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RELATIVISTIC HYDRODYNAMICS
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We summarize the key ingredients of the recently proposed formalism
of relativistic perfect-fluid hydrodynamics with spin. Based on the under-
lying kinetic theory definitions for the equilibrium distribution functions,
we obtain the evolution equations governing the system’s expansion. Em-
ploying the Bjorken symmetry, we study the spin polarization dynamics of
the system.
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1. Introduction

The first positive measurements of spin polarization of Λ hyperons made
lately by the STAR Collaboration [1–4] have revived the interest in the stud-
ies of the relation between the vorticity of the matter produced in relativistic
heavy-ion collisions and the averange spin polarization of particles produced
in these processes [5–36]; for a recent review, see [37]. Recently, it has been
shown that the thermal-based models [38–41] which correctly describe the
global polarization, unfortunately are not able to explain the differential
observables [4]. These models are based on the assumption that the spin
polarization of particles emitted at freeze-out is entirely determined by the
quantity known as thermal vorticity [6, 42] and does not include the possibil-
ity of its independent dynamical evolution, which may take place during the
fluid expansion. In this work, following ideas put forward in Refs. [43–48],
we study such a possibility within the framework of relativistic perfect-fluid
hydrodynamics with spin. Throughout the text, we use natural units with
c = kB = ~ = 1.

2. Equilibrium distribution functions

Relativistic fluid dynamics may be derived from the underlying kinetic
theory assuming that the distribution function describing the equilibrium
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state of the system is known [49]. Herein, following works by Becattini et al.
[6], we assume that the local equilibrium state of the relativistic system of
particles (+) and antiparticles (−) with spin 1/2 and mass m is described by
the following phase-space distribution functions (spin density matrices):

f+rs(x, p) = ūr(p)X
+us(p) , f−rs(x, p) = −v̄s(p)X−vr(p) , (1)

where x is the space-time position and p is the four-momentum, and ur(p)
and vr(p) are Dirac bispinors (r, s=1, 2) with the normalization ūr(p)us(p)=
δrs and v̄r(p)vs(p) = − δrs.

The matrices X± have the form of generalized relativistic Boltzmann
distributions

X± = exp

[
±ξ(x)− βµ(x)pµ ± 1

2
ωµν(x)Σµν

]
,

where βµ ≡ Uµ/T and ξ ≡ µ/T , with T , µ and Uµ denoting the temperature,
baryon chemical potential and four-velocity, respectively. The quantity ωµν
is the spin polarization tensor satisfying ωµν = −ωνµ and Σµν ≡ i

4 [γµ, γν ]
is the spin operator.

Employing expressions derived in Ref. [50] and using definitions (1), we
can determine the corresponding equilibrium Wigner functions

W±eq(x, k) =
e±ξ

4m

∫
dP e−β·p δ(4)(k ∓ p)

×
[
2m(m± /p) cosh(ζ)± sinh(ζ)

2ζ
ωµν (/p±m)Σµν(/p±m)

]
, (2)

where k is the off-mass-shell four-momentum of particles, dP =d3p/((2π)3Ep)

withEp=
√
m2 + p2 being the on-shell particle energy, and ζ= 1

2
√
2

√
ωµνωµν .

It is convenient to consider the Clifford-algebra expansion of the Wigner
function (2)

W±eq(x, k) =
1

4

[
F±eq(x, k) + iγ5P±eq(x, k) + γµV±eq,µ(x, k)

+γ5γ
µA±eq,µ(x, k) +ΣµνS±eq,µν(x, k)

]
,

where the coefficient functions X ∈ {F ,P,Vµ,Aµ,Sµν} can be extracted by
calculating the trace ofW±eq(x, k)multiplied first by: {1,−iγ5, γµ, γµγ5, 2Σµν}.

3. Kinetic equations

The general Wigner function satisfies the kinetic equation

(γµK
µ −m)W(x, k) = C[W(x, k)] , (3)
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where the differential operator reads Kµ = kµ + i~
2 ∂

µ. In the case of global
equilibrium, theWigner function satisfies exactly Eq. (3) with C[W(x, k)]=0.
The usual treatment of Eq. (3) is to consider the semi-classical expansion of
the coefficient functions

X = X (0) + ~X (1) + ~2X (2) + · · ·

The analysis of Eq. (3) up to the next-to-leading order in ~ yields the fol-
lowing kinetic equations for the two independent coefficients Feq and Aνeq:

kµ∂µFeq(x, k) = 0 , kµ∂µAνeq(x, k) = 0 , kνAνeq(x, k) = 0 . (4)

In global equilibrium Eqs. (4) are exactly fulfilled which results in the con-
ditions that βµ is a Killing vector, and ξ and ωµν are constant, however ωµν
does not have to be equal to thermal vorticity $µν = −1

2 (∂µβν − ∂νβµ) =
const.

4. Hydrodynamic equations

In local equilibrium, Eqs. (4) are not satisfied exactly. In this case, we
adopt the standard treatment [51], namely, by allowing for x dependence
of the β, ξ and ω, we require that only certain moments in momentum
space of the kinetic equations (4) are satisfied. This method leads to equa-
tions expressing conservation laws for charge, energy, linear momentum and
spin [47]

∂µN
µ = 0 , (5)

∂µT
µν
GLW = 0 , (6)

∂λS
λ,αβ
GLW = 0 , (7)

where the baryon current, the energy-momentum tensor, and the spin tensor
are given by the De Groot–Van Leeuwen–Van Weert (GLW) [50] expressions

Nα = nUα , (8)

TαβGLW = (ε+ P )UαUβ − Pgαβ , (9)

Sα,βγGLW = cosh(ξ)
[
n(0)U

αωβγ +A(0) U
αU δU [βω

γ]
δ

+ B(0)
(
U [β∆αδω

γ]
δ + Uα∆δ[βω

γ]
δ + U δ∆α[βω

γ]
δ

)]
, (10)

where ∆µν = gµν − UµUν is the projector on the space orthogonal to U .
In the leading order in the polarization tensor, the energy density ε, the

pressure P , and the baryon density n are given by the formulas

n = 4 sinh(ξ)n(0)(T ) , (11)
ε = 4 cosh(ξ) ε(0)(T ) , (12)
P = 4 cosh(ξ)P(0)(T ) , (13)
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where we defined the auxiliary quantities describing thermodynamic proper-
ties of the system of spin-less and neutral massive Boltzmann particles [52]

n(0)(T ) =
T 3

2π2
m̂2K2 (m̂) , (14)

ε(0)(T ) =
T 4

2π2
m̂2
[
3K2 (m̂) + m̂K1 (m̂)

]
, (15)

P(0)(T ) = T n(0)(T ) . (16)

The quantities B(0) and A(0) are defined as follows:

B(0) = − 2

m̂2
s(0)(T ) , A(0) = −3B(0) + 2n(0)(T ) (17)

with s(0) =
(
ε(0) + P(0)

)
/T being the entropy density and m̂ = m/T .

5. Bjorken expansion

Similarly to the Faraday tensor, the polarization tensor ωµν may be
decomposed into electric-like (κ) and magnetic-like (ω) components

ωµν = κµUν − κνUµ + εµναβU
αωβ , (18)

where the four-vectors κ and ω satisfy the conditions

κ · U = 0 , ω · U = 0 . (19)

In the case of transversely homogeneous systems undergoing boost-invariant
expansion in the longitudinal direction, also known as the Bjorken flow [53],
it is convenient to introduce the following four-vector basis:

Uα =
1

τ
(t, 0, 0, z) = (cosh(η), 0, 0, sinh(η)) ,

Xα = (0, 1, 0, 0) ,

Y α = (0, 0, 1, 0) ,

Zα =
1

τ
(z, 0, 0, t) = (sinh(η), 0, 0, cosh(η)) , (20)

where τ=
√
t2 − z2 is the longitudinal proper time and η= 1

2 ln((t+z)/(t−z))
is the space-time rapidity.

Basis (20) satisfies the conditions

U · U = 1 ,

X ·X = Y · Y = Z · Z = −1 ,

X · U = Y · U = Z · U = 0 ,

X · Y = Y · Z = Z ·X = 0 . (21)
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Using Eqs. (19) and Eqs. (21), one can decompose the vectors κµ and ωµ as
follows:

κα = CκXX
α + CκY Y

α + CκZZ
α ,

ωα = CωXX
α + CωY Y

α + CωZZ
α , (22)

where the coefficients CκX , CκY , CκZ , CωX , CωY , and CωZ are scalar func-
tions of proper time solely.

Using Eqs. (22) in Eq. (7) and projecting the latter on UµXν , UµYν ,
UµZν , YµZν , XµZν and XµYν , we obtain the following six evolution equa-
tions:

diag (L,L,L,P,P,P) Ċ = diag (Q1,Q1,Q2,R1,R1,R2) C , (23)

where C = (CκX , CκY , CκZ , CωX , CωY , CωZ), ˙(. . . ) ≡ U · ∂ = ∂τ and

L(τ) = A1 −
1

2
A2 −A3 ,

P(τ) = A1 ,

Q1(τ) = −
[
L̇+

1

τ

(
L+

1

2
A3

)]
,

Q2(τ) = −
(
L̇+

L
τ

)
,

R1(τ) = −
[
Ṗ +

1

τ

(
P − 1

2
A3

)]
,

R2(τ) = −
(
Ṗ +

P
τ

)
,

with

A1 = cosh(ξ)
(
n(0) − B(0)

)
,

A2 = cosh(ξ)
(
A(0) − 3B(0)

)
,

A3 = cosh(ξ)B(0) .

From Eqs. (23) we observe that in the case of Bjorken expansion, the
C coefficients evolve independently. Due to the rotational symmetry in the
transverse plane, the functions CκX and CκY (as well as CωX and CωY ) obey
the same differential equations.

Employing the Bjorken symmetry, the conservation of the charge current
(5) can be written as

dn

dτ
+
n

τ
= 0 , (24)
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while the conservation of energy and linear momentum (6) (projected on U)
gives

dε

dτ
+

(ε+ P )

τ
= 0 . (25)

6. Spin polarization of particles at freeze-out

The information about the space-time evolution of the spin polarization
tensor may be used to determine the average spin polarization per particle
which is defined as follows [47]:

〈πµ〉 = Ep
dΠµ(p)

d3p

/
Ep

dN (p)

d3p
, (26)

where Ep
dΠµ(p)
d3p

is the total value (integrated over freeze out hypersuface
∆Σλ) of the Pauli–Lubański vector

Ep
dΠµ(p)

d3p
= −cosh(ξ)

(2π)3m

∫
∆Σλp

λ e−β·p ω̃µβp
β ,

and

Ep
dN (p)

d3p
=

4 cosh(ξ)

(2π)3

∫
∆Σλp

λ e−β·p

is the momentum density of particles and antiparticles.
The polarization vector 〈π?µ〉 in the particle rest frame is obtained by

performing the canonical boost [54] of (26)

〈π?µ〉 = − 1

8m



0(
px sinh yp

b

)
a1 +

(
χpx cosh yp

b

)
a2+2CκZpy−χCωXmT(

py sinh yp
b

)
a1 +

(
χpy cosh yp

b

)
a2−2CκZpx−χCωYmT

−
(
m cosh yp+mT

b

)
a1 −

(
χm sinh yp

b

)
a2


,

(27)

where a1 = χ (CκXpy − CκY px) + 2CωZmT, a2 = CωXpx + CωY py, b =
mT cosh yp+m, and χ = (K0 (m̂T) +K2 (m̂T)) /K1 (m̂T) with m̂T = mT/T .
Above, we used the following parametrization of the four-momentum pλ =
(mT cosh yp, px, py,mT sinh yp).
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7. Results

In this section, we present the results obtained by solving numerically
the differential equations (23), (24), and (25). We initialize the system at
the proper time τ0 = 1 fm with initial temperature T0 = T (τ0) = 155 MeV
and the baryon chemical potential µ0 = µ(τ0) = 800 MeV. We assume that
the system consists of Λ particles with mass m = 1116 MeV. In Fig. 1, we
show the proper-time dependence of the (properly scaled) temperature and
baryon chemical potential. We reproduce the well-known results that the
temperature of such a system decreases with proper time, while the ratio
of baryon chemical potential and temperature increases. In Fig. 2, we show
the proper time dependence of the C coefficients that describe the evolution
of the spin polarization.
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5

Fig. 1. (Color online) Proper-time dependence of the temperature scaled by its
initial value (solid black line) and the ratio of baryon chemical potential over tem-
perature rescaled by the initial ratio (dotted blue line).
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Fig. 2. (Color online) Proper-time dependence of the coefficients CκX (solid black
line), CκZ (dash-dotted blue line), CωX (dotted red line) and CωZ (dashed green
line).
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The knowledge of the evolution of thermodynamic parameters and C co-
efficients allows us to calculate the components of the particle-rest-frame
mean polarization vector 〈π?µ〉 at freeze-out as functions of particle three-
momentum, see Fig. 3. We observe that the component 〈π?y〉 is negative,
which reflects the initial spin polarization of the system. Due to the Bjorken
symmetry, the longitudinal component (〈π?z〉) is vanishing which does not
agree with the characteristic quadrupole structure of the longitudinal polar-
ization observed in the experiment. One the other hand, we observe that
〈π?x〉 exhibits quadrupole structure. Clearly, we observe that the Bjorken
symmetry is too restrictive to address the experimental measurements cor-
rectly.
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Fig. 3. Components of the particle-rest-frame mean polarization three-vector of
Λ particles obtained with the initial conditions µ0 = 800 MeV, T0 = 155 MeV,
Cκ,0 = (0, 0, 0) and Cω,0 = (0, 0.1, 0) for yp = 0.

8. Summary

In this work, we briefly reviewed the basic ingredients of the recently
formulated approach of relativistic perfect-fluid hydrodynamics with spin.
Using the kinetic theory definitions for the local equilibrium distribution
functions, we derived the evolution equations governing the system’s expan-
sion. Assuming the Bjorken flow of the matter, we studied numerically the
spin polarization dynamics of the system. We have shown that the coef-
ficient functions characterizing the spin polarization evolve independently.
We have used these results to determine the spin polarization of particles
at the freeze-out. We have shown that within the simple Bjorken setup,
the characteristic features observed in the experiment cannot be properly
reproduced.
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