to rule out
completely some canonical variables from the formalism. However, what
we have dealt with here was not a simple case, and in more complicated
scenarios, the removal of some degrees of freedom instead of others can be
a stumbling block, which can be a great difficulty for the next step of the
process, i.e., quantization.

It is easy to realize that in the Dirac method, we did not try to rule
out the gauge degrees of freedom. As a matter of fact, we keep all the
variables. No gauge condition was imposed, and all the dynamical variables
were quantum mechanically realized. The constraints became operators that
acted in a nontrivial manner on the Dirac representation space, which can
carry unphysical information. We can remove this unphysical information
by imposing conditions that select the physical states. This condition must
be one such that it imposes gauge invariance in the quantum theory, i.e.,
every physical state must remain unchanged as we provide a transformation
generated by the constraints such that χ|ψ〉 = 0, which implies that the
physical states are invariant under certain finite gauge transformations.

However, in our case, the second class constraints of BLG model are
extremely complicated and it might be convenient to convert this second
class system into one with the first class constraints, since it is easier to
impose the first class constraints on the physical states. This constraints
conversion procedure is out of the scope of this paper.

4. Conclusions

We have explored the model constructed by Bagger, Lambert and Gus-
tavsson, in particular its compactification on R1,1 × S1 into a new two-
dimensional massless non-associative field theory, which shows an interesting
behavior at weak and strong couplings.

To obtain a Hamiltonian formulation of the BLG structure, we have
followed the method created by Dirac to deal with constrained dynamical
systems. Hence, following this method, the BLG model is considered a
second class system, since the whole group of constraints that appears there
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do not commute to each other considering the Poisson brackets algebra. This
result means that the model is not gauge-invariant. After that, we have
eliminated these constraints through the computation of the Dirac brackets.
As a direct perspective, we can convert the second class constraints into
the first class ones to obtain the gauge-invariant equivalent model together
with its gauge transformations and it can be discussed if its properties are
preserved. It is a current research project.
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Tecnológico (CNPq), Brazilian scientific support federal agency, for partial
financial support, grants numbers 406894/2018-3 (E.M.C.A.) and 303140/
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