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We have investigated the influence of isospin and shell effects on the
proton decay half-lives of nuclei. In order to take into account these effects,
new parameters related with isospin and shell effects have been added to the
empirical formulas proposed in Phys. Rev. C 79, 054330 (2009) and Chin.
Phys. C 42, 014104 (2018). The parameters of these new empirical formu-
las including isospin and shell effects have been fitted by 44 experimental
available data comprising 29 ground states and 15 isomeric transitions of
proton decay half-lives. The r.m.s. deviation between theory and exper-
iment is decreased by inclusion of these modifications. The models have
been applied to proton decaying nuclei whose experimental values are not
yet known and then to actinide nuclei as well. Results consistent with the
ones in the literature have been obtained. The role of the isospin and shell
effects on the proton decay half-lives has been demonstrated.
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1. Introduction

For the proton-rich nuclei, β+-decay is the most preferential decay mode.
However, once the proton drip line is exceeded by the nucleus, nuclear force
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cannot stand against the electrostatic repulsion between the protons. Thus,
another decay mode takes place and the existence of a nucleus beyond the
proton drip line is restricted by proton decay or “proton radioactivity”. Be-
sides the importance of the proton radioactivity for the nuclear structure
and unlike the neutron capture-decay processes, proton capture-decay re-
actions change the identity of the chemical elements. First experimental
evidence of proton radioactivity was observed by Jackson et al. [1] from the
isomeric state of 53Co. Another experimental confirmation of the proton
radioactivity was reported from the ground state of 151Lu in 1981 [2]. In
the following years, proton radioactivity from ground and isomeric states of
the nuclei such as 147Tm, 109I, 185Bi, 112Cs, 141Ho, 131Eu and etc. has been
proved [3–7]. Besides the experimental researches, several theoretical at-
tempts have been performed to get the proton radioactivity properties such
as half-life. Many theoretical models have been applied to study half-lives
of proton decays of nuclei and different analytical formulas have been used
to explain the experimental half-lives [8–10].

Buck et al. [11] extended the model of α and exotic decays in order to
obtain the proton-emitted nuclei observable with the angular momentum
term. An estimation of proton emission properties from the spherical nuclei
has been studied by Basu et al. [12] within the Wentzel–Kramers–Brillouin
(WKB) formalism, also the nucleus–nucleon interaction has been described
microscopically. A general decay law formula has been proposed by Sahu
et al. [13] to get the cluster, alpha and proton emission decay half-lives. San-
thosh and Sukumaran [14–16] have used the Coulomb Proximity Potential
Model (CPPM), its deformed version CPPMDN, and extended version of
the Hatsukawa formula to achieve the half-lives of the various proton emit-
ter nuclei. Different theoretical approaches such as wave function matching
methods, fission-like methods and WKB-based methods and their applica-
tions can be found in Refs. [8, 17–21] (and references therein). Moreover, the
Jeukenne, Lejeune and Mahaux (JLM) effective interaction [22], the general-
ized liquid drop model (GLDM) [23], the finite-range effective interaction of
Yukawa form [24], the unified fission model [25, 26], the similarity renormal-
ization group method [27] have been used in order to investigate the proton
radioactivity of nuclei. More recently, the half-lives of one-proton emitters
in the actinide region have been calculated by using the CPPM [28]. In that
paper, authors have obtained that half-lives are in good agreement with the
available experimental values.

In the present study, we have focused on two semi-empirical formulas
to investigate the proton emission process. The first formula proposed by
Dong et al. [29] for both the spherical proton emitters and deformed proton
emitters is given by
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log
(
T1/2(s)

)
= (aZ + b)Q−1/2 + c+ c0

`(`+ 1)√
(A− 1)(Z − 1)A−2/3

, (1)

the second one proposed by Zhang and Dong [21] is given as follows:

log
(
T1/2(s)

)
= a+bA1/6Z1/2+cZQ−1/2+d`(`+1)A−1/6Z−1/2−log10 Sp (2)

to be valid in both equations A, Z are parent nuclei mass number and pro-
ton number, and Q — value of the reaction, respectively [21, 29]. With the
approximation

√
(A− 1)(Z − 1)A−2/3 w A1/6Z1/2 and the addition of the

spectroscopic factor Sp, Eq. (2) has been designed to investigate the proton
emission [21]. In literature, the effect of isospin that is an important effect
in nuclear structure on the proton decay has been studied in different ways.
In the macroscopic model such as the generalized liquid drop model, the
isospin degree of freedom has been included [29]. Authors have considered
the isospin in the microscopic theory such as Skyrme interactions [30] and
the relativistic density functionals [31]. On the other hand, the analyti-
cal formula for proton decays has been derived successfully in microscopical
way [32]. Therefore, in the framework of above semi-empirical proton de-
cay formulas, we have systematically analyzed the proton emission by using
six formulas. It is possible to divide the models presented in this article
into three subgroups. The first subgroup contains the formulas that can be
called as bare versions of Eqs. (1) and (2) and they consist of only the angu-
lar momentum (`) term. In the second subgroup, to investigate the isospin
effects on the proton radioactivity, we have added the I = (N − Z)/A term
to the both expressions. Finally, the last formulas are formed by including
shell correction factor Eshell which is also important for the structure. It
should be noted that the formulas given in this paper do not contain the
spectroscopic factor. The available experimental data have been used for
the fitting procedure to obtain the coefficients of the formulas. The present
paper is organized as follows: the second section contains the proposed for-
mulas for proton radioactivity calculations. Our compared numerical results
with the experimental data and root mean square deviations can be found
in Section 3, our conclusions are presented in the final section.

2. Models

The formulas in this section are divided into three subgroups, in the first
one, we give the empirical formulas that are obtained from Eqs. (1) and (2),
second one contains the formulas which have isospin effects, and the last
one is formed by the shell-effect formulas. It should be noted that Eqs. (3),
(5) and (7) are derived from Eq. (1), while Eqs. (4), (6) and (8) are derived
from Eq. (2).
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2.1. The empirical formulas for proton decay

The formula for proton decay is given by the following equations:

log
(
T1/2(s)

)
= (aZ + b)Q−1/2 + c`(`+ 1)A−1/6Z−1/2 + d , (3)

log
(
T1/2(s)

)
= a+ bA1/6Z1/2 + cZQ−1/2 + d`(`+ 1)A−1/6Z−1/2 , (4)

where A, Z are mass number and proton number of parent nuclei, Q— value
for proton decay and ` — angular momentum; a, b, c, d are the parameters.
These forms were proposed in Refs. [21, 29].

2.2. The formulas with isospin effect

As the isospin effect plays an important role in nuclear physics, its influ-
ence on the proton, alpha and cluster decays is investigated. For decay, the
particle (alpha, cluster, proton) is assumed as surrounding the surface of the
decaying mother nuclei. When nucleonic densities are different for protons
and neutrons in nucleus, motion of particles on the surface may be affected
by the asymmetry of the isospin. In this case, the interaction between the
particle and the daughter would be isospin-dependent and then half-lives of
decays are changed. The effects of isospin taking various approaches into ac-
count with different parameters have been examined in many different stud-
ies [33–36]. A positive value of isospin asymmetry for any nucleus means
that the nucleus has the neutron number greater than the number of pro-
tons. In order to investigate the isospin effect on the proton decay, we have
modified the formulas given above and have used the following equations:

log
(
T1/2(s)

)
= (aZ + b)Q−1/2 + c`(`+ 1)A−1/6Z−1/2 + d+ eI + fI2 , (5)

log
(
T1/2(s)

)
= a+ bA1/6Z1/2 + cZQ−1/2 + d`(`+ 1)A−1/6Z−1/2

+eI + fI2 , (6)

where I = (N − Z)/A. We have added 2 terms to take into account the
nuclear isospin effect on the proton decay. As together, I and I2 terms give
better results than other forms, this form has been used in the model. It
should also be noted that these forms have been chosen similarly to their
forms in the literature and phenomenologically to model the effect of isospin.

2.3. The formulas with shell effect

The influence of shell structure on the properties of heavy and superheavy
nuclei have been investigated for a long time. In order to be able to apply
Swiatecki’s formula suggested for fission process to calculate the spontaneous
fission half-lives of nuclei, many authors have considered a modified form
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of it. The shell effects considered in this way have had serious effects on the
half-lives on the spontaneous fission half-lives of nuclei [37, 38]. From this
point on, it might also be important to examine the effects of shell effects
on proton decay of nuclei. In order to take into account the shell-effects on
proton decays, we have modified Eqs. (3) and (4). This effect was considered
by Santhosh et al. [37] and Bao et al. [38] for spontaneous fission decays.
We have used the similar mechanism to investigate the shell effects on the
proton decay as follows:

log
(
T1/2(s)

)
= (aZ + b)Q−1/2 + c`(`+ 1)A−1/6Z−1/2 + d

+eEshell + fE2
shell , (7)

log
(
T1/2(s)

)
= a+ bA1/6Z1/2 + cZQ−1/2 + d`(`+ 1)A−1/6Z−1/2

+eEshell + fE2
shell , (8)

where Eshell is shell-correction factor and the values are taken from Ref. [39].
In this study, a fitting procedure has been done by using the module of
curve fitting in Python 2.7 language, and the coefficients of the formulas
are presented in Table I. It should be noted that we have tried a number
of different forms phenomenologically, but we have found that the above
equations are the forms that give the best r.m.s. values. One of the reasons
for this may be that the terms Eshell plus E2

shell, I plus I2 in the present
forms obtained by fitting process, explain the effects of isospin and shell
effects better than other forms.

TABLE I

The coefficients of the formulas.

Coefficients Eq. (3) Eq. (4) Eq. (5) Eq. (6) Eq. (7) Eq. (8)

a 0.28724 −18.95294 0.31867 −20.20942 0.28831 −19.15679

b 7.22754 −0.49478 5.48957 −0.37396 7.16010 −0.49182

c 2.23746 0.38382 2.33102 0.39369 2.30189 0.38421

d −28.97282 2.20594 −27.94171 2.33990 −29.0848 2.27732

e — — −49.00030 −60.14092 0.20452 0.22926

f — — 352.70529 449.42227 −0.06873 −0.07556

3. Results and discussions

We have obtained the half-lives of proton decays of nuclei having the
experimental measured values by using the formulas in the model section.
The obtained and experimental values for the related nuclei are given in
Table II. In this table, parent column shows the related nuclei decay via
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TABLE II

log10 T1/2 (s) obtained by the formulas in the model section with experimental
values of the proton decay of nuclei.

Parent ` Qexp Eq. (3) Eq. (4) Eq. (5) Eq. (6) Eq. (7) Eq. (8) Exp. [40, 41]

109I 2 0.827 −3.44 −3.62 −3.54 −3.65 −3.51 −3.69 −4.029
112Cs 2 0.823 −2.77 −2.93 −2.47 −2.50 −2.75 −2.90 −3.301
113Cs 2 0.976 −4.84 −4.84 −4.84 −4.81 −4.79 −4.78 −4.777
117La 2 0.814 −2.01 −2.17 −1.91 −1.99 −1.96 −2.10 −1.623
121Pr 2 0.900 −2.70 −2.76 −2.52 −2.51 −2.66 −2.71 −2.000
130Eu 2 1.039 −3.38 −3.33 −3.25 −3.20 −3.36 −3.31 −3.046
131Eu 2 0.959 −2.36 −2.37 −2.41 −2.43 −2.33 −2.33 −1.670
135Tb 3 1.200 −3.86 −3.76 −3.82 −3.75 −3.85 −3.76 −3.027
140Ho 3 1.106 −2.36 −2.31 −2.37 −2.35 −2.39 −2.34 −2.222
141Ho 3 1.190 −3.27 −3.20 −3.40 −3.39 −3.26 −3.19 −2.387
144Tm 5 1.725 −4.85 −4.72 −4.77 −4.67 −4.79 −4.66 −5.569
145Tm 5 1.753 −5.02 −4.89 −5.06 −4.98 −4.98 −4.86 −5.456
146Tm 5 1.210 −0.86 −0.84 −0.92 −0.91 −0.87 −0.85 −0.930
147Tm 5 1.073 0.66 0.64 0.57 0.56 0.65 0.63 0.577
150Lu 5 1.283 −1.13 −1.10 −1.13 −1.11 −0.98 −0.93 −1.194
151Lu 5 1.253 −0.84 −0.82 −0.90 −0.89 −0.71 −0.67 −0.896
155Ta 5 1.468 −2.31 −2.28 −2.34 −2.33 −2.70 −2.70 −2.538
156Ta 2 1.030 −0.51 −0.49 −0.60 −0.61 −0.77 −0.76 −0.609
157Ta 0 0.947 0.00 0.02 −0.10 −0.11 −0.01 0.02 −0.523
159Re 5 1.816 −4.29 −4.28 −4.31 −4.32 −4.60 −4.61 −4.678
160Re 2 1.285 −2.93 −2.89 −3.01 −3.02 −2.98 −2.94 −3.060
161Re 0 1.214 −2.86 −2.82 −2.97 −2.98 −2.82 −2.78 −3.357
164Ir 5 1.844 −4.09 −4.12 −4.10 −4.14 −4.05 −4.07 −3.947
166Ir 2 1.168 −1.17 −1.14 −1.18 −1.17 −1.10 −1.07 −0.818
167Ir 0 1.096 −0.94 −0.91 −0.94 −0.91 −0.93 −0.90 −0.959
170Au 2 1.488 −3.80 −3.81 −3.84 −3.87 −3.73 −3.74 −3.493
170Au 0 1.464 −4.24 −4.24 −4.30 −4.33 −4.19 −4.19 −4.611
176Tl 0 1.282 −2.04 −2.04 −1.96 −1.95 −2.10 −2.10 −2.284
177Tl 0 1.180 −0.90 −0.88 −0.75 −0.70 −0.97 −0.97 −1.174
141mHo 0 1.255 −5.34 −5.24 −5.55 −5.53 −5.37 −5.28 −5.180
146mTm 5 1.140 −0.12 −0.11 −0.16 −0.16 −0.12 −0.12 −0.693
147mTm 2 1.133 −2.86 −2.82 −3.07 −3.09 −2.94 −2.92 −3.444
150mLu 2 1.306 −4.11 −4.04 −4.23 −4.22 −4.04 −3.96 −4.367
151mLu 2 1.332 −4.35 −4.28 −4.53 −4.53 −4.29 −4.21 −4.796
156mTa 5 1.127 0.97 0.97 0.98 0.98 0.79 0.78 0.930
159mRe 5 1.831 −4.38 −4.37 −4.40 −4.41 −4.68 −4.69 −4.695
161mRe 5 1.338 −0.78 −0.78 −0.77 −0.77 −0.64 −0.63 −0.650
165mIr 5 1.733 −3.41 −3.45 −3.43 −3.46 −3.28 −3.30 −3.469
166mIr 5 1.340 −0.36 −0.38 −0.30 −0.30 −0.22 −0.23 −0.076
167mIr 5 1.261 0.42 0.39 0.52 0.54 0.52 0.50 0.875
170mAu 5 1.770 −3.27 −3.35 −3.25 −3.31 −3.13 −3.20 −2.980
171mAu 5 1.719 −2.95 −3.03 −2.90 −2.94 −2.84 −2.92 −2.654
177mTl 5 1.984 −4.18 −4.33 −4.06 −4.12 −4.16 −4.32 −3.402
185mBi 0 1.624 −4.59 −4.71 −4.19 −4.14 −4.54 −4.66 −4.237
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proton emission, ` shows angular momentum for the related decay, Qexp

presents an experimental Q-value that is taken form Ref. [10], obtained
results have been indicated by using equation numbers. The last column
shows the experimental log10 T1/2 (s) values for proton decay of the related
parent nuclei [40, 41].

In order to compare the results, the r.m.s. deviations of the decimal
logarithmic values are calculated by using the following equation:

σ =

[
1

n− 1

n∑
k=1

[
log10

(
T cal
p

)
− log10

(
T exp
p

)]2]1/2
, (9)

where n denotes the number of the related nuclei. The obtained r.m.s. val-
ues for each expression as well as the other models are given in Table III.
As one can see in this table, the r.m.s. values of present formulas are com-
parably good with the r.m.s. values of other models. According to r.m.s.
values, equations (3), (5) and (7) derived from Eq. (1) can be said to give
better results than equations (4), (6) and (8) derived from Eq. (2). It is
noted that Eq. (5) including isospin effect has σ = 0.4039 that means that
isospin effect reduces the r.m.s. value by 8.2% (0.4403 to 0.4039). Thus,
it should be said that isospin effect on proton decay half-life is noticeable
and it should be taken into account in the proton decay calculations. Equa-
tions (5) and (6) including the isospin terms in these forms could be used
to calculate proton decays of nuclei. The ratio of the experimental obtained
half-life values has also been given in figure 1. For the theoretical values, we
have used the results obtained by Eqs. (5), (7) but it should be noted that

TABLE III

R.m.s. values for present models and empirical formula, UDLP, CPPM, Gamow-
like models.

Eq. (3) 0.4207
Eq. (4) 0.4403
Eq. (5) 0.4039
Eq. (6) 0.4085
Eq. (7) 0.4026
Eq. (8) 0.4202
Empirical [43] 0.397
UDLP [43] 0.427
CPPM [43] 0.472
Gamow-like [43] 0.501
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log10 T
exp/ log10 T

theo values for the element 157Ta are 5.23 and 52.30 (not
shown in the graphs), respectively. Thus, in the case of 157Ta proton decay
calculations, the desired theoretical value has not been obtained with not
only shell-correction and isospin-dependent formulas but also other ones.
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Fig. 1. Ratio between experimental and theoretical data for ground-state transi-
tions. Theoretical data on the left-hand side have been obtained by Eq. (5) and
theoretical data on the right-hand side have been obtained by Eq. (7).

After finding out that the best r.m.s. values for calculations of the pro-
ton decay half-lives are Eqs. (5) and (7), we have used these formulas to
calculate the half-lives of possible proton decays of nuclei that do not yet
have experimental values. Obtained results are given in Table IV. In this
table, nucleus column shows the related nuclei decay, `min shows minimum
angular momentum for the related decay, Qp presents Q-value that is taken
form Ref. [43]. In the next columns, the results of other models have been
listed. The lower experimental limit for some nuclei has been presented in
the last column. Experimental values and the results of the other models
are taken from Ref. [43]. As seen in Table IV, the present calculations give
some new predictions for the related nuclei and they are consistent with
other models and present experimental data. In particular, the calculation
for 117Lam −1.919,−1.983 gives much better value than others and it is
very close to experimental value. It is also underlined that the calculation
for 108I gives 0.805, 0.641 which is better than the other results and also it
is consistent with experimental value.
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TABLE IV

log10 T1/2 (s) obtained by present study with other models and experimental values
of the proton decay of nuclei that do not yet have experimental values.

Nucleus `min Qp [MeV] Eq. (5) Eq. (7) Ref. [43] UDLP Exp. [40, 41]
103Sb 2 1.469 −9.541 −11.42 −9.902 −9.515
104Sb 2 0.519 2.329 1.683 1.890 1.278 > 0.827
105Sb 2 0.331 9.638 9.679 9.216 7.980 > 3.049
108I 2 0.610 0.805 0.641 0.433 −0.024 > 0.556
111Cs 2 1.820 −10.43 −11.15 −10.751 −10.445
116La 2 1.091 −5.197 −5.517 −5.373 −5.456
117mLa 4 0.951 −1.919 −1.983 −2.191 −2.155 ≈ −1.989
127Pm 2 0.922 −2.564 −2.399 −2.209 −2.514
129Pm 3 0.152 35.97 36.11 36.533 33.398
137Tb 5 0.843 2.835 3.032 2.977 2.717
165Ir 0 1.556 −5.569 −5.407 −5.593 −5.455
169Ir 5 0.780 7.876 7.549 8.088 7.404
171mIr 5 0.402 21.41 20.69 21.952 20.396
169Au 0 1.947 −7.661 −7.508 −7.476 −7.569
172Au 2 0.877 3.818 3.583 3.991 3.586
172mAu 2 0.627 9.800 9.422 9.692 9.448 > 0.146
185Bi 5 1.540 −0.301 −0.704 −0.721 −1.019 > −0.260
211Pa 5 0.751 14.79 12.57 13.268 12.545

Finally, the isospin and shell-dependent formulas developed here have
been used to obtain the half-lives of actinide nuclei that have been recently
studied with the CPPM in Ref. [28]. In that paper, authors have used the
CPPM without including the isospin and shell terms directly to obtain pro-
ton decays of half-lives for actinide nuclei. The results obtained are as given
in Table V. With the results obtained with the isospin-dependent (Eq. (5))
and shell-dependent (Eq. (7)) formulas in Table V, authors in Ref. [28] show
the results obtained with the CPPM. The Q-values here are taken directly
from Ref. [28]. In general, it is seen that the results of the formulas devel-
oped here are compatible with the results in Ref. [28]. Afterwards, the values
in Table V were plotted by mass number in order to reveal which equation
is better with the results obtained and to look at the general behavior of
proton decay half-lives of actinide nuclei. As seen in Fig. 2, in the graphs
obtained for 4 different actinide isotopes, even if the general behavior of
graphs is the same, the isospin-dependent formula, Eq. (5), is closer to the
results obtained with the CPPM model for actinide nuclei. This result may
indicate that considering the isospin effects as in Eq. (5) may be important
in explaining the proton decay of actinide nuclei. This situation supports
the conclusion that the isospin effect is more dominant on the proton decay
of the nucleus than the shell effect.
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TABLE V

Proton decay T1/2 (s) obtained by Eq. (5) and Eq. (7) of actinide nuclei with the
results of CPPM model calculations in Ref. [28].

Parent Qexp Eq. (5) Eq. (7) Ref. [28] Parent Qexp Eq. (5) Eq. (7) Ref. [28]

195Ac 2.161 3.123e− 07 2.207e− 07 1.892e− 07 219Am 1.231 9.725e + 03 1.610e + 02 3.264e + 03
196Ac 1.591 2.346e− 03 1.145e− 03 2.907e− 03 220Am 0.971 1.692e + 08 1.342e + 06 1.240e + 08
197Ac 1.591 2.822e− 03 1.196e− 03 2.923e− 03 221Am 0.801 1.214e + 12 4.631e + 09 1.700e + 12
198Ac 1.321 1.445e + 00 4.169e− 01 2.294 222Am 0.551 3.183e + 20 4.047e + 17 3.189e + 21
199Ac 1.331 1.435e + 00 3.273e− 01 1.791 223Am 0.341 5.947e + 33 1.503e + 30 7.923e + 36
200Ac 1.441 1.366e− 01 2.539e− 02 9.452e− 02 224Am 1.181 4.523e + 05 5.935e + 02 2.016e + 04
201Ac 1.371 9.550e− 01 1.238e− 01 6.087e− 01 215Cm 0.221 4.031e + 47 1.051e + 45 4.832e + 55
202Ac 0.971 3.701e + 05 2.242e + 04 6.797e + 05 218Bk 2.241 1.796e− 05 2.606e− 06 4.142e− 06
203Ac 1.018 8.389e + 04 3.616e + 03 8.762e + 04 219Bk 2.231 2.698e− 05 3.259e− 06 4.690e + 06
204Ac 0.595 2.675e + 15 3.441e + 13 2.889e + 16 220Bk 1.841 1.050e− 02 8.709e− 04 2.799e− 03
205Ac 0.707 9.595e + 11 9.275e + 09 2.616e + 12 221Bk 1.871 8.870e− 03 5.494e− 04 1.547e− 03
206Ac 0.383 4.099e + 26 1.076e + 24 8.225e + 28 222Bk 1.611 1.471e + 00 5.494e− 02 3.283e− 01
207Ac 0.277 2.718e + 36 2.558e + 33 9.965e + 39 223Bk 1.461 5.833e + 01 1.342e + 00 1.416e + 01
198Th 0.291 7.267e + 33 2.636e + 32 1.883e + 34 224Bk 1.171 2.885e + 05 3.208e + 03 1.300e + 05
199Th 0.201 6.471e + 46 8.070e + 44 3.350e + 54 225Bk 0.841 4.956e + 11 1.855e + 09 9.210e + 11
200Pa 2.111 1.748e− 06 1.039e− 06 1.073e− 06 226Bk 0.501 4.151e + 23 3.561e + 20 2.298e + 25
201Pa 2.091 2.682e− 06 1.412e− 06 1.381e− 06 227Bk 0.771 6.986e + 13 1.052e + 11 9.165e + 13
202Pa 1.751 5.343e− 04 1.997e− 04 3.988e− 04 221Cf 0.281 1.986e + 40 7.298e + 37 6.941e + 46
203Pa 1.491 1.020e− 01 2.613e− 02 1.099e− 01 224Es 2.181 1.593e− 04 1.735e− 05 2.976e− 05
204Pa 1.221 1.224e + 02 1.923e + 01 2.202e + 02 225Es 2.181 2.171e− 04 1.748e− 05 2.995e− 05
205Pa 1.391 1.749e + 00 2.359e− 01 1.423 226Es 1.771 1.710e− 01 7.417e− 03 3.589e− 02
206Pa 0.981 9.075e + 05 5.637e + 04 2.375e + 06 227Es 1.541 2.461e + 01 1.369e− 01 6.626
207Pa 1.221 3.138e + 02 1.747e + 01 2.244e + 02 228Es 1.251 6.788e + 04 1.901e + 02 3.454e + 04
208Pa 0.801 9.540e + 09 1.892e + 08 3.388e + 10 229Es 0.821 5.823e + 12 2.547e + 10 2.132e + 13
209Pa 0.801 1.412e + 10 1.855e + 08 3.412e + 10 230Es 0.441 6.945e + 27 5.610e + 24 4.157e + 30
212Pa 0.42 2.536e + 25 3.925e + 22 1.197e + 27 231Es 0.421 2.183e + 29 1.012e + 26 1.719e + 32
213Pa 0.283 1.693e + 37 6.530e + 33 8.563e− 09 229Md 2.251 1.974e− 04 4.628e− 06 2.883e− 05
203U 0.381 8.963e + 26 4.233e + 25 1.184e + 31 230Md 1.921 3.184e− 02 4.242e− 04 6.636e− 03
206Np 1.911 1.084e− 04 4.291e− 05 7.471e− 05 231Md 1.871 1.021e− 01 3.184e− 03 1.705e− 02
207Np 1.881 2.131e− 04 6.757e− 05 1.281e− 04 232Md 1.441 1.011e + 03 1.474e + 01 3.662e + 02
208Np 1.751 2.325e− 03 5.217e− 04 1.362e− 03 233Md 1.381 6.951e + 03 6.354e + 01 2.222e + 03
209Np 1.691 8.898e− 03 1.467e− 03 4.677e− 03 234Md 1.001 4.072e + 09 1.619e + 07 4.975e + 09
210Np 1.301 7.255e + 01 6.280e + 00 7.631e + 01 236Md 0.911 6.197e + 11 1.052e + 09 5.909e + 11
211Np 1.561 2.080e− 01 1.451e− 02 8.025e− 02 237Md 0.561 6.530e + 22 2.721e + 19 1.509e + 24
212Np 1.151 1.244e + 04 4.130e + 02 1.193e + 04 238Md 0.591 5.294e + 21 1.642e + 18 4.383e + 22
213Np 1.181 6.865e + 03 1.809e + 02 4.072e + 03 239Md 0.251 1.336e + 48 2.806e + 43 1.661e + 54
214Np 0.771 4.885e + 11 5.462e + 09 1.673e + 12 232No 0.831 9.133e + 12 2.907e + 10 1.936e + 14
215Np 0.811 7.424e + 10 6.149e + 08 1.286e + 11 233No 0.331 2.899e + 37 3.442e + 34 6.697e + 42
216Np 0.471 1.731e + 23 3.611e + 20 8.426e + 24 235Lr 2.161 2.786e− 03 1.024e− 04 3.273e− 04
217Np 0.541 1.029e + 20 1.712e + 17 9.050e + 20 236Lr 1.781 1.727e + 00 3.627e− 02 3.455e− 01
209Pu 0.351 3.331e + 30 7.235e + 28 1.432e + 35 237Lr 1.731 6.361e + 00 9.442e− 02 1.017
212Am 2.051 5.542e− 05 1.290e− 05 2.267e− 05 238Lr 1.361 4.862e + 04 3.900e + 02 1.660e + 04
213Am 1.951 3.046e− 04 5.113e− 05 1.204e− 04 239Lr 1.281 7.370e + 05 3.710e + 03 2.455e + 05
214Am 1.911 7.408e− 04 8.464e− 05 2.451e− 04 240Lr 0.811 5.476e + 14 8.902e + 11 2.027e + 15
215Am 1.931 7.340e− 04 6.027e− 05 1.709e− 04 241Lr 0.901 5.542e + 12 7.089e + 09 6.610e + 12
216Am 1.601 3.427e− 01 1.915e− 02 1.176e− 01 242Lr 0.611 3.875e + 21 1.575e + 18 5.149e + 22
217Am 1.531 2.115e + 00 8.833e− 02 6.138e− 01 243Lr 0.601 1.566e + 22 3.980e + 18 1.512e + 23
218Am 1.191 2.257e + 04 5.283e + 02 1.318e + 04
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Fig. 2. Proton decay log10 T1/2 (s) obtained by Eq. (5) and Eq. (7) and the results
of Ref. [28] of actinide nuclei versus mass number for Ac, Am, Np and Pa isotopes.

4. Summary

In this study, we have modified the formulas of proton decay half-lives by
considering the isospin and shell effects. By using these formulas, we have
calculated the proton decay half-lives of 44 proton emitters in the ground
state or isomeric state. It has been shown that the isospin and shell effects
reduce the r.m.s. of calculations, and isospin term is more effective than
shell-effect term in particular cases. To the best of our knowledge, this has
been the first study in the literature investigating the effect of isospin on
the proton decay adding a term in the closed formula. Besides, it should
be underlined that equations derived from Eq. (1) give better results than
equations derived from Eq. (2). Moreover, we have used the formula pro-
posed for the isospin to predict the proton decay half-lives of some proton
emitters and actinide nuclei. For a few nuclei, much more consistent results
with the experimental limits were obtained. The method presented here
represents an alternative way to proton radioactivity calculations. However,
there is still a need for a little discussion on deformation cases of the nucleus
that can be taken into account for calculations. Since the nuclear deforma-
tion of the nucleus has also noticeable effects on proton radioactivity, it has
been provided with a new formula by Dehghani and Alavi [10] very recently.
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In their analysis, thirteen percent of reduction on the r.m.s. deviation has
been reported. Besides, our calculations showed that the isospin term is also
effective in the calculations. The evidence from this study intimates that
a new equality which contains both isospin and deformation effects might
be more functional for the proton radioactivity calculations. A considerable
attention should be paid on advancing the present and previous methods.
Finally, the results obtained in this paper would be important for future
possible theoretical and experimental studies in this field.
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