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We calculated the cross section of double electron–positron pair pro-
duction with two-electron capture for the collisions of Pb+Pb ions and we
did our calculations at LHC energies. We applied a similar methodology for
the calculation of bound-free electron–positron pair production. We used
perturbation theory and implemented Monte Carlo integration techniques
to calculate the lowest order Feynman diagrams. We also compared our
double electron–positron pair production with two-electron capture cross-
section results obtained in the literature. These calculations may help us
to learn more about strong QED.
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1. Introduction

In heavy-ion colliders, heavy ions with a large charge (Zx,y) create strong
electromagnetic fields and for this reason, electromagnetically produced lep-
ton pairs have enormous cross sections. If the negatively charged lepton is
captured by one of the heavy ions, this would cause the depletion of the
beam and the charge of the heavy ion would change and would not stay in
the beam pipe. Several calculations were performed on the bound-free pair
production [1–9] and the cross section can be defined as

σBFPP ∝ Z5
xZ

2
y ln

( γ
∆

)
, (1)

where Zx, Zy and γ represent the projectile atomic number, the target
atomic number and the energy value, respectively, and ∆ is a slowly vary-
ing parameter [10]. The electron capture into the projectile 1s shell with
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the positron emission process cross section varies as the square of the per-
turbing charge, as for the most momentum transfer processes such as ion-
ization and excitation, and as Z5

x, which is the usual behaviour of electron
capture processes for projectile charge [11].

Investigation of the multiple pair production is important. At high-
energy levels, the single pair production cross section becomes large and the
contribution of producing more than one pair production probability is sig-
nificant in the measured cross section. When the multiple pair production
is calculated, then it can be understood whether it has an important con-
tribution or not [12]. Moreover, multiple pair production processes may be
the mixed form of the pair production process with electron capture and the
number of free lepton pair production processes [13]. Investigation of the
multiple pair production with BFPP will extend our knowledge of the non-
linear QED effects in quantum vacuum. This process can be investigated at
the LHC, because this heavy-ion collider has forward detectors which give
us a chance of counting ions efficiently. As a result, these will help us to
learn new information about the strong fields [1].

To help the future LHC experiments, in this work we calculated dou-
ble electron–positron pair production with two-electron capture for Pb+Pb
collisions at the LHC. Double electron–positron pair production with two-
electron capture can be created in two ways. First, the electrons may be
captured by the same ions as in Eqs. (2) and (3)

Zx + Zy →
(
Zx + e− + e−

)
1s1/2

+ Zy + e+ + e+ (2)

or

Zx + Zy → Zx + e+ + e+ +
(
Zy + e− + e−

)
1s1/2

. (3)

Second, the electrons may be captured by two different ions as in Eq. (4)

Zx + Zy →
(
Zx + e−

)
1s1/2

+
(
Zy + e−

)
1s1/2

+ e+ + e+ . (4)

These three processes can be searched by detecting residual helium-like or
two hydrogen-like ions experimentally and it is not necessary to observe the
positrons [1, 14]. Moreover, in the future it will be possible to investigate
these processes due to large cross sections that may reach up to order of
10 mb [1].

2. Formalism

We worked on the double electron–positron pair production with two-
electron capture in which electrons may be captured into the bound states
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of the same ions

Zx,y + Zx,y →
(
Zx,y + e− + e−

)
1s1/2

+ Zx,y + e+ + e+ . (5)

In order to calculate the double bound-free pair production cross sections,
we firstly expressed the probability of the single bound-free pair production
(BFPP) as a function of the impact parameter and then we calculated the
cross section of double electron–positron pair production with two-electron
capture for the collisions of Pb+Pb ions at LHC energies.

In this work, we did our calculations in the range of quantum electro-
dynamics (QED) by utilizing the lowest order perturbation theory. BFPP
process including direct and crossed terms is characterized by Feynman di-
agrams in the lowest QED order. In order to compute these terms, a free
positron is defined by the Sommerfeld–Maue wave function

Ψ (+)
q = N+

[
eiq·r u(+)

σq

]
. (6)

Here, N+ is a normalization constant that accounts for the distortion of the
wave function that is acceptable for Zα � 1, where α = e2/~c ∼= 1/137
is the fine structure constant, v+ is the velocity of the positron in the rest
frame of the ion, u(+)

σq is the spinor structure of the outgoing positron. N+

can be defined as

N+ = e−πa+/2Γ (1 + ia+) , where a+ =
Ze2

v+
. (7)

The captured electron is defined by the Darwin wave function

Ψ (−)(~r ) =

(
1− i

2m
~α · ~∇

)
u

1√
π

(
Z

aH

)3/2

e−Zr/aH , (8)

where u and aH = 1/e2 is the spinor part of the captured electron and the
Bohr radius of atomic hydrogen, respectively. The collision of two heavy
ions is taken into account in the “collider frame” with its total momentum
equal to zero [15].

The cross section of BFPP for the second order perturbation theory can
be expressed as

σBFPP =

∫
d2b

∑
q<0

∣∣∣〈Ψ (−)
∣∣∣S ∣∣∣Ψ (+)

q

〉∣∣∣2
=
|N+|2

4β2
1

π

(
Z

aH

)3∑
σq

∫
d3qd2p⊥
(2π)5

×
(
A(+)(q : p⊥) +A(−)(q : q⊥ − p⊥)

)2
, (9)
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with

A(+)(q : p⊥) = F (−p⊥ : ωx)F (p⊥ − q⊥ : ωy)Tq(p⊥ : +β) , (10)

and

A(−)(q : q⊥ − p⊥) = F (p⊥ − q⊥ : ωy)F (−p⊥ : ωx)Tq(q⊥ − p⊥ : −β) . (11)

The explicit form of the scalar fields associated with ions “x” and “y” in
momentum space can be written in terms of the corresponding frequencies as

F (−p⊥ : ωx) =
4πZe(

Z2

a2H
+ ω2

x
γ2β2 + p2⊥

) , (12)

where ωx is the frequency for the heavy ion “x”,

F (p⊥ − q⊥ : ωy) =
4πZeγ2β2(

ω2
y + γ2β2(p⊥ − q⊥)2

) , (13)

where ωy is the frequency for the heavy ion “y”. For both “x” and “y” ions,
the transition amplitude can be represented as

Tq(p⊥ : +β) =
∑
s

∑
σp

1(
E

(s)
p −

(
E(−)+E

(+)
q

2

)
− β qz2

) [1 + α · p
2m

]

×
〈
u
∣∣∣(1− βαz)∣∣∣u(s)

σp

〉〈
u(s)
σp

∣∣∣ (1 + βαz)
∣∣∣u(+)
σq

〉
. (14)

This term relates the intermediate photon lines to the outgoing electron–
positron lines. The transition amplitude depends explicitly on the velocity
of the ions (β), the transverse momentum of the intermediate-state (p⊥),
the parallel momentum of the intermediate-state (pz), and the momentum
of the positron (q). u(s)

σp is the spinor part of the intermediate-state [15].
In our previous calculations [10], we derived the cross section as a func-

tion of the impact parameter for BFPP as seen below

dσBFPP

db
=

∞∫
0

dqqbJ0(qb)F(q) . (15)

This equation includes a highly oscillatory Bessel function of the zero
order and the function F(q) is a six-dimensional integral as written below
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F(q) =
π

8β2
|N+|2

1

π

(
Z

aH

)3∑
σq

2π∫
0

dφq

∫
dqzd

2Kd2Q

(2π)7

×
{
F

[
1

2
(Q− q);ωx

]
F [−K;ωy] Tq

[
−1

2
(Q− q);β

]
+F [−K;ωy]F

[
1

2
(Q− q);ωx

]
Tq [K;−β]

}
×
{
F

[
1

2
(Q+ q);ωx

]
F [−K;ωy] Tq

[
−1

2
(Q+ q);β

]
+F [−K;ωy]F

[
1

2
(Q+ q);ωx

]
Tq [K;−β]

}
. (16)

For these calculations, Q and K are the new variables that are the
functions of q and p. After integrating Eq. (16) numerically, a very simple
relation for F(q) is obtained for a fixed value of q as expressed below

F(q) = F(0) e−aq = σBFPP e−aq . (17)

In the above equation, F(0) is the value of the function at q = 0 and
equals the total cross section of BFPP. The slope of the function F(q) is
a constant which is independent of the charges and energies of the heavy
ions, and, as a good approximation, it is equal to a = 1.35λC [16]. The
probability as a function of the impact parameter for the BFPP process can
be written as

PBFPP(b) =
1

2πb

dσBFPP

db
=

1

2π
C∞λ

2
CZ

2
xZ

2
yα

4 ln3(γ)
a

(a2 + b2)3/2

= σBFPP
a

2π(a2 + b2)3/2
. (18)

Here, C∞ = 2.19 is a fitted parameter, σ0 = λ2CZ
2
xZ

2
yα

4 is the reduced
cross section, where λC = ~/mc is the reduced Compton wavelength of the
electron, Zx and Zy are the charges of the colliding ions. γ − 1 (for all
γ > 3) is the beam kinetic energy per nucleon in units where the nucleon
mass is 1 [16].

In our calculations, PBFPP(b) and P2ee(b) express one and two BFPP
probabilities, respectively. Two scenarios can be taught of in these collisions.
In the first scenario, both the free electrons are captured by the same heavy
ion, as in Eqs. (2) and (3). The probability of this process can be shown as
the product of the single bound free pair production probabilities. This can
be expressed as
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P2ee (b;Zy, Zx) =
1

2
PBFPP (b;Zy, Zx)PBFPP (b;Zy, Zx)

=
1

2

σBFPPa

2π

1

(a2 + b2)3/2
σBFPPa

2π

1

(a2 + b2)3/2
(19)

and the cross section can be written as

σ2ee =

∞∫
0

P2ee(b) d
2b =

1

2

∞∫
0

PBFPP(b)PBFPP(b)2π b db . (20)

The detailed calculations of all probabilities and cross sections can be found
in [1].

In the second scenario, free electrons can be captured by each heavy ion
that causes the formation of the two hydrogen-like ions as in Eq. (4). The
probability can be written simply as

Pee+ee(b;Zx, Zy) ≈ PBFPP (b;Zy, Zx)PBFPP (b;Zx, Zy) , (21)

and the total cross section given in Eq. (4) can be expressed as

σee+ee = 2σ2ee =

∞∫
0

|PBFPP(b)|2 2π b db . (22)

As discussed and proved in detail in [1], the cross section results for helium-
like atom are related to the cross section results for two hydrogen-like atoms,
and their relationship is given in Eq. (22).

3. Results and discussions

For the calculation of the double lepton pair production cross section,
we worked on the range of QED perturbation theory. We calculated the
lowest order Feynman diagrams by using the Darwin wave functions for the
captured electron and the Sommerfeld–Maue wave functions for the free
positron. The F(q) function that is mentioned above is calculated by us-
ing Monte Carlo techniques, and the integrals are tested on about 10 M
randomly chosen “positions” in order to converge to our theoretical results.
The numerical errors in these calculations are approximately five percent or
less. Then, we expressed the single pair production probability PBFPP(b) as
a function of the impact parameter for the BFPP process. By using this
expression, we calculated the cross section of double electron–positron pair
production with two-electron capture process as expressed in Eq. (22). Fi-
nally, we compared our double electron–positron pair production with two-
electron capture process cross section results for the collisions of Pb+Pb
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ions to [1]. The compared results are in agreement with each other. In [1],
the total cross section of two processes using the relativistic partial-wave
calculations is found upon numerical integration over the impact parameter
as σee+ee = 2σ2ee = 11 mb. The same processes are calculated by using the
equivalent photon approximation. As mentioned in [1], the large contribu-
tion to this integral comes from the small impact parameter region as ex-
pressed in [1]. The cross section result is equal to σee+ee = 2σ2ee = 12.6 mb.
We did the same calculations by using the lowest order QED. To calcu-
late cross section results, we used the Monte Carlo method. Our result is
σee+ee−ourwork = 2σ2ee−ourwork = 11.57 mb. When comparing our results
with the work in [1], it is clear that they are very close to each other. The
discrepancy between these two results is approximately 5%. While taking
the integral to reach the cross section results, we also proved that the main
contribution to this integral comes from the small impact parameter re-
gion as shown in Fig. 1, where we plotted the impact-parameter-dependent
probability function by using Eq. (18). When we compare our probability
function behaviour (as seen in Fig. 1) with the impact-parameter-dependent
pair production probability behaviour which is given in [1], it is seen that our
probability function goes to zero more quickly than the function in [1]. The
reason for this difference can be explained as follows: For the large impact
parameters, our probability function behaves like ≈ 1/b3, but the other one
given in [1] behaves as ≈ 1/b2.

Fig. 1. The probability PBFPP(b) of a bound-free pair production in the collisions
of Pb+Pb.
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4. Conclusions

In [1], the cross section of double electron–positron pair production with
two-electron capture has been calculated by using two different methods. In
the first method, the cross section calculation is done by using the first order
perturbation theory and the partial-wave expansion of the Dirac wave func-
tions. In the second method, for the cross section calculation, an analytical
expression is derived in the range of the equivalent photon approximation.
Calculations are done for the collisions of the Pb+Pb ions for the LHC.
The probability expressions have been derived for single helium-like ions in
Eqs. (2) and (3) or two hydrogen-like ions in Eq. (4). In this work, we studied
the electron–positron pair production with the capture of the electron into
the K shell of one of the ions. In the framework of QED perturbation the-
ory, we calculated the lowest order Feynman diagrams. We obtained an an-
alytical expression for the impact-parameter-dependent BFPP probability.
The importance of this work can be summarized by expressing the impact-
parameter-dependent probability of double electron–positron pair produc-
tion with two-electron capture, and by calculating the cross section of this
process for the collisions of the Pb+Pb ions at the LHC energy numerically
by using Monte Carlo methods. Moreover, the two methods described above
and explained in detail in [1] are in good agreement with our method given
in this work. These cross-section calculations will help us to understand the
new information on the QED in strong electromagnetic fields.
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