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We show that solutions exist to a simplified version of the system of
equations obtained by coupling Bray’s conformal flow of metrics and the
generalised Jang equation. This would establish the Penrose inequality for a
class of conformally flat perturbations of Schwarzschild spacetime, provided
that one can additionally prove that existence of a suitable approximate
solution to the Jang equation implies the Penrose inequality.
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1. Introduction

A Cauchy data for the Einstein field equations is a triple (M, g, k),
where M is a Riemannian 3-manifold, g is a Riemannian metric, and & is a
symmetric 2-tensor field, which together satisfies the equations of constraint

16mp = R+ (Trk)* — |k|?, (1a)
8rJ = div(k+ (Trk)g), (1b)

where p is the energy density of the matter fields, J is the momentum den-
sity, and R is the scalar curvature of g. We assume the dominant energy
condition throughout, x> |J|. It is important in the rigorous PDE formula-
tion of the Einstein equations that one satisfies these equations of constraint,
as technically speaking any metric tensor would satisfy the field equations
otherwise.

Given the above hypotheses on the initial data, an open question in
general relativity is the Penrose conjecture, which states the following bound
(known as the Penrose inequality) on the ADM energy for a black hole
spacetime:

Amin
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where Api, is the minimum area required to enclose the boundary OM,
which consists of an outermost apparent horizon [1]. Equality holds for (2)
if and only if the Cauchy triple (M, g, k) is for a spacelike hypersurface in
Schwarzschild spacetime with outer-minimizing boundary. An important
special case for the Penrose inequality occurs when the spacelike hypersur-
face has a vanishing trace of the second fundamental form: this is known
as the Riemannian Penrose inequality. There are various survey articles
which the reader can consult on the Penrose inequality and other geomet-
ric inequalities for quasi-local masses in general relativity (see, for example,
2, 3]).

The Riemannian Penrose inequality was proved using flows from geo-
metric analysis (the inverse mean curvature flow in the case of the Huisken—
IImanen proof and the conformal flow of metrics in the case of Bray’s proof)
[4, 5]. Given this, one might wonder if one could use the Jang equation
to reduce back to the special case of a maximal spacelike hypersurface, as
was done in the original proof of Schoen and Yau [6, 7|. Unfortunately, the
Jang equation is not suitable for studying the Penrose inequality. Roughly
speaking, the reason for this is that the Jang equation is so optimized to-
wards proving the positive mass theorem that it cannot be used to prove the
original Penrose inequality. In [8], Bray and Khuri proposed a generalised
version of the Jang equation, where as before one searches for a hypersur-
face X given by a graph t = f(z) in the product space M x R, but now the
product metric is a warped product metric § = —¢2df? + g, where ¢ is a
nonnegative function defined on M.

There are many possible choices for ¢ and we use the one outlined by
Han and Khuri (more information on this will follow) [9]. This choice for ¢
gives a warping factor which is strictly positive. As in the classical case, the
Jang surface X should satisfy a PDE of the form of

Hy =Trs K, (3)

where H is the mean curvature of the hypersurface and Try K is the trace
of the second fundamental form extended to the product M x R and taken
over 2. However, unlike the classical case studied by Schoen and Yau, the
extension of k to M x R is nontrivial, and is in fact given explicitly by

K(aaﬂvax]) = K(aa:]?azl) = k(8x270x3> for 1<1i,j5<3, (43“)

K(0y,0) = K(9,0,0) =0 for 1<i<3,  (4b)
29(Vf,V

K(9,,0;) = ¢"9(Vf, Vo) (4c)

VI+ V2’

where ' are local coordinates on M. When k is extended in this way, the
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generalised Jang equation in local coordinates is

<gij_ G2 fifi ) Vi f+oifi+oifi ) (5)
1+ @2V L+ @2V |

One can confirm that this reduces back to the Jang equation studied by
Schoen and Yau in the case where ¢ = 1. The main technical difficulty
with using this equation to prove the Penrose inequality is that one must
couple it to one of the flows mentioned previously, which produces a system
of equations to solve rather than one single equation.

Proving the Penrose inequality in full generality is likely to be extremely
difficult, so recent results in the literature have focused on proving important
special cases. We investigate here the possibility of approximate solutions
to the Jang/CFM coupling given a number of other assumptions on the per-
turbations, where the solutions correspond to conformally flat perturbations
of Schwarzschild spacetime. To be specific, the main result of our article is
as follows:

Theorem 1.1 An approximate solution exists to the system of PDEs fur-
nished by the coupling of Bray’s conformal flow of metrics to the generalised
Jang metric provided that the 3-metric g is the metric corresponding to small
conformally flat linear maximal perturbations of the standard Schwarzschild
slice. Furthermore, we assume the following conditions on the perturbation
and the warping factor ¢:

0 0 0
20(61)6—Z = 20(62)6—2 = —c(eg)a—z, (6a)
P M 32 M\ 112
27 <« - _ -
omg = (1 + 2r> (1 + 27") o, (6b)
. do _ 90 Of _ 9¢ Of
Fio =0 Byr=0 aram =% gm0 09

for Fy a function which decays faster than e=* and Fy a function which

decays as e~t. Besides this, we assume that any quantities of the order of
O(1/r1%) can be neglected and that the size of the spinor 1, is equal to the

size of the spinor wt, where ¥, and 1/Jt are defined in the text.

Our reason for neglecting terms of O(1/r1?) is that such terms decay
with such speed that they are physically inadmissible, and so terms of this
order can be dropped after we have plugged in the solution which we will
find.
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Regarding the previous results obtained with regard to the Penrose in-
equality for perturbed metrics, we will mention that Alexakis used a per-
turbation argument around a spherically symmetric null hypersurface in
Schwarzschild spacetime to prove the null Penrose inequality for pertur-
bations of Schwarzschild exterior spacetime [10]. Note that this Penrose
inequality differs from ours, as it is expressed in terms of the Bondi en-
ergy rather than the ADM energy. Kopinski and Tafel adapted the con-
formal method for solving constraints to prove the Penrose inequality for
Schwarzschild initial data under an addition of the axially symmetric trace-
less exterior curvature, assuming the initial metric to be conformally flat [11].
This proof was later extended by the same authors to nonmaximal pertur-
bations of Schwarzschild initial data [12]. Finally, Roszkowski and Malec
used different techniques to prove the Penrose inequality for Schwarzschild
spacetime with axially symmetric linear perturbations [13]. Note that there
is a missing step in our argument which means that we have not shown that
the Penrose inequality is implied although we show existence of solutions
(we will discuss this in more detail shortly).

2. Jang coupling to the conformal flow of metrics

We will begin by quoting the system of equations which we propose to
use to prove the inequality. It was shown by Han and Khuri that this is
one possible system for which an existence result would imply the Penrose
inequality. In the interest of keeping the article self-contained, we will give
some exposition of how this result is derived [8, 9]. The first equation in the
system is the generalised Jang equation (equation (5)). The conformal flow
of metrics which we need is given by g; = ujg, where

d

&Ut = ViU, (7&)
Agvi = 0 on M, Vtlgas, = 0, (7b)
vi(z) — —las|zr] o0, w(r)—>etas|r] — oo, (7c)

where M; is the region outside of OM; and |z| = /2?4 y?+ 22. This
flow was originally introduced by Bray to prove the Riemannian Penrose
inequality and adapted by Han and Khuri so that it can be applied to the
Penrose inequality for general initial data sets [8, 9].

Since the conformal flow of metrics was used to prove the Riemannian
Penrose inequality and the Jang surface (X, g) can be viewed as a deforma-
tion of the initial data set (M, g, k) with weakly nonnegative scalar curva-
ture, the intuitive idea is to apply the same techniques which were used to
prove the Riemannian case, but to apply them in the Jang surface. This
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leads to a coupling between the generalised Jang equation and either the
inverse mean curvature flow or the conformal flow of metrics, where the cou-
pling is implemented via a particular choice for the warping factor ¢ which
appears in the Jang metric. The technical obstacle to doing this is that the
choice which we arrive at for the warping factor could be very problematic
and difficult to work with (the warping factor could be negative, for example,
or lack regularity). In fact, this is the main problem with trying to prove the
Penrose inequality by coupling the generalised Jang equation to the inverse
mean curvature flow, since the warping factor can vanish when the weak
inverse mean curvature flow undergoes discontinuous jumps, which causes
the generalised Jang equation to become degenerate [9]. In [9], it was shown
that the expression for ¢ which one obtains by coupling the Jang equation to
the conformal flow of metrics yields an improved system of equations, since ¢
is now positive on the interior of M and has better regularity properties.

In the Jang coupling to the conformal flow of metrics, the second equation
in the system is the equation for the warping factor ¢

o=2 [ () 1P + (i) o ) ke, (®)

0

where y: is an indicator function on X%, the region outside the outermost
minimal surface 0% (Xy being a solution of the Jang equation whose metric
is then evolved under the conformal flow of metrics) and the other quantities
are defined shortly. This choice for the warping factor might seem mysteri-
ous, but follows naturally when one performs the conformal flow of metrics
on the Jang surface [9]. If we take a conformal flow (g; = u; %G, X), then
the scalar curvature evolves by

Rgt = ut_4R (9)

Since the ADM energies of (M, g, k) and (X, g) must agree, one obtains by
a computation the following inequality:

Eapm(t) dt, (10)

where M; = M, U Mt+, the doubled manifold reflected across the outermost
minimal surface OM; in (M, g;). The metric on M, is piecewise defined
gt =g; U g}, where g,fc = (wf)‘lgt. Eapu denotes the total ADM energy
of (i’t,gt_ Ug,") and is given by
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snBaont) = [ [ ) 1997 o+ () [0 ] g
Xt
1 N2 2 2,121 25
g [ L) e P i) o Pl ey, )
P

where 1 is a harmonic spinor defined on wi = (1 + v;)/2 and ¢ is the
corresponding restriction of 1.

The central issue is that one needs positive scalar curvature for the PDE
approach to work when trying to prove the Penrose inequality. One cannot
conclude that Fapy > 0 because the scalar curvature for the Jang metric
does not need to be nonnegative. In [8], it is shown that the scalar curva-
ture R is given by

R=16m(u— J(w)) +|h— K[> +2|q|* —2¢ 'div(¢q),  (12)

where h is the second fundamental form of X, div is the divergence operation
associated with the induced metric for the graph § = g+ ¢?df?, and ¢ and w
are 1-forms defined as

w = 2 (13a)
V1+ V]2
J
g = 2 (K| (13D)

V1+ @V

The obstruction to nonnegative scalar curvature is the divergence term,
which can be integrated away if we prescribe ¢ to take the form given
above (the dominant energy condition implies that the right-hand side of
(12) is manifestly nonnegative except for the troublesome divergence term).
A computation with Fubini’s theorem, the boundary condition for ¢, and
the formula for R shows that

// [(wt_)2 Wt_f + (w;r)2 W;rﬂ U?R dwg dt > / ¢IQ|2 dwg , (14)
0 X, B3

where it has been assumed that the 1-form ¢ is uniformly bounded and
decays very quickly as one goes out to spatial infinity. This equation can
be combined with the formula for R and equations (10) and (11) to obtain
the Penrose inequality (using the fact that g measures areas to be at least
as large as those measured by g).

The third and final equation in the system is the Dirac equation for
harmonic spinors

Dy =0, (15)
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where the Dirac operator is given by

D= Z c(ei)Ve, . (16)

=1

The use of harmonic spinors is not essential and is mainly motivated by the
fact that all the manifolds which interest us in this application are automati-
cally spin manifolds, but one can derive a similar alternative expression for ¢
which does not use spinors |9, 14|. The appearance of the Dirac equation is
simply the statement of existence of a harmonic spinor (which is assumed
by Han and Khuri): these spinors are then used to obtain equation (8). As
we have said, the idea of Bray and Khuri is to couple the conformal flow
of metrics to the Jang equation by performing the flow on the Jang surface
itself, so the reader must bear in mind that even though we are using a
notation such as g¢, depending on the context this might be u#g, not uig.
The spin connection is defined by

3
1
Ve, =€ + 1 Z I'fjc(ej)c(eg) , (17)
ji=1

where Filj are the Levi-Civita connection cofficients for g. eq, e2, and eg3 are

orthonormal frame fields for § and ¢ : C1(TX;) — End(C) is the standard
representaton of the Clifford algebra on the spinor bundle (C') such that

c(X)e(Y) +e(Y)e(X) = —29(X,Y). (18)

The boundary condition on the harmonic spinor is the standard one that
it should converge to a constant spinor of unit norm at spatial infinity and
it is also required that ¢(x) — 1 as x goes to spatial infinity. Existence of
a harmonic spinor with the necessary rate of decay was assumed in Wit-
ten’s spin geometric proof of the positive mass theorem and demonstrated
by Parker and Taubes using estimates of Nirenberg, Walker, and Cantor
[15-18]. Furthermore, assuming that as we have done that ¢ is positive
on the interior and that it vanishes at dMy implies the following boundary
condition for the generalised Jang equation:

Hps, =0, (19)

where Hpy, is the mean curvature of the Jang surface X which encloses the
region outside the outermost minimal area enclosure of M3. In our case,
we will take the perturbations which we use to be maximal such that this
boundary condition is satisfied. We will require a number of assumptions on
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the derivatives of the perturbation. In general, any term which decays very
quickly as O(1/r'0) or faster as one goes to spatial infinity will be assumed
to vanish.

For a conformal perturbation given by a single function o, we will further

require that
oo M 32 M L2
— < (14 = — 14+ = . 20
8x0_< +2r> < +27‘> 7 (20)

This condition seems restrictive, but testing with some numerical examples
shows that it holds generically as long as the perturbation o is small. We
will also require a proportionality relation of the below type or similar:

oo do do

26(61)% = ZC(eg)a—y = —6(63)5 . (21)
The assumptions which we use seem quite strong, but are typical of those
which other authors have used to make progress in the literature. At the
time of writing, very specific restrictions are necessary until a wider body
of theory is introduced to deal with a system such as the one which we
are considering. For example, the generalised Jang equation was used to
prove the Penrose inequality for spherically symmetric spacetimes only by
prescribing the warping factor ¢ to have an extremely specific form, which
limits the proof of Bray and Khuri to cases where ¢ is prescribed by hand
to take this form [19]. Besides this, in the spherically symmetric setting, the
generalised Jang equation decouples from the other equations in the system.
This is no longer the case in our setting where we must consider the full
coupled system, which is even more unamenable to analysis.

3. Existence of solutions for perturbations
of Schwarzschild spacetime

In general relativity (and mathematical physics more generally), there
are two main ways to obtain information about solutions of PDEs. One is to
do qualitative analysis and prove that the solutions have desirable properties
(usually with a priori estimates) [20]. As far as we know, attempts to use
this approach with the system we have given to prove the Penrose inequality
for arbitrary perturbations of Schwarzschild spacetime have so far failed.
The second approach is to use some kind of approximation and set certain
quantities to zero so that one has a simplified system which approximates the
original system. This is the approach which we will use here, but note that
existence of approximate solutions does not necessarily prove the Penrose
inequality because one has to check that nonnegative scalar curvature is not
lost for the specific class of perturbations being considered.
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Our first task is to assume certain perturbations of Schwarzschild space-
time and see if the equations can be simplified. Throughout this article, we
will always assume linear perturbations and neglect any higher-order terms
which appear. We are working in adapted coordinates with Jy orthogonal
to the spacelike hypersurface, so the induced metric is simply the perturbed
Schwarzschild metric g, restricted to the spatial coordinates

4
M
9ij = (1 + %) dij + hij , (22)

where the size of the components of A is small in a suitable norm. Note that
di; is the Euclidean 3-metric and that we are using the conformal description
for the Schwarzschild metric.

We will also assume that the perturbation is conformally flat. In this
case, the induced metric is

gij = <<1+Z2\f>4+a> 5ij - (23)

The extrinsic curvature k;; follows from a computation, where k is written
with respect to the future unit normal vector n

k‘ij = (n, V283> = nO‘FMj . (24)
The future-pointing unit normal vector in this case is

1

§*%8,. (25)

It follows that
r
kij = = (26)

:

We require two standard results on perturbed metrics from perturbation
theory in general relativity

gab _ gglé o hab, (27&)
1
ofb = igg(é (8ahbd + Ophaqg — Bdhab) ) (27b)

where ggc is the unperturbed metric. From the second formula, one has

100 Ohi;
295C B

0 __
- (28)
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when ¢ = j, and FZ-(;- = 0 otherwise. Plugging this back in, we get

400 3 1M\ 725
kij — 9gsc 6h2] — 1 ( 27“) 8hw 7 (29)

M
2 /_gg%+h00 ot 2 lJr? 8350

where we have used the fact that we are working to linear order. Note that
if the perturbation were not time-dependent, the second fundamental form
would vanish. If the perturbation did not depend on the spatial coordinates,
it would be identically zero due to asymptotic flatness.

We substitute g;; and k;; into equation (5) and use assumptions (6¢) and
the hypothesis that terms of the order of O(1/r'%) can be neglected to drop
terms where possible, we end up with a simplified version of the generalised
Jang equation

(3D - (+3) " 0)eas
V e (407 = 0 8970 (3)"+ (3) "+ (3))

3 M\ 2 M\ 2 0o
_2<1_27~) <1+2T> Bac (30)

Next, we consider the Dirac equation. This simplifies in a similar way
once suitable terms are neglected under the same assumptions as those used
for the Jang equation

—4
<c(ei)ei + % <1 + gﬁ) c(ei)g;) U =0. (31)

Finally, we consider the equation for the warping factor. Given that the
perturbation ¢ must decay to zero at spatial infinity, it is possible to give
an explicit solution of the conformal flow of metrics by

u=et+e %o, v =—1—-e'o, (32)
after using the assumption that one can neglect the time derivative of o

when it is multiplied by a function which decays exponentially with time.
Equation (8) then becomes

¢ — 27((“5“’)2 | - <e2to>2 Wﬂ2> (et + e %5) dt. (33)
0
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Neglecting terms which are higher-order in ¢ and using our assumption that
a product of o with a function which decays with time faster than e=2* can
be neglected, we end up with

6= / 2o di = |y |2 (34)
0

since 1y does not depend on time.

It now remains to find a solution for this system (it is not necessary to
provide a uniqueness result). Given our assumptions on the spatial deriva-
tives of o, we may freely specify a solution to (23), which then prescribes ¢.
We will make the choice

R M\ 4
=14+ = 35
h=(145) (35)
which determines
M
=4/14+ = 36
¢ o (36)
when we use our assumption on the sizes of the spinors that [1; | = [t].

We will then take the equation for the Jang graph f(z,v, 2) to be

1
/= (2 + 92 + 22)3/2 ' (37)

Solutions of the generalised Jang equation are studied in detail in [21] (in-
terestingly, blow-up solutions are allowed for this equation). Substituting ¢
and f into the Jang equation, we obtain after re-arranging

2 —3/2 —11/2
aa_4(1—%)7“5((1+%) - (1+3)70)

Oy — -
(0 -0 o)

By our earlier assumption, the left-hand side is less than or equal to the right-
hand side. Furthermore, ¢ and 1, meet the required boundary conditions,
so we have shown that the boundary value problem as a whole admits a
solution for the particular perturbations which we have chosen.

Note that our result is not quite a proof of the Penrose inequality because
we have found an approximate solution to a simplified system, whereas one
needs a full solution of the system in order to imply the Penrose inequality.
Although we currently do not have a rigorous proof, we believe that one

(38)
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can rigorously show that the existence of certain approximate solutions also
implies the Penrose inequality. This would be an interesting avenue for fu-
ture research, as it might allow for a proof for a wider class of perturbations
of Schwarzschild spacetime, not just the ones which we have considered.
To see why one might expect this to be true, note that the main purpose
of the Jang equation is to deal with troublesome terms in the generalised
Schoen—Yau identity which do not have a definite sign. If one linearises the
Jang equation and solves it to leading order, one could plug the solution
to leading order back into the generalised Schoen—Yau identity to confirm
that the scalar curvature is still nonnegative. This would then show that the
Penrose inequality is satisfied up to leading order, which is what is required
when proving the inequality for perturbations about Schwarzschild space-
time. We do not see any reason why the scalar curvature should cease to be
nonnegative using this approach, although the implication is not immediate
and would require a proof.

Another criticism of our use of an approximate solution is that the choices
which we have imposed on the warping factor ¢ and the graph f are some-
what ad hoc. As emphasised earlier, other authors in the literature who have
worked with our system of equations (or alternatively, the system given by
coupling the generalised Jang equation to the inverse mean curvature flow)
have also imposed extremely specific and equally ad hoc choices for the
warping factor ¢ [19]. Such a choice is currently necessary in order to obtain
an existence result for our system, even though a restriction of this kind
does not have an obvious physical interpretation and might be regarded as
unphysical.

We will make a few more comments to compare the perturbations we
have studied here with those considered by the authors mentioned in Intro-
duction. Kopinski and Tafel showed that in the conformally flat case the
following Penrose inequality is specifically preserved under a small addition
of the axially symmetric traceless exterior curvature to the Schwarzschild

initial data
/15|
M >4/ — 39
— V16n’ (39)

where |Sy| is the surface area of the event horizon in the Kerr metric [11].
Although this class of perturbations seems restrictive, the main advantage
of this result is that in their approach the internal horizon is not assumed
to be a minimal surface, in contrast to the Jang equation approach [9]. The
initial data considered by Kopinski and Tafel were assumed to be maximal
(much as we have assumed), but they subsequently generalised the same
result to nonmaximal initial data [12]. Roszkowski and Malec, on the other
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hand, demonstrated that the Penrose inequality

An

M >
— V167

(40)
holds for linear axially symmetric perturbations of maximal slices of
Schwarzschild initial data, where Ay is the area of the apparent horizon
[13]. As with our result, they assume that terms of the order of €2 or higher
can be neglected, where € is a ‘smallness parameter’ such that when ¢ = 0
the background geometry emerges (the standard Schwarzschild slice). In
our case, however, rather than a parameter €, we have a function o which is
small in a suitable norm, such that terms of the order of o2 or higher can
be neglected. In their case, there is no requirement that the horizon be a
minimal surface. The geometric approach taken by these authors is very dif-
ferent and requires demonstrating that there exist certain convex foliations
of the initial value surface, following a suggestion of Malec, Mars and Simon
for proving the general Penrose inequality [22].

4. Conclusions

In summary, we have shown that an approximate solution exists to the
system of equations given by the coupling between the generalised Jang
equation and the conformal flow of metrics. It only remains to show how and
why approximate solutions to the system can yield the Penrose inequality to
establish the inequality for spacetimes which are certain specific conformally
flat perturbations of Schwarzschild spacetime. In working with this system,
we have made a number of other assumptions which makes our class of
possible perturbations somewhat restrictive. For this reason, it is still not
clear whether the approach of coupling the conformal flow of metrics to
the generalised Jang equation is likely to be a viable method for proving
the Penrose inequality, even if we restrict only to arbitrary perturbations of
Schwarzschild spacetime. It would be a very significant advance if one could
prove the Penrose inequality for an arbitrary perturbation of Schwarzschild
spacetime by linearising the Jang/conformal flow system and solving it with
a suitable implicit function theorem on Banach spaces, but the analysis and
estimates involved in such a task are currently intractable as far as we know.
This gives one an idea of how intractable the analysis would be in the general
case, given that even the linearised system does not appear to be amenable
to current analysis techniques.

It is possible to couple the generalised Jang equation to other geometric
flows such as the inverse mean curvature flow, but one then loses the more
attractive features of the conformal flow of metrics (improved regularity and
strict positivity of the warping factor, for example) [8, 9]. However, hope
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is not lost regarding the prospect of proving the general Penrose inequal-
ity with current techniques, as other authors have started to consider the
possibility of a spin geometric proof (similar in some ways to Witten’s spin
geometry proof of the positive energy theorem) [23]. This approach offers
an alternative possibility for proving the general Penrose inequality at some
point in the future, although such a proof would itself also involve some
delicate analytic issues.

The author would like to thank Jarostaw Kopinski for helpful discussions.
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