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We analyze algebraic structure of a relativistic semi-classical Wigner
function of massive particles with spin !/2 and show that it consistently
includes information about the spin density matrix both in two-dimensional
spin and four-dimensional spinor spaces. This result is subsequently used
to explore various forms of equilibrium functions that differ by specific
incorporation of spin potential. We argue that a scalar spin potential should
be momentum dependent, while a tensor one may be a function of space-
time coordinates only. This allows for the use of the tensor form in local
thermodynamic relations. We furthermore show how scalar and tensor
forms can be linked to each other.
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1. Introduction

In this work, we first analyze algebraic structure of a relativistic semi-
classical Wigner function for massive particles with spin 1/2. We restrict
our considerations to the leading order of expansion in A and show that
it consistently includes information about the spin density matrix both in
two-dimensional spin and four-dimensional spinor spaces. This consistency
strongly relies on the fact that the two-by-two spin density matrix operates
with quantities defined in the particle rest frame.

(945)
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In the next step, we study equilibrium Wigner functions that differ by
the form of spin potential. We demonstrate that a scalar spin potential
frequently used in the literature [1-3] should be momentum dependent. In
contrast, a tensor spin potential, introduced in new studies of hydrodynam-
ics with spin [4], may be a function of space-time coordinates only. This
allows for the use of the tensor form in local thermodynamic relations. We
furthermore show how scalar and tensor forms can be linked to each other,
provided the polarization effects are small.

Our results show that the introduction of a scalar spin potential is quite
arbitrary. In contrast, the tensor form has much better physical motivation,
as it plays a role of the Lagrange multiplier(s) coupled to angular momentum,
which is a conserved quantity [5].

We expect that our results will be helpful for better understanding of
equilibrium properties of particles with spin. This is important for de-
velopment of hydrodynamic and kinetic theories for such systems, and is
very much desirable in the context of the spin polarization measurements in
heavy-ion collisions [6]. The latter revealed a non-zero effect for A hyperons,
with a momentum dependence of polarization still waiting for a convincing
theoretical explanation [7].

Our paper also clarifies the Lorentz structure of different quantities de-
scribing spin densities, therefore, it may be useful for future studies dealing
with the relativistic spin dynamics. Although some of the formulas presented
below were obtained earlier, to our knowledge, no attempt has been made
before to directly link them all and explain their physical interpretation.

In Secs. 2-4, we analyze the structure of the Wigner functions not refer-
ring to any concept of equilibrium. Only in Secs. 5-9, which are central for
our work, we discuss various equilibrium forms. We conclude in Sec. 10.

We use the metric tensor with the signature (4, —, —, —) and the Levi-
Civita symbol with €°'23 = 41. The trace over spinor (spin) indices is
denoted by try (trz). The conventions regarding the spinors and several
useful relations are collected in Appendix A.

2. Semi-classical Wigner functions

Our starting point are Wigner functions for particles and antiparticles,
W*(z, k), obtained in the leading order of the semi-classical expansion [8]

2
W) = 53 / AP (k= p)u’ (p)a*(p) fi(z.p), (1)

r,s=1

2
Wk = —3 3 [APEY (bt p) 0 Dfen).

r,s=1
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Here, m is the (anti)particle mass, k is the four-momentum, and dP is the
Lorentz invariant integration measure dP = d3p/((27)3E,), where E, =
v/m? + p? is the on-mass-shell energy and p* = (E,,p). The objects u,(p)
and v, (p) are Dirac bispinors with the spin indices r and s running from 1 to 2
and the normalizations: u,(p)us(p) = 2md,s and v,.(p)vs(p) = — 2m dys.
We note that a minus sign and a different ordering of spin indices are used
in Eq. (2) compared to Eq. (1). The total Wigner function becomes a sum of
the particle and antiparticle contributions W(xz, k) = Wt (z, k) + W™ (z, k).
One can easily check that (f — m)W(x, k) = 0, as required for the leading-
order term of the Wigner function in the A expansion [9-12].

The functions Wt (z, k) and W~ (x, k) can be expressed with the help of
16 independent generators of the Clifford algebra [9, 13]

1 ,
WE(w, k) = 3 [F (@, k) + 5P (@, k) + 4V (2, k)
+757“Ai(x, k) + E“”Slfy(:v, k)] . (3)

Here, X*¥ is the Dirac spin operator, JH*” = i[v“, ~*]. In the leading order
of semi-classical expansion, one can check that only scalar and axial-vector
coefficient functions are independent. The other coefficients are expressed in
terms of 7= = try [W*(z, k)] and AL = try [7,7°W*(z, k)] by the following
expressions [9]:

PE(x, k) = —itry [YPWE (2, k)] =0, (4)
Vi, k) = trg [y WV (a, k)] = %fi(x,k), (5)
Sip (@, k) = 2try [ D WF (2,k)] = —%ewagko‘/liﬁ(x,k). (6)

This set of equations should be supplemented by a subsidiary condition
kg AP (2, k) = 0.
Using Egs. (4)—(6) in the definition of the Wigner function, one finds

WE(z, k) = ﬁ(nﬁ B [F* +mmpat?] (7)

In this way, we reproduce Eq. (5.44) from Ref. [9] (note a different nor-
malization and an opposite sign in front of A*#, which is a consequence of
different conventions used in [9], see also [10]).
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3. Spin density matrix

The functions f;%(z,p) and f,,(x,p) play a role of the spin density ma-
trices'. They are two-by-two Hermitian matrices which can be generally

decomposed as [14]

fr:{:g(l‘ap) :f()i(l'ap) [67"8_‘_4.;‘:(1‘71))'0’7"8] : (8)

Here, o denotes a three-vector consisting of three Pauli matrices. The three-
vector ¢ f(x, p) can be interpreted as a spatial part of the polarization four-
vector Cf #(z,p), with a vanishing zeroth component?

(@) = (0,85 (2,p)) - (9)

The average polarization vector is defined by the formula

_ 1ty (f*o)

=S = ). (10)

(¢E(x,p))

Several important points should be emphasized here:

— The polarization three-vector ¢F describes spin polarization in the
particle (antiparticle) rest frame (PRF), i.e., in the frame where p* =
(m,0,0,0). We denote this frame by asterisk [15].

— The measurements of the spin polarization vary between —1/2 and +1/2,
hence, |¢E| < 1. The particle spin states with |¢F| = 1 correspond to
pure states, while the cases with |¢| < 1 desribe mixed states.

— The functions féE contain information averaged over spin degrees of
freedom. Hence, it is tempting to write them as sums of the distribu-
tions of particles with spin up and down. We thoroughly discuss this
point below.

— We stress that C*i is a function of space-time coordinates and three-
momentum of particles, ¢X = ¢F(x,p). The quantity ¢F(z,p), after
averaging over the space-time region where particles are produced,
becomes a directly measured observable. This happens, for example,
in the case of A spin polarization measured in heavy-ion collisions.

! We note here that, strictly speaking, the functions frj[S (z,p) are phase-space density
matrices rather than spin density matrices, as the latter should depend on momentum
only.

2 We follow here the arguments discussed in [14], where in the case of small polarization,
the identification P = —2¢7 should be made.
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To transform the PRF components of any four-vector to the laboratory
(LAB) frame, we use the so-called canonical boost A} (v,) (see, for example,
Eq. (45) in Ref. [14]). In the case of the four-vector (&' (x,p), this leads to
the formula

+ +
“:AN’U v pC* :|:+ pC* ) 11
Ci I/( p)Cj:* ( m 7C* m(Ep + m)p ( )
In the relativistic quantum mechanics and quantum field theory, one
deals with the spin densities defined in the spinor space. It is interesting to
show that expression (7) is proportional to such densities. With the explicit
forms of matrix elements given in Appendix A, we find

Fi(ak) = 2m [ aPs (65 p) fi ). (12)

Ay = 2m [ AP (o) [P wp), (19
and

Wz, k) = + / APsW (k F p) £ (x, p)p™ (, p) - (14)

Here, we have introduced the four-dimensional matrices

o a,p) = 5 (pEm) (1+26¢) (15)

which exactly agree with the definitions of the polarization spin matrices
given in [16]°.

4. Scalar and axial components

Doing the integral over three-momentum in Eq. (12), one finds

4m
Flx, k) = (27)35 (k* —m?) F(z,k) (16)
with
F(z,k) = [0 (K°) fof (@, k) + 0 (=K°) f5 (z,—k)] . (17)

3 Note that the convention for 5 used in [16] differs by sign from ours, see Appendix A.
Note also that our results are obtained by a straightforward calculation of the matrix
elements rather than by a diagonalization of the matrix fi, what has been done
in Ref. [2].
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Similar decomposition can be obtained for the axial component, however,
in this case, it is useful to introduce yet another form of the polarization
vectors (*#. Since they are space-like, we can write them in the form of?

Ciﬂ(J:?p) = igi(xvp)niﬁ(xap) ) (18)

where niﬁ(m,p)njﬂ[(az,p) = —1, and

CH(@,p) = /=@, )G (2,p) = ¢ | (19)
Here, we used the fact that the scalar product can be calculated in any frame
and chose PRF. The explicit form of nf{ is

+ +
nl(.p) = % ( e T +m>p) ’ (20)
p

where

¢(z,p) _ ¢i(z,p)
¢ ()| (Flzp)

We observe that the three-vectors ni (z,p) describe the direction of mean
polarization of particles with momentum p (measured in PRF), while the
positive quantity (*(z,p) defines the magnitude of spin polarization.

We stress again that the case of (*(x, p) = 1 corresponds to a pure state,
while the case of (*(z,p) < 1 describes a mixed state. Thus, in most of
the cases, the three-vector nf(z,p) cannot be interpreted as an arbitrary
quantization axis. It describes the mean direction obtained by measurements
of spin projections of many particles along three independent directions.

Performing the integral over three-momentum in Eq. (13) and using the

notation introduced above, one gets

ni(z,p) = (21)

4dm

APz k) = P

5 (k* —m?) nP (z, k) A(z, k), (22)

where
n? =0 (k) n™?(z,k) — 0 (—k°) n =P (z, —k) (23)
and
Az, k) = [0 (k") f5 (, k)CT (x, k)
0 (k") fo (z, k)¢ (z,—kK)] . (24)

1 We note that the & signs in definition (18) are conventional and the minus sign in
(18) compensates the minus sign in the middle of the right-hand side of (23).
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At this point, it is useful to compare our framework with previous, sim-
ilar studies. In particular, one can check that Eq. (23) is consistent with
expressions (26) and (27) obtained in Ref. [2], provided the vectors nf (x, k)
are identified with the vectors m* defined therein. Our results also agree
with Egs. (26) and (28) in Ref. [1], if the vector n defined there is simulta-
neously equal to n;} (z, k) and n (z, —k). Thus, we agree with Ref. [1] only
if nf (x,k) = n, (z,—k). The last condition represents a constraint on the
most likely directions of polarization vectors for particles and antiparticles.
We come back to their interpretation below Eq. (34).

Besides the two vectors n*?, the system under consideration is described
by the four scalar functions: foi and ¢(*. They can be conveniently reorga-
nized to describe particles with spins up and down along the direction set
by unit vectors n™?. This can be done with the help of the definition

fiE (o, £k) = L (v, k) (1 + s¢F(x, £k)) | (25)

< 1, hence fi(x,+k) is positive if fi(z, +k) > 0. Equation (25) allows us
to rewrite Egs. (17) and (24) as

Fx,k) = [0(K°) (fo(z k) + fo_(z, k) (26)
+0 (—k°) (foy(z, k) + fo_ (2, —K))]

where s = &1 denotes the spin direction. Note that we have 0 < (*(z, £k)

and

Az, k) = [0(K°) (foo(z. k) — fo(2,k)) (27)
+6 (—K°) (for (2, —k) — fo_(z,—k))] .

5. Equilibrium Wigner functions

So far, we have not addressed the fact that our Wigner function describes
a system of particles with spin in equilibrium. As a matter of fact, different
forms of such functions are proposed in the literature and the main aim
of this work is to examine them and check their internal consistency con-
nected with relativistic covariance and physical interpretation of the spin
polarization measurements.

The optimal situation would be to derive an equilibrium form from the
considerations that analyze either entropy production or the form of collision
terms for particles with spin. As such calculations are not available at the
moment, various discussions of the equilibrium for particles with spin have
to make use of different arguments, usually combined together, to conclude
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about the acceptable forms of the equilibrium functions. These functions
necessarily invoke certain forms of the spin potential, hence, the issue of
choosing the correct equilibrium form is connected with the introduction of
the appropriate spin potential.

Some support in this respect comes from the analysis of kinetic theory
with classical description of spin. With the arguments about the locality of
the classical collision term, one can construct for this case an equilibrium
distribution function that naturally involves a tensor spin potential [17]. We
come back to this point below and turn to a discussion of specific equilibrium
Wigner functions now.

6. Scalar spin potential

Since f(;—L describes an average over the spin components, see Eq. (26), it
seems natural to assume that f(i has the form of the standard equilibrium
function depending on the flow vector u*, temperature 1", chemical potential
te connected with the conservation of charge, and an additional scalar spin
potential pF that controls the relative number of particles (plus sign) or
antiparticles (minus sign) with spin up and down, namely,

1 P uTF pe — sp*
foal@,p) = exp (— =

2 T

1 . +
~ Lo (J?UTW) exp (S;)
1 cu +
Lexp (Jﬂﬁ) (1 + “T) . (25)

Here, we have used the Boltzmann statistics®. The second line of Eq. (28)
may be directly compared to Eq. (25). Since ¢* depends in general on
momentum, we conclude that p* /T should depend on momentum as well,
a property which is not exhibited by (28). This connection is clearly seen
for small values of % /T, when from the third line of Eq. (28) one gets

p =T(x)(* (2, p) . (29)

Momentum-dependent spin chemical potential cannot be used in a tradi-
tional way in thermodynamic identities. Consequently, Eq. (28) has a very
restricted range of applicability.

Q

5 . . . . . . . . . .
° A discussion of the Fermi—Dirac statistics is similar but much more involved.



Spin Potential for Relativistic Particles with Spin 1/2 953

The origin of the discussed difficulty is a simple fact that the spin polar-
ization of relativistic massive particles is always defined in their rest frames,
hence, different boosts should be applied to particles with different three-
momenta in order to determine their spin polarization. This dependence is
reflected in the momentum dependence of u*, which eventually makes it a
badly defined quantity from the thermodynamic point of view. Clearly, the
problems outlined above disappear in the non-relativistic limit.

7. Tensor spin potential

In Ref. [18], the following local equilibrium Wigner functions were intro-
duced:

1 1
= %ﬂr(p) exp [—p‘ﬂﬂe + QWWE“”} us(p)

1 1
n = —gra)en [ 06— gm o ue). @)

where & = p./T and w,, is thermal vorticity defined by the expression
Wuy = —(1/2) (auﬁu - Z/B,LL) with g# = ut/T.

The equilibrium forms (30) were subsequently used in Ref. [4] to con-
struct relativistic hydrodynamics of particles with spin 1/2. The main idea of
Ref. |4] was to replace thermal vorticity in Eq. (30) by the spin polarization
tensor wy,,, whose dynamics should be determined by the conservation of
angular momentum (instead of being tightly connected with thermal vortic-
ity). The spin polarization tensor can be identified with the ratio (2, /T,
where 2, plays a role of a tensor spin potential (both w,,, and §2,,, are rank
two antisymmetric tensors that depend only on space and time coordinates,
for brevity of notation we dominantly use wj,, instead of §2,,).

If the components of w,, are small, the form of equilibrium Wigner
function advocated in Ref. [4] agrees with Eq. (7) where one should use [19]

+ —B-ptée 5(4
Foqlw, k) = 2m/dPe Brtte 54 (k1 p) (31)
and

AL (k) = — / AP e PPEee §W(k  p) 0 p” . (32)

Here, @, is the dual spin polarization tensor defined as @, = %ewagwaﬁ .
Omne can notice that the approach proposed in Ref. [18] and extended in
Ref. [4] introduces the same spin polarization tensor for particles and an-
tiparticles which makes sense if they are all in common equilibrium.
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The antisymmetric spin polarization tensor w,, can be always defined
in terms of electric- and magnetic-like three-vectors in LAB frame, e =
(el,e? e?) and b = (b',b%,b%). In this case, following the electrodynamic

sign conventions of [20], we write [14]

0 el €2 e3
—el 0 -3 b2
Wpy = —e2 b3 0 |- (33)

—e3 =2 bl 0

The dual spin polarization tensor is obtained from the components of w,,
by replacements e — b and b — —e. In Ref. [14], it was demonstrated that

1 p-b
+

p)=—— |E,b— _ P
¢i(z,p) 5 p pXxe 2

(34)

Equation (34) shows that the spin polarization vectors of particles and an-
tiparticles are indeed the same (in equilibrium described with the help of the
tensor spin potential). This makes sense if they are in common equilibrium
state. We have seen above that the condition nj (z, k) = n, (z, —k) is used
in Ref. [1]. For the tensor spin potential this implies that in this case, e = 0.
The physical interpretation of this equation remains to be clarified. At the
moment, we may notice that e = 0 in the global equilibrium states with a
rigid rotation [21].

Using Eq. (34) in Eq. (11) or by making a direct comparison of Egs. (13)
and (32) we find the identification

G p) =~ T ) (39)

In Ref. [14], it was also shown that the right-hand side of Eq. (34) coincides
with the value of the b field determined in PRF, namely,

¢H(,p) = ~bulep). (36)

This is an interesting result indicating that for the spin polarization, only
the magnetic-like component in PRF is important.

8. Other approaches

In Ref. [4], the case of large spin polarization tensor w,, was considered,
however, with two additional conditions®

W =2(b-b—e-e) >0, W = —4e-b=0.
(37)

6 Conditions (37) were relaxed, for example, in Ref. [22].
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In this case, one finds

fE = e PP cosh (&) |05 — ta112h§(§5) be-0rs| (38)
where
b= yVb b ce. (39)

Thus, the quantity & (multiplied by 7') can be naturally interpreted as a spin
potential, as demonstrated in Ref. [4]. The applicability of this approach is
restricted, however, to particles with momenta satisfying the condition

b. | tanh (&) bs
tanh (&) .| |V b -6 o <1, (40)

where we used vb-b—e-e = Vb, b, — e, -e,. Condition (40) takes a
particularly simple form for particles with |e.| < |b.|. In this case, b./|bs|
becomes a unit vector showing the direction of mean polarization, while
tanh(&,) defines its magnitude.

Yet another treatment of spin polarization was introduced in Ref. [10],
where (using our notation) the following Ansatz was made for particles

Y (z,p) =u'n(p) - p—n*(p)u-p. (41)
Here, n(p) is a four-vector that is perpendicular to p. Form (41) does not
comply with the requirements discussed above and as such seems to be quite
arbitrary. In particular, it is not clear why the flow vector u appears in (41).

9. Insights from models with classical description of spin

Different conditions that appear above for the coefficients of the spin
polarization tensor w,, and three-momenta of particles p indicate that the
discussed forms of the equilibrium Wigner functions are limited in their
physical applications to some definite range of space-time and momentum
variables (let us say in LAB frame). Some light can be shed on this limitation
if we refer to a kinetic theory with classical description of spin [17]. The
classical approach shows that for large spin polarization the systems become
anisotropic in momentum space. Such anisotropy has not been addressed
yet in present formulations, so this is the work to be done in future studies.
Fortunately, the classical description of spin shows also consistency with the
forms obtained for small polarization. Consequently, taking together results
obtained with the Wigner functions and classical spin description, we obtain
a convincing physical picture for sufficiently small w,,,. In fact, it is not a
very much restrictive constraint, since the measured values of the global spin
polarization remain at the level of a fraction of 1%.
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10. Conclusions

In this paper, we have discussed different concepts and forms of the
spin potential entering the formula for the semi-classical equilibrium Wigner
function of particles with spin 1/2. Our results suggest using the tensor form
of the spin potential that originates from its use as a Lagrange multiplier
in the conservation of angular momentum [4, 5|. Moreover, recent forms
of the equilibrium Wigner function suggest that the spin potential (scaled
by temperature) should be small. In this case, the scalar spin potential
can be expressed by the tensor form. Interestingly, the scalar form should
be momentum dependent, a feature connected with the fact that the spin
polarization is always defined in the particle rest frame.

Several comparisons to other works using various concepts of the spin po-
tential have been made. This can help to relate different results and interpre-
tations. Our results can be useful for further development of hydrodynamics
of particles with spin /2 and serve to interpret experimental measurements
of particle spin polarization.

We thank Nora Weickgenannt and Enrico Speranza for many interesting
discussions that helped us to identify the problems discussed in this letter.
This work was supported in part by the National Science Centre, Poland
(NCN) grants Nos. 2016/23/B/ST2/00717 and 2018/30/E/ST2/00432. A K.
was also supported in part by the DST, under grant No. DST/ INSPIRE/04/
2017,/000038.

Appendix A

Useful formulas and identities

Our conventions for labels and signs of Dirac bispinors are as follows:

%@:J%H% o ﬁ), (A1)

Ep+m

w(p) = VEAm (B ) (A2

Xs

with
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The spin operator X*¥ is defined by the expression
1 i

S = —gh = — [yH Y A4
which in the Dirac representation gives
Oi_i O O'i U_} - O'k 0
2 = 2 ( 0’2 0 > 5 E = 2€ij 0 O’k 5 (A5)
with ¢! being the 7" Pauli matrix. The ~5 matrix is defined as v5 =
0y 2,

Using the above definitions of the Dirac bispinors, one can directly derive
several useful relations which are listed below. Some of them are well known
but the other are rather not popular so we list them all for completeness.
With the short-hand notation

er - (57"5 + C : Urs) 5 (AG)

one obtains:

Zﬂs(p)ur(p)er == Z@r(p)US(p)er =4m,

r,5
Zﬂs(p)’YSur(p>er = Zﬁr(p)’YSUs(p)er = 07
Zus )y u,(p rszzvr )Y vs(p) Xops = 4pH,

Zus ’7 ’YSUT )er = _Zvr ’Y 751)5 )er =4p- C7

Zus '75“7" )XTS = <mC+ P C p>7

E,+m

St =4 (6 gEn).
Z US Eozur XTS - ZIDT(p)EOiUS(p)XTs — *QEijkijka

S )T ) = 27 (292 g,
DT (P)E M s(p) Xps = —26™ <(3E’p' i) = —Epci> . (A7)
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