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Continuum spectra can be a way out to alleviate the tension generated
by the elusiveness of narrow resonances of new physics in direct experimen-
tal searches. Motivated by the latter, we consider the linear dilaton model
with a continuum spectrum of KK modes. It is provided by a critical expo-
nential bulk potential for the scalar field stabilizing the distance, between
the UV boundary at y = 0 and a naked (good) singularity at y = ys, in
proper coordinates, which corresponds in conformal coordinates to zg — co.
The cutoff My in this theory is an intermediate scale My ~ 1072 Mp; and
the warped factor solves the hierarchy between Mj and the TeV, while the
hierarchy between Mp; and M has to be solved by a (Little) String The-
ory with coupling gs ~ 107°. The Standard Model is localized on a 4D
IR brane. The graviton and radion Green’s and spectral functions have a
continuum of states with a TeV mass gap, and isolated poles consisting of
the 4D graviton and the light radion/dilaton. We construct the effective
field theory below the mass gap where the continua of KK modes are inte-
grated out, generating a set of dimension eight operators which contribute
to low-energy electroweak precision observables, and high-energy violation
of unitarity in vector boson scattering processes. The radion mass depends
on the stabilizing UV brane potential and its wave function is localized
toward the IR which enhances its coupling with the SM fields.
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1. Introduction

No clear deviation has been found, so far, at present (LHC, ...) and
past (Tevatron, LEP/SLC, ...) particle physics experiments, from the pre-
dictions of the Standard Model (SM) of electroweak and strong interactions.
However, given a number of observational facts which cannot be coped with
by the SM (dark matter and dark energy, the baryon asymmetry of the
universe, ... ), and some theoretical drawbacks as, among others, its sensi-
tivity to the ultraviolet (UV) scale (a.k.a. hierarchy problem), it is generally
believed that the SM is an effective theory and that some UV completion,
with beyond the SM (BSM) physics, is needed. This fact has motivated
a plethora of BSM models aiming to UV completing the SM, thus solving
some of the above issues. In fact, Martinus Veltman was one of the pioneers
to recognize the hierarchy problem and the need for a UV completion of the
SM, in a seminal paper published in 1981 by Acta Physica Polonica B [1].

One of the most successful BSM models was proposed in 1999 by Lisa
Randall and Raman Sundrum [2], where the hierarchy between the four-
dimensional (4D) Planck scale Mp; and the TeV scale is provided by a warped
fifth dimension, in a five-dimensional (5D) space with a non-factorizable met-
ric and two branes, the UV brane and the infrared (IR) brane. This theory
predicts the existence of a discrete spectrum made out of towers of Kaluza—
Klein (KK) states, with masses in the TeV range, associated with the SM
fields, as e.g. the graviton. However, the elusiveness of narrow resonances in
direct searches [3, 4] led people to imagine different solutions to the hierar-
chy problem (leaving aside the possibility of superheavy KK modes [5, 6]),
either with broad resonances 7] or even a continuum of resonances heavier
than a mass gap [8, 9], evading direct searches and thus detectable only by
indirect measurements.

In theories with a warped extra dimension, the brane distance is stabi-
lized by means of a bulk scalar field ¢ with brane potentials (the Goldberger—
Wise mechanism [10]), and different theories are classified by the behavior
of the bulk scalar field in the limit of ¢ — oo [11]. In fact, in the absence of
the IR boundary, it is found in Ref. [11] that there is a critical behavior for
the spectrum to be a continuum with a mass gap, when the bulk potential
behaves as V(¢) o €2? in the limit of ¢ — oo. If the bulk potential goes
faster than e??, there is a discrete spectrum, and if it goes slower, there is a
continuum spectrum without any mass gap. For this critical behavior of the
potential, the stabilizing field ¢ behaves linearly in conformally flat coordi-
nates z near the asymptotic limit. This linear behavior was obtained as the
5D effective theory of a class of type II strings, known as the Little String
Theory (LST) [12], in the decoupling limit of very small string coupling.
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In this paper, we will then study 5D warped theories with a bulk potential
which is V() o e2?, for all values of the field ¢, thus providing a warped
realization of the so-called linear dilaton models.

We have found two classes of theories, depending on the sign of the metric
slope with respect to the conformal coordinate. (i) For the case of negative
slope [13—15], gravity decouples in the limit of z — oo so that an IR brane
is compelling. The size of the bulk cutoff is the TeV so that the SM fields
should be localized on the UV brane and the whole hierarchy problem has
to be solved by the LST, with a string scale at the TeV and a coupling as
tiny as ~ 10715, In the presence of the brane, the graviton and radion KK
modes are discrete with a mass gap and separated by ~ 30 GeV. (ii) For the
case of positive slope, in the limit of z — oo, gravity is correctly described
for a cutoff at an intermediate scale ~ 1072 Mpy, so that the string scale has
to be fixed by the LST at that intermediate scale and the string coupling is
small ~ 1075, but larger than in the case of negative slope. The SM has to
be localized on the IR brane, which is not a boundary of the space, and the
spectrum for the graviton and radion is a continuum with a gap related to
the metric slope. The distance between the UV boundary and the IR brane
is stabilized by a Goldberger—Wise mechanism.

The discrete spectrum of Kaluza—Klein gravitons in Randall-Sundrum
theories was considered in Refs. [16-21]. In this paper, we have studied the
linear dilaton theory, with positive slope metric in conformally flat coor-
dinates and continuum graviton and radion spectra. The contents of the
paper are as follows. In Sec. 2, the gravitational background is analyzed in
detail, with the discussion of linear dilaton models with different sign slopes,
and their connection with the Little String Theory. The Green’s functions
and spectral functions for the graviton are studied in Sec. 3. The graviton
Green’s functions contain a massless isolated pole, corresponding to the 4D
graviton and a continuum of KK modes with a TeV mass gap. The coupling
of the graviton continuum with the SM fields is studied in Sec. 4, where
a class of dimension eight operators is obtained after integrating out the
continuum of KK modes in the effective theory. The radion Green’s and
spectral functions are studied in Sec. 5. The radion Green’s function has
a continuum of resonances and an isolated pole in the first Riemann sheet
corresponding to a mass, below the continuum mass gap, which depends on
the UV stabilizing brane potential. Integrating out the continuum leaves
an effective theory with dimension eight operators similar to the case of the
graviton KK modes. Our conclusions are drawn in Sec. 6.
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2. The gravitational background

We consider a slice of 5D space-time between a brane at the value of
y = yo = 0 in proper coordinates, the UV boundary brane, and a (pos-
sible) admissible singularity [22] placed at y = ys, a value which has to
be determined dynamically. In addition, we will introduce an IR brane, at
y = 11 < ¥s, responsible for electroweak breaking, where we will assume the
SM sector to be localized.

The 5D action of the model, with metric defined by

d32 = gMNd.’BMdl'N = e_QA(y)nuydxude - dyz ’ (1)

including the stabilizing bulk scalar ¢(z,y), with mass dimension 3/2, reads
as

S = /d5x\/dethN| [_;,@R“L %QMN(aM(ZS)(aNﬁb) - V(Gf?)]
_Z/d4x\/ ’detguu‘)‘a((b) - % /d4x \/ ‘detg,uv‘KOa (2)
* Bq Bo

where k2 = 1/(2M3), M5 being the 5D Planck scale, V (¢) and \,(¢) are the
bulk and brane potentials of the scalar field ¢, and the index o = 0, 1 refer to
the UV and IR branes, respectively. The IR brane is responsible for the gen-
eration of the IR scale ~ TeV and contains the brane Higgs potential which
spontaneously breaks the electroweak symmetry, thus solving the hierarchy
problem between Mj; and the TeV scale for the considered value of A(y1), as
we will see. In Eq. (2), the 4D induced metric is g, = e~ 24®y,,,, where the
Minkowski metric is given by 7,, = diag(l,—1,—1,—1). The last term in
Eq. (2) is the usual Gibbons—Hawking—York boundary term [23, 24], where
K is the extrinsic UV curvature. In terms of the metric of Eq. (1), the ex-
trinsic curvature term reads as [25] Ko = —4A’(yo). Note that the extrinsic
curvature at the singularity is canceled by the action of the determinant.
The equations of motion (EoM) read then as

A= S A ()5 v) 3)
= 3 3 8 «a Y—Ya),
12 K2 K2 )
A% = V() + 597 (4)
¢ —AAY = V'(¢)+ D> No($)5(y — ya) (5)

where the prime symbol (") will hereafter stand for the derivative of a func-
tion with respect to its argument. The EoM in the bulk can also be written
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in terms of the superpotential W (¢) as [26]

10W 2
V=355 A=FW (©)
and 5 ) )
1 %
V() = 3 (34)) - %W2(¢)- (7)

The brane potential terms in the EoM are responsible for boundary and
jumping conditions for the fields in the branes. In particular, by integrating
the equations in a neighborhood of each brane, and using Eq. (6), we get on
the UV boundary

W(e(yo)) = ro((wo)),  W'(d(wo)) = No(d(w0)) , (8)

where the Zs orbifold conditions have been used. On the other hand, on the
IR brane, we have to impose continuity conditions for W (¢) and W' (¢), i.e.

AW (d(y1)) =0,  AW'(¢(y1)) =0, 9)

where AX is the jump when crossing the brane. Simple brane potentials
satisfying boundary (8) and jumping (9) conditions, and fixing dynamically
the values of ¢ at the branes, i.e. v, = ¢(ya), are given by

1

20(0) = W(8) + 37006~ w), ()= gmlp—nl.  (10)

Integrating the gravitational 5D Lagrangian by parts in the bulk, and
after using the background EoM, one can see that there are contributions
to the potential localized on the boundaries as Fe 44 W [27], where the
F sign corresponds to the boundaries y, = (yo, ys). While this contribution
vanishes on the singularity at y = ys, it gives a contribution to the UV
boundary such that the effective UV brane potential is

1

Uo(¢) = Xo(¢) — W(9) = 570(¢> —v9)?, (11)

which is dynamically minimized for ¢ = vy9. Moreover, on the IR brane,
there is not such boundary contribution and there the effective potential is
Ui1(¢) = Ai(¢) which is minimized for the value of ¢ = v;.

For convenience, we will define the dimensionless field ¢ = k¢/+/3. The
properties of the 5D theory depend on the superpotential behavior in the
limit ¢ — oo [11]. In particular, when the asymptotic superpotential behav-
ior is exponential e’?, for v < 1, the spectrum is continuous without mass
gap, for v > 1 there is a mass gap and a discrete spectrum, and for the
critical value v, = 1, the spectrum is continuous with a mass gap.



716 E. MEGias, M. QUIROS

We will hereby consider the critical case v, where the superpotential and
bulk potential are

_ 2 _
5 6k 3 3y = Ik o5

_ﬁe ) (12)

where k < Mj is the parameter which determines the 5D curvature. The
model defined by superpotential (12) has a singularity at a finite value of
the proper coordinate y = ys, as in soft wall models. It leads to a gapped
continuum spectrum, and the hierarchy problem is, more conventionally,
solved in the same way as in RS theories, with fundamental scales M5 and k,
and a derived TeV scale after warping. The solution for the background in
proper coordinates is'

P(y) = —loglk(ys —y)],  Aly) = —log(1 —y/ys). (13)

We will also consider, as in general soft wall models, two branes, at y = 0
(the UV boundary) and y = y; (the IR or Higgs brane) where we assumed
the Standard Model, and in particular the Higgs, to be located, such that the
values of the IR brane location y; and the singularity ys will be dynamically
determined by the brane potentials A\, (¢), fixing the field ¢ at the values
To = Ko/ V3 and 7, = kvy/ V/3 in the UV and IR branes, respectively, such
that

kys =e "0, kyp =e %0 —e "1, (14)

Notice that the first expression demands that kys > 0. Moreover, the solu-

tion of the hierarchy problem between My and the TeV scale is achieved for

a given value of the warp factor at the IR brane A(y;) = A;, which imposes
the relation

U1 — Vg = Ay (15)

As we will see in Secs. 3 and 5, the squared mass gap of the continuum
graviton and radion spectrum is then given by

9
m? = 4p2, (16)
with
p=+1/ys. (17)

Using that dz = +e4®)dy, where + corresponds to the sign of p, the relation
between conformally flat and proper coordinates in the model of Eq. (12)
turns out to be

p-(z—20)=—1log(1-y/ys), (18)

! The solution of the EoM, Eq. (6), leads in fact to A(y)
constant that can be ﬁxed by choosing A(0) = 0 so that ¢

()Jrc where01sa

—9(0) =
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and then the background in these coordinates is given by

¢(z) = A(z) + 20,  Alz)=p (2 —20), (19)

where we fix zgp = 1/k. Therefore, in conformally flat coordinates, the
dilaton is linear and the corresponding model is dubbed as linear dilaton
model (LDM).

According to Eq. (17), the parameter p can have both signs and, accord-
ingly, two classes of theories are implemented.

2.1. The p < 0 case: the discrete LDM

Let us now consider the solution with a negative sign of the parameter p
in (17) [13, 14]: p = —1/ys. Now we will fix the values of the scalar field in
the branes as vp ~ 0 and v; ~ —|A;|, and then the relation between p and
k is given by

k= lple™™ ~p]. (20)

In this case, we will consider as the fundamental interval zy < z < z1 < 00,
with two branes located on them. The interval [z, z1] is then mapped into
the interval [—|y1|, 0] in proper coordinates and the metric and background
field profiles are given by

A(z) = —lpl(z —20),  Aly) = —log(1+ |pyl), (21)

¢(z) = A(z) + 7o, o(y) = Aly) + o, (22)
so that A(y) <0, A1 = A(y1) =01 — 99 < 0. Then

loy1| = elMl =1 o elhl lpl(21 — 20) = |A4], (23)

and the location of the IR brane is dynamically fixed by 79 and 7.
The relationship with the 4D Planck scale is here given by

1 1/2
K2 Mp) = /e_3Adz = 1 (e3|A1| — 1) = Mp ~ (2]\45)> / e3A1l/2,
J 3/l 3/l
(24)
The hierarchy problem is solved at the string level, as Mz ~ |p| ~ TeV, the
warped factor in this theory is required to be |A;| ~ 23, which leads to a
value of |y1| ~ 10~ cm, small as compared to that of the ADD model, but
greater (by a factor e|A1|) than the one for the p > 0 case.
The spectrum of this theory is discrete with the lightest KK mode mass
being O(p). Let us notice that this theory does not admit a continuum
spectrum, as sending z; — oo leads to Mp; — 0o, which means that gravity
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is decoupled. As the aim of this paper is considering continuum spectra for
linear dilaton models, this class of models with p < 0 will not be considered
here?. In this theory, the hierarchy problem has to be entirely solved by
the string theory which should set the cutoff scale in the 5D theory at the
TeV. Therefore, here the SM is located in the UV brane. Notice that in this
setup, M5 ~ p ~ TeV are fundamental scales, while the 4D Planck scale is
a derived scale.

2.2. The p > 0 case: the continuum LDM

In this paper, we will consider the p > 0 case in (17), and the IR brane
location in conformally flat coordinates z; is dynamically determined, as
well as the value of y;, by the IR fixing of the dilaton at the value v;. We
will here fix v; = 0 and 19 = —A; < 0. Then, one finds from Eq. (14) that
kys = e and k(ys—y1) = 1. The hierarchy problem is then solved by fixing
A;p such that p = O(TeV), as given by Eq. (17) for k < M5 with

p=ke A, (25)

The value of Ms is determined by the relation of My and k with the 4D
Planck scale Mp; given by

Ys 1/3
3
K'/ZME)I = /e_QAdy = M5 = <2pM1%l> y (26)

which yields, for p = O(TeV), M5 ~ 10'3 GeV ~ 10~° Mpj, and correspond-
ingly a warp factor Ay ~ 23. In conformal coordinates, the location of the
branes in units of p are at pzy = e 41 and pz1 = A1+ e A~ A1, while the
singularity is located at infinity, zg — oco. The length of the fundamental
region is y1 ~ ys ~ 107!7 cm, much larger than the corresponding one in
the RS model ~ 103! c¢m, but still much smaller than that in ADD theo-
ries [28] ~ 1072 cm (for the case of two extra dimensions) where only gravity
propagates in the bulk.

In this case, we can consider two kinds of fundamental intervals for our
theory:

— When the fundamental interval is [0, y1], i.e. [20, 21] in conformal co-
ordinates, the theory spectrum is discrete, the first mode mass being
O(p).

— When the fundamental interval is [0, ys], i.e. [20,00) in conformal co-
ordinates (as we will consider in this paper), this theory predicts a

continuum spectrum with an O(p) gap: the continuum linear dilaton
model (CLDM).

% Detailed phenomenological studies of this model have been done in Refs. [13-15].
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Let us notice that in this theory, the warp factor solves the hierarchy
problem between the intermediate scale M5 and the TeV scale. This means
that the UV completion of this theory should be a string theory with the
string mass at the intermediate scale, Mg ~ M35, thus solving the hierarchy
problem between the Planck scale and Ms. This class of models does not
support gauge bosons propagating in the bulk of the extra dimension, so
that we will consider the whole SM localized at the IR brane. Notice that in
this setup, as in RS models, Mj5 is a fundamental scale, while the TeV scale
and the 4D Planck mass are derived from the theory warp factor.

2.8. Connection with Little String Theory

As we have seen in the previous section, the hierarchy problem between
the 4D Planck scale, Mp;, and the 5D Planck scale, My ~ 10'3 GeV, has
to be solved by a string theory with a string scale at the intermediate value
Mg >~ Ms. As the relation between Mg and Mp; in string theory is given by

1
g2

Mgy = 5 MV , (27)
where gs is the string coupling and Vg the volume of the compactified di-
mensions, imposing My < Mp requires, either Vg > (5, with £ = 1/Mj,
or gs < 1. The second possibility, i.e. Vg ~ I8 and g5 ~ Ms/Mp; < 1 can
be realized in type II string theories, where the size of the gauge coupling is
unrelated to gs, but fixed by the geometry (radii) of the compact dimensions
where gauge interactions propagate. In the limit of g5 — 0, a type II string
theory, dubbed Little String Theory?, was constructed where non-Abelian
gauge interactions are localized on a stack of (Neveu-Schwarz) NS5-branes,
a 6D space with 1+3 flat dimensions and two extra longitudinal dimensions
compactified on a torus 7?2 with size ~ £2%. In the gravity decoupling limit
gs — 0, the NS5-branes give rise to the 6D LST, which is strongly coupled
and seems to have no Lagrangian description. By holography, one can relate
the 6D strongly coupled theory in the absence of gravity to a 7D theory with
gravity weakly coupled with a linear dilaton.

Upon compactification of the two extra dimensions in 72, we obtain a 5D
theory with weakly interacting gravity and a linear dilaton, as that studied
in the previous section. Here, there is a fundamental difference between the
two previous theories with p < 0 and p > 0.

— In the case of p < 0, by making the extra dimension infinite, i.e.
z1 — 00, one gets from Eq. (24) that Mp; — oo and so gravity is

% For a review, see Ref. [12].
4 The four extra transverse dimensions are compactified in a manifold, and we will
assume all compact dimensions have a size ~ /s.
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exactly decoupled as in the LST with gs — 0. When introducing the
IR brane at a finite value of z1, we recover the correct value of Mp
for |A1| ~ 23, in which case gs = Ms/Mp; ~ 10715, As M5 ~ TeV, the
5D theory does not need to solve any hierarchy problem, and the SM
is localized in the UV brane. Reproducing the 4D Planck scale means
that the fundamental interval is finite and the graviton KK spectrum
is discrete, with the mass of the first KK mode being O(3p/2).

— However, in the case of p > 0, and even considering the infinite interval
[20, 0], gravity is never decoupled, as one can see from Eq. (26), and
the correct value of Mpy is recovered for g ~ 107°. In this case, the 5D
theory has to solve the hierarchy problem between My and the TeV,
and one has to introduce the IR (or SM) brane where the SM fields
are localized. The distance between the UV and IR branes is precisely
dictated by Eq. (26). Here, we always have two options:

— A fundamental finite interval [z, z1] in which case there is a
discrete KK spectrum for the graviton, with the mass of the first
KK mode being O(3p/2). The discrete mass spectrum is given
by

m2 9 72n?

p2:z+m, (nEZ), (28)

where the squared mass spacing Am?2 is governed by the value of
the warp factor Ay = A(z1) at the IR boundary, and decreases
for increasing values of Aj.

— A fundamental infinite interval [zg, 00|, in which case there is a
gap equal to 3p/2, followed by a continuum spectrum. It can be
understood from Eq. (28) when we take the limit of A(z1) — oo
so that the squared mass spacing goes to zero. This is the model
we will consider in this work.

In both cases, the string theory has to solve (part of) the hierarchy
problem and explain the smallness of the coupling gs. Some mechanisms have
been proposed in Ref. [29], which induce potentials whose minima should fix
the value of gs. Of course, the larger the value of g5 to be fixed, the more
easily these mechanisms are satisfied. For (Coleman—Weinberg) potentials
which depend logarithmically on gs, as those triggered by an anomalous U(1)
with a gauge mass proportional to /gsMs, where the coefficients (a and b)
are generated through string loop corrections, as e.g. V = g2(a+blog gs) M2,
the minimum is at g5 ~ e~%? so that there should be some hierarchy between
the coefficients a and b, i.e. a/b ~ 11 (35) for the case of p > 0 (p < 0).
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3. The graviton

The graviton is a transverse traceless fluctuation of the metric of the

form of
ds? = e 240) [5., + 2k, ()] datdz” — dy?, (29)

where hj, = 9,h*"” = 0. The Lagrangian is given by
1 f
L=-3 / dye >4 [0phy, 071" + A1), W] (30)
0

and we will use the ansatz h,, (z,y) = h(y)hw (x) from where the EoM can
be written as

e24) <674A(y)h’(y))/ +p°h(y) = 0. (31)

In conformal coordinates, c¢f. Eq. (18), and after rescaling the field by
h(z) = e34(2)/2(2), the equation of motion for the fluctuation can be written
in the Schrédinger like form [11] as

—b"(2) + Vy(2)b(2) = p*h(2) , (32)

where the potential is given by
9 3
V() = J4%(2) - SA(2). (33)

An explicit evaluation of this potential with the expression of A(z) given by

Eq. (19) leads to a constant value V;(z) = m, where m, = 3p/2 is the mass

gap for the graviton, typical of a continuum of states with a mass gap.
The interaction with matter is found as

1

Lip=——7=75
VMg

h'uu (:E, y)T,uV(xa y) ’ (34)

where the energy-momentum tensor is defined as

T 2 (v=g£L) (35)

V=g og

and so it is symmetric by definition.
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3.1. Green’s functions for the graviton

The Green’s function for h,,(z,y) in the transverse, traceless gauge, is
given by [30]

1 2
D,y po = 3 <77MP77VJ + NuoMvp — 377W77pa> Gy(y,v';p) . (36)

where we are using, for the 5D Green’s function Gy(y,y'; p), a mixed repre-
sentation where the 4D coordinates x* have been Fourier transformed into
4D momenta p*. After fixing the value of y/, one can see that the Green’s
function obeys the same EoM as the field h(y), except for an inhomogeneous
Dirac delta term, i.e.

d / _ /
P°Gy (v,9/) +e2A(y)@ ( AWGE (y,y )) AV s (y—y),  (37)
where the prime indicates derivative with respect to the variable y and,
for simplicity, we are omitting the p dependence from the argument of the
Green’s function. After substituting the explicit expression for A(y), we find
that the equation writes as

4 ]. p 2 /
G// ,/—7G/ 7/_,_() G 7/ — 4A(y)5 o 7
b (v,9') - b (v,9) w07\ b (v,9) =e (v—4)

S

(38)
whose general solution is
G, 5 p) = { Of - (s = 9)*™ +CF - (us - y)%f'f+ y <y <
Cl (s — )2 +C3 - (gs — )2 Y <y <us
(39)
where we have defined
Ay =+6, -1, = /1 —(4/9) -p?/p2. (40)

The Green’s function Gy(y,y’) is subject to the following boundary and
matching conditions

G/ (0 y/) =0, AG(] (y/ y/) =0, AG% (y/’y/> _ e4A(Z/')’

AGy (s.y) =0, AG) (y.y) = 0. (41)

In addition, we should impose regularity in the IR, i.e. we consider C’ll I'=o.
Then, all the integration constants are fixed.
After conveniently defining the variables

y,=min (y,5'),  yr=max(y,y), (42)
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and implementing the boundary and matching conditions in the general
solution of Eq. (39), one finds’

11 3 A+ _ 3 Ay _ 3 A+
Gy (yvy/) :3*’05;(1—%)2% (_(1_%)24} +AZF(1—9¢)2A") , (43)

where we are using dimensionless coordinates § = py. In particular, in the
limit y — yo, one finds

21 1 3 A+
Gy (yo,y) = —s———(1—-7)2"" . 44
b (40,9) 3pAh+( 7) (44)
Notice that the Green’s function (43) can be expressed as the product of
two functions in the form Gy(y,y’) = A(y,)B(y1), and this can be written
also as

Ay)Byy) = AwB () O (v —y) + AW)Bw)O (y—y') .,  (45)

where O(x) is the step function. Then, it is clear that the Green’s function
is symmetric under the exchange of i and ¢/, 4.e. it fulfills the property

Gy (1,9) =Gy (vs0) - (46)
This property is not obvious from the EoM, Eq. (37). Another property is
Im (A(y)B (y')) = Im (A (y') B(y)) , (47)

which follows from the explicit expression of Eq. (43), and taking into ac-
count the relation

(4Em) = 47w, @Pzmd), (48)

which is valid for time-like momenta p?> > 0. The properties given by
Egs. (47) and (48) will be relevant for the study of the spectral functions in
Sec 3.2.

5 Note that when gy’ < yi, we could split the domain 3’ < y < ys in Eq. (39) into two
domains: 3y’ <y < y; and y1 < y < ys. However, in that case, the jumping conditions
in the IR brane, i.e. continuity of Gy(y,y’) and Gy (y,y’) in y = y1, demand that the

term (ys fy)%Ab_ is also absent in 3y’ < y < y1, so that the solution would be identical
as the one presented in Eq. (43). The solution would also be identical to this formula
in the case of y1 < y/.
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Let us consider, in particular, the analytical expressions for the UV-to-
UV, UV-to-IR and IR-to-IR Green’s functions. There are

2 1

Gh(y()’y(],p) = T 9 At (49)
3pAb
2 1 _&A+
Gy(Yo,y15p) = —5-—x€ 2 9, (50)
3pAh
1 3 Ay
G : _ 1 —3A16y 51
b (Y1, Y15 ) 35 o ( +Ah+e ; (51)

respectively. All Green’s functions include the zero-mode contributions
which behave as

3p
Gy = =5 = lim Gy(y,v/; 52
h =2 = b (Y, y'5p) (52)
so that we can define Green’s functions contributed only by the continuum

of KK modes, with the zero-mode contribution subtracted out, as
Gy (v,9') = Gy (u,9') — Gy - (53)

We plot in Fig. 1, |Gy (yo, yo; p)| (left panel), |Gy (yo, y1;p)| (middle panel),
and |Gy(y1,y1;p)| (right panel), conveniently normalized, as functions of
p/p, for time-like momenta p? > 0. For space-like momenta p? < 0, the
Green’s functions are purely real. We plot in Fig. 2 the Green’s func-
tions Gy (y0,yo; [pl), Gy (vo, y1: [pl), and Gy(y1,1;[pl) as functions of [p|/p,
for space-like momenta p? < 0.

0.8 ‘ ‘ ‘ 7 08 :
20.0
08 S 06 3100
S 2 < 50
S = 2
204 9 04 § 20
2 E ¢ 10
S 02 %7, 0.2 7, 05
< 0.2
0.0L . . . . 0.0 . . . E
0 5 10 15 20 0 5 10 15 20 10 15 20 25 30
p/p p/p p/p

Fig. 1. Plots of p|Gy(vo,yo;p)| (left panel), pe=341/2|Gy (yo, y1;p)| (middle panel),
and pe341|Gy (y1,91;p)| (right panel) as functions of p/p. We have used A; = 23
in all panels and assume time-like momenta p? > 0.
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Fig.2. Plots of pGy(yo,yo0;|p|) (left panel), pGy(yo,y1;|p|) (middle panel), and
pe 341Gy (y1,y1;|p|) (right panel) as functions of |p|/p. We have used A; = 23 in
all panels and assume space-like momenta p? < 0.

It is interesting, for further purposes as we will see, to explicitly provide
the limits p < p of the Green’s functions. This leads to the following Taylor
series expansions

_ 1p*  1p*

G-l ~ o (p° 54
b (y()ay()) p<p 3 P + 27 p3 + (p ) ) ( )
_ 1p2 1 p4

1 ~ 6
~ P o342

Gy (Yo, y1) p<<p3p+27[ 3 ﬂp3+0(p)7 (55)

Gy, y1) = 1112+i[e3A1—6A]f+0( ) (56)
p Y1, 4 p<p 3 p 27 1 P p).

The asymptotic expansions in the regime p < p, for time-like momenta
p? > 0, are

3
-1 ~ i
Gy wow) = iv+ op, 7
1 ~ —A; (1%+%)
Gh <y07 yl) p<p e P, (58)
. -1
Gy m) = 2i [14+e2M5] ey, (59)

It is now obvious that for time-like momenta, for which p = i|p|,

Golyo, 1) =~ e Ailpl/e

Ip|—o0

goes to zero exponentially (see also Ref. [31]), while both Gy(yo,y0) and
Gy(y1,y1) behave has ~ 1/[p|.
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3.2. Spectral functions

In this section, we find it convenient to work in a basis with flat extra
dimensional coordinate y, i.e. with wave function h,, (z,y) as

Euu(xa y) = eiA(y)huV(x7 y) ) (60)

with a corresponding Green’s function
Gy (v,9) = e WGy (y,y) e, (61)

For time-like momenta, p? > 0, all Green’s functions are complex for values
of p > my = 3p/2, which is not associated with a particle threshold decay,
an intrinsic property of e.g. unparticle theories [32]. In this way, we can
define the corresponding spectral functions as

1 -
Py (:55) = ——Im Gy (y,¢fss +ie) , s P (62)

In Fig. 3, we show py(y0, yo; p), Py (0, y1;p) and py(y1,y1;p) as functions of
p/p where the prefactors, defined as

Foo = p, For=p <£>1/2 ; Fii=p (%) (63)

make them scale-invariant [9]. By using the identity

. 1 1
lim — =P— —ind(x), (64)
e—0t+ T + 1€ T
0.12 6
0.2
0.10f 5
2 0.08] s o1 124
g 2 e
< 0.06 = =
|§ 5 0.0 = 3
£004) Koo 182
0.02] ] 1
ool d 4 0z 0 ]
0 2 4 6 8 10 0 1 2 3 4 5 6 14 15 16 17 18 19 20
p/p p/p plp

Fig.3. Scale-invariant spectral functions Foo - py(yo,Y0;p) (left panel), Fop -
26 (Yo, y1;p) (middle panel) and Fi1 - py(y1,y1;p) (right panel) as a function of
p/p, for a continuum graviton. We have used A; = 23 in all panels and assume
time-like momenta p? > 0.
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one can see that the small p behavior of the Green’s functions provided
in Sec. 3.1 implies the existence of a Dirac delta behavior in the spectral
functions at p =0

P (493 5) = Bpe AW AW 5(5) 4. (65)

This delta function appears in all the Green’s functions of Fig. 3. Notice
that, although the spectral functions py(yo,y0) and py(y1,y1) are positive
definite, the spectral function propagating from the UV to the IR brane
py(yo,y1) is not. This fact just challenges the physical interpretation of the
spectral function in a 4D quantum field theory, which is positive definite by
its probabilistic interpretation.

To understand the positivity of the spectral function in our theory, we
have to consider, from the 4D point of view, the spectral function py(y,y’; s)
as the matrix element (y,y’) of an operator py, i.e.

()Y = po (3,95 5) (66)

acting on the infinite-dimensional space parametrized by the coordinate y.
The matrix action on a vector v, = v(y) is thus represented by the integral,

e.g. Zy,(ﬁ)fjlvy/ = [dy'py(y,y';s)v(y). In parallel with the definition of
the operator py, one can define, from the Green’s functions Gb(y,y’), the
operator éh such that

1 A A 1 /4 .
by = ——Tm Gy, h I G:—(G —G*). 67
py = —_Im Gy where Im Gy = o~ ( Gy — Gy (67)
The elements of py then form an infinite-dimensional matrix whose pos-
itivity properties will be analyzed now. When taking into account the prop-

erty of Eq. (48), the matrix py turns out to have a factorizable form, i.e. one
finds the following explicit expressions for the spectral function

(ﬁb)g = ﬁy : ﬁy’ s (68)

2
g’

. 2 1 ‘ Ny
by = 37TPR(1+R2)(1_y)1/21m((1+zR)(1_y)2R>7 (69)

R(p) =/(4/9) - p*/p* — 1. (70)

where, for p? > m

with
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Given the factorization property, Eq. (68), it turns out that the operator
py is positive semidefinite: all its eigenvalues are zero except one A(p) (i.e.
det py = 0), which is given by the trace of the matrix, i.e.

/1 Py (Y (71)
0

Using Eq. (68), one can see that there is a divergence at the value § = 1, so
that the expression for A needs to be regularized. We will do it by introducing
the cutoff € in the integral (71) which now will extend from 0 to 1 — €, so
that the integral will be dominated by its value at 1 — €, giving a term
x (—logé) which will be the leading one. As we will see, this divergence
will cancel out when computing physical observables, so it will not require
any renormalization procedure. It turns out that A\(p) is computed as

A(p) = tr py =

b\*—‘

Ap) =0 (v%) + —l;f[fxun(s) FOE)] L Al = (s—md) ",
(72)
where §(p?) is the contribution to the spectral function of the graviton
zero mode® and Ay, (s) the contribution to the spectral function from the
continuum, or unparticle contribution with a mass gap mgy and dimension
dun = 3/2 [33].
Therefore, in the diagonal basis, the matrix /3,;1 has all elements null
except one, which can be chosen to be the element with y = 3/ = ys, which
is equal to A, i.e.

a\Y
(pf;i>y = A(P)0y s Oyey » (73)

and the (infinite) orthogonal rotation Ogl from py — ,6,‘3 has, in particular,
elements

Py
oy = v 74
Yy \/X ( )

Now, the contribution of py to a physical process where ¢(y) is the profile
along the extra dimension of the initial state in the tensor T, (x,y) with a
coupling for fields h,, (z,y) given by

1

AW prv( T
€ «T,y) V(x7y) ) (75)
VaME 8

Lsp = —

6 Tts correct normalization comes from the prefactor in Eq. (65) as 3p foys e 240 = 1.
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and ¢ (y’) the profile of the final state in T, (x,y’), is given by the element
tr (¢Te? - py - M) = tr (¢TeA0T pd Oe%)

_ Ay (T (Ad\" e dy N g0ty pye Y
=Y oy (0 )ys(pn)ysoi’/eywy—z R

Y,y Y,y
Ys Ys

= / dydy’ ¢(y)e*™ gy (y,y') 2@ (v) = / dydy’ ¢(y)py (v, 9) ¥ (v')
0 0

(76)

where we see that the divergence in the calculation of the eigenvalue A cancels
out, while the last equality is written in terms of the spectral density py in
the basis hy,(2,y). In particular, if the initial-state function is located at
the brane y = y,, and the final state is localized at the brane y = yg, then
d(y) < 6(y — Ya), ¥(y') x 6(y — yg), and the result of Eq. (76) is given by

tr (pe? - oy - M) = eAWIHAW 5 (4 i p) = py(Yas ys) - (77)

The functions py(ya,ys; p) are those plotted in Fig. 3.

4. Coupling of the graviton with SM matter fields

We are assuming fields located in the brane y = y,. Then, the usual
form of the interaction Lagrangian in the 4D effective theory is given by the
Lagrangian

1

Lsp = ———775T
VoIV

HV($7 y)hw/($v y)(S(y - ya) ’ (78)

where T}, (z,ya) is the energy-momentum tensor of the matter fields local-
ized at y,'.

In particular, for the SM fields living in the IR brane at y = y;, the
energy-momentum tensor is given by

Ty = 2D, H' D, H + ithy, Db — FyPFyp — mpLsm (79)

where D), is the SM covariant derivative, ¢ corresponds to all SM left- and
right-handed fermions and F),, is the field strength of different gauge fields

" We are assuming here the simplified case where matter lives in some brane, as e.g.
the SM which is living in the IR brane, or perhaps some dark sector which could live
in the UV brane. For matter (SM singlets) propagating in the extra dimension, one
should replace the interaction term in Eq. (78) by [ dyT""(z,y)huw(z,y).
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Fi = W, Buy. The term proportional to 7, does not contribute to the
different vertices as the tensor h,, is traceless. Notice that in the broken
phase, when (H) = v/v/2(0,1)7, the massive gauge bosons have contribu-
tions to T}, proportional to m%/VHV,,. The graviton zero mode wave func-
tion, hﬁ,j(:v,y) = ho(y)hgy, where hg(y) = +/3p is canonically normalized
as fos dy e*ZAh(% = 1, couples with the energy-momentum tensor at the IR
brane as )
_FmTMV(x7 yl)h?ux ((13) : (80)
We will now consider the coupling with matter of the continuum of KK
modes, with Green’s function Gy(y,y’). The effective field theory (EFT) for
matter localized at the brane y,, for momenta p < p, provides the dimension

eight operator Oy(z, yo) with Wilson coeflicient ¢(y,) as
ﬁEFT(ya) = C(ya)oh(xa ya)a
v o v ]- 2
Oh(l'aya) =T" ($>ya)D;W,pUTp (x,ya) = T'LZLIT,LL - g (Ti) ) (81)

where the Wilson coefficients here have mass dimension —4.
In particular, for the SM which is localized in the IR brane,

11

6 p*’
Thus, gravitational interactions are suppressed by the TeV scale p, reflecting
the fact that the continuum of KK modes is localized toward the IR. On the

contrary, if there is some extra matter localized in the UV brane, SM singlets,
the corresponding Wilson coefficient would be

1 1

= 83
W) =5 (3)

c(yr) = (82)

In fact, if we define the effective coupling geg(ya) as
_ 2 1
[o(@a)l = ger(¥e) 3 » (84)
we can see that geg(yo) ~ 1/Mpy, while geg(y1) ~ 1/p.

4.1. Low-energy constraints

The effective Lagrangian in Eq. (81) does give rise, in particular, to the
dimension eight operators, in the notation of Refs. [34, 35|

2
Lerr DY j;)i Os, , (85)

=0
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where
Os, = (D"H'D"H)(DH'D,H) | Os, = (D*H'D,H)(D"H'D,H) .

Os, = (D*H'D"H)(D,H'D,H),
1 2 1
fS():_gv fSlzf szZ_f' (86)
The contributions of these effective operators to the observables .S, T, U have
been computed in Ref. [34] as®

2
T = —gamzlmw /)" (4 Foy + 315, ) (1 ) Bt ).
(87)

where « is the fine structure constant, and sy (cy) the sine (cosine) of the
electroweak mixing angle 6y, while S = U = 0. Using now the values in
Eq. (86), we get

13

T~ —
= o

(/o) (1+ ) X log(p/miw). (89)

which provides a very mild bound on the value of p as oT < 4 x 107
(3 x 1079) for p > 500 GeV (1 TeV). The small value of the T parameter
comes mainly because this effect stems from a dimension eight operator, and
thus is suppressed by the fourth power of 1/p.

4.2. High-energy constraints

The effective Lagrangian in Eq. (81) does also give rise to a number of
dimension eight operators, which contribute to an anomalous quartic gauge

coupling (aQGC) as

fr.
LyrT D Z %OTJ- + Z flé\ik O, (89)
J k

where, using the notation of Refs. [34, 35|, we have

O, = (WH'W,,) (Waﬁwaﬂ) . Op = (WFW,,) (Wuﬁwﬂ :
Op, = (WH'W,,) (BaﬁBaﬂ> , Or, = (WHW,0) (BM;B”B) :
O, = (B"B,,) (BQBBQB> : O, = (B" B,y (BWB”B) . (90)

8 We thank Prof. O.J.P. Eboli for a private communication on this result.
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and
O = (VW) (D°HTD,H) . O = (VW) (1107

O, = (B" B, (DO‘HTDQH> . Ow, = (B"B,) (D#HTD”H> ,

(91)
with Wilson coefficients
fTo:%a fTQZ_%y fT5:%7 fT7:_%7 fTs:%a
1 2 2 2 2
ngz_éa fM0:_§v fM1:§> fM2:_§7 fMgzg' (92)

The LHC constraints on the above operators are obtained from the CMS
experiment [36-38]. The strongest constraints are over the operators Or,
and O, which translate into the 95%.L. lower bound my 2 1.3 TeV. Pro-
jections in FCC-hh, at /s = 100 TeV and integrated luminosities up to 30
ab~!, have been made on the anomalous WW~~ couplings [39] which, for
leptonic decay channels of the Ws in the final state, yield future bounds
reaching values as my 2 7 TeV.

Of course, the presence of aQGC induces violation of unitarity, e.g. in
longitudinal gauge boson scattering processes involving four-vector particles,
as the corresponding scattering amplitudes grow with §2, where v/§ is the
center-of-mass energy, since the SM cancellation fails. This issue has been
generally considered for the operators Og,, Or; and Oy, in Refs. [35, 40].
The unitarity violation indicates a failure of the EFT to describe the cor-
responding processes at such large values of V5. In particular, using the
general results in Ref. [35], the unitarity constraints imply an upper bound
as Vs < 2my for the validity of the EFT.

5. The radion
The radion field F(x,y) is defined as the scalar perturbation of the metric

ds? = efQA@)fQF(I’y)anx“dx” — 14 G(z,y)]*dy?,
o(z,y) = o(y) + ¥(x,y), (93)

with F(z,y) = F(y)R(x). When considering an appropriate gauge choice,
the EoM for the y-dependent part become [41]

(PP A" ()" —2) F(y) + fy [*A" (5) 710y (A F ()] =0,

F' —2A'F = ¢y, G =2F. (94)
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After rescaling the field by F(z) = e34()/2¢/(2)F(z), one can cast the EoM
in a Schrédinger-like form as

—F"(2) + Vr(2)F(2) = p°F(2), (95)

where the potential is given by

0 2 5 P9 L ()
Vi(z) = A" (2)+ A" (2) — A (2 — + 2 . (96
This potential turns out to be equal to the constant value Vp(z) = mg,
where mg = 3p/2 is the mass gap for the radion. This value of the mass gap
equals that of the graviton in previous sections.

5.1. The radion Green’s functions

After making the field redefinition F'(z,y) — kF'(z,y), as for the case of
the graviton, the EoM for the radion Green’s function Gr(y,vy';p) [41, 42]
is the same as the one for the graviton, cf. Eq. (38). After fixing the value
of 3/, we can divide the y space into the following domains: 0 < y < ¢’ and
Yy <y < ys. Then, the general solution is

oy Ol =)t CL () oy <y <
Gr(y,y';p) = II 3 A7 II At !
Cro(ys —9)27r + 0y - (ys —y)27r Y/ <y <us
(97)
where we have defined AjFE = Ahi and 0 = &y, c¢f Eq. (40). The Green’s
function is subject to boundary and matching conditions in the UV and IR
branes, as well as for y = y/. These read

G 0) = (Jowiotn - 2 ot

3 Ug (o(y))
AGr(y,y) =0, AGr(y.y) =),
AGF (y1,y) = 0,  AGk (y1,9) =0,

where the localized effective potential in the UV brane Uy(¢) is defined by
Eq. (11), and its second derivative turns out to be Uj(4(0)) = v — 2p,
which in the following we will denote by Uj. In addition, we should impose
regularity in the IR, i.e. we consider C{/ = 0. After implementing the
boundary and matching conditions in the general solution, one finds

;o (98)
y=0

11 3 A+
Gr (y,y) = 37)@(1*3??)24?
3 A 3UY oF 3t
X |—(1— 24F+<1+ 0)1— 2F},99
(1-1) 2 B(p) (1—g) (99)
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where
p2 6/
P(p)==——(14+30p). 100
(r) =T — 30+ 30p) (100)

The analytical expressions of the brane-to-brane Green’s functions are

Gr(Yo,Yo;p) = Uié;ia (101)
2p* &(p)
vy 1 3A1 A+
Gr(yo,y1;p) = - 5——~e 2 2F, 102
11 30" 6p
F(Y1,915D) 3p05° [ —i—( + 2 3 )¢ , (103)
and their low-momentum behaviors are
-1 ~ 2
Gr (yo,yo1) = 20+ 0 (p%) , (104)
_ 6p*
G4 ~ P _Lo@p). 105
F 1) p<p  2k3 4 p3 +0 () (105)

In the following, we will denote the zero momentum limits of the brane-to-
brane Green’s functions as G%B = limy—0 GF (Yo, Ys; D)-

We plot in Fig. 4 the result for the Green’s functions G ¢ (yo, yo), Gr (Yo, Y1)
and Gr(y1,y1), normalized to their zero momentum limits, as functions of
p/p, for time-like momenta p? > 0. For space-like momenta p? < 0, the
Green’s functions are purely real. We plot in Fig. 5 the Green’s functions
as functions of |p|/p, in the latter case.

50p 5

= 100.0

8_ 20l 9LL4 ‘:"_u_ 50.0

© 10 EE 2 100

=) 2 a .

205 &2 3

(\DE N_ (‘D,_T_ 1.0

Z 02 g1 © 05
r":‘.I.)

N S R T R e 10 15 20 25 30
p/p plp p/p

Fig. 4. Plots of |Gr(yo,y0;p)/G%| (left panel), |Gr(yo, y1;p)/GY| (middle panel),
and |Gp(y1,y1;p)/G% | (right panel) as functions of p/p. We have used A; = 23
and U} = k in all panels, and assume time-like momenta p? > 0.
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Fig.5. Plots of Gr(yo,yo; |p|)/GY (left panel), Gr(yo,y1; |p|)/G% (middle panel),
and Gr(y1,91; |p)/GE (right panel) as functions of |p|/p. We have used A; = 23
and U}/ = k in all panels, and assume space-like momenta p? < 0.

Notice that (unlike the graviton case) the Green’s functions do not have
an isolated massless mode as their behavior in the limit p — 0, as shown
in Eqgs. (104)—(105), yields a constant value and not an isolated singularity.
This point is in agreement with previous studies on the subject in Ref. [11].
The function @(p) given by Eq. (100) has a single zero, either in the first or
second Riemann sheet. Let us write the equation @(mp) = 0, with mp the
mass of the radion, in the form of

U// 4m2 2
70 = HP},/(;; with 6p = i\/l —(4/9) - m2./p?, (106)
where the 4+(—) corresponds to the first(second) Riemann sheet. We display
in the left panel of Fig. 6 the parametric dependence of Ul//p with mp as
given by Eq. (106). One can see that U] > 0 demands that mp < my
when considering the 15* Riemann sheet, while v/2p < mp < myg in the ond
Riemann sheet, so that the mass is below the mass gap, except for Uj/p = 9
where it has the same value. Notice that there exists a zero of ®(mp) in
the first Riemann sheet only if 0 < U[//p < 9, while the existence of a zero
in the second Riemann sheet demands that 9 < U[//p < 400. The zero of
&(mp), either in the first or second Riemann sheet, is given by

2 " 1" " 2
mp _ 10 —(UO— >+¢<UO—2) 132 . (107)
p 8 p p p

This zero corresponds to an isolated pole of the Green’s function. Note that
m% /p? is always real and positive, hence this pole corresponds to a bound
state of the radion spectrum that should be located in the first Riemann
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sheet, i.e. the physical sheet. Given the considerations above, we conclude
that such a bound state for the radion exists only for values 0 < U{//p <9 9.

20 -
= 1st Riemann sheet \i
15 === 2nd Riemann sheet : i
2 |
=10 |
5 |
5/ /
0 ‘ o ] e
00 05 10 15 20 Yo 02 04 06 08 10

Me/p y

Fig.6. Left panel: Parametric dependence of the isolated zero of $(mp). We
display U}//p as a function of mg/p in the 1% Riemann sheet (solid blue) and
in the 2" Riemann sheet (dashed red) as given by Eq. (106). To guide the eye,
we display vertical lines for values mp = v/2p (dot-dashed black) and mpr = mg
(dashed black). Notice that the range 0 < U{/p < 9 corresponds to the pole of
the Green’s function in the 1% Riemann sheet, while the range 9 < U(’)’/p < o0
corresponds to the pole in the 2"? Riemann sheet. Right panel: Normalized wave
function for the radion as a function of § = py, as given by Eq. (113). We display
the results for U{/p =0, 1 and 8.
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Fig. 7. Spectral functions pr(yo, yo; p) (left panel), pr(yo,y1;p) (middle panel) and
pr(y1,y1;p) (right panel) as a function of p/p, for a continuum radion. We have
used Ay = 23 and Ujj = p (left panel) and U} = k (middle and right panels), and
assume time-like momenta p? > 0.

% Notice that when considering negative values of Uj or taking the negative sign in front
of the square root of Eq. (107), this equation predicts the existence of an unphysical
tachyonic mode (m% < 0). One can see from Eq. (106) that such a mode is in the
second Riemann sheet for Uy /p > 0, and in the first Riemann sheet for Uy /p < 0.
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Finally, let us study the spectral functions for the radion. In Fig. 7, we
show pr (Yo, yo; ), pr(yo,y1;p) and pr(y1,y1;p), as functions of p/p. Note
that the isolated mode appears as a Dirac delta contribution. In addition,
there appears a continuum for p > mg,. We are using the prescription P’ =
p? + ie, so that for real values of p above the mass gap, p > Mg, OF is
computed in the physical sheet as p = —iR, where R is given by Eq. (70).
Finally, note that for the choice of U = k, middle and right panels, no
Dirac delta function appears in the corresponding spectral functions.

5.2. The radion spectrum
In order to compute the spectrum of the radion, we have to solve the
EoM of Eq. (94). The general solution of this equation is

Fly) = Cip - (ys — y)2 5+CzF-(ys—y)%A;, Y <Ys. (108)

The wave function is subject to the following boundary condition in the UV
brane and jumping conditions in the IR brane

)] I _ P _
AF(y) =0,  AF'(y) =0, (110)

as well as regularity in the IR, which demands that C;rp = 0. The integration
constant Cyp can be fixed by normalization of the wave function as we will
see below. Notice that the wave function of Eq. (108) fulfills by construction
the IR brane conditions, but it remains the UV boundary condition which is
fulfilled only for certain values of the momentum. The zeros of the function
Cuv(p) will then lead to the spectrum of the radion. From an explicit
computation of Cyy(p), the result for this function turns out to be

Cuv(p) = 1/GF(yo, yo; p) (111)

where the explicit expression of the UV-to-UV Green’s function is given by
Eq. (101). Then, we conclude that the radion spectrum contains a single
bound state corresponding to the pole of the Green’s function, and hence
to the zero of the function @(mp). The squared mass of this state is given
by Eq. (107), and exists only for values 0 < U[//p < 9. Notice also that the
function Cyy(p) in the regime p < p behaves as Cyv(p) = —2p + O(p?),
which is non-vanishing. This implies that the UV boundary condition is not
fulfilled in this limit, and hence there is no massless mode for the radion.
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Finally, the wave function can be normalized to

Ys
[ v O E)E =, (112)
0
leading to
F(y) = /30 e24W)(1-05), (113)

with the value 6p = (=UY/p + [(U}/p —2)* + 32]'/2)/6. This result for
the normalized wave function is displayed in the right panel of Fig. 6. No-
tice that the radion is mostly localized toward the IR brane, as F(y) is a
monotonically increasing function and divergent in the limit y — ys. The
localization is controlled by U/, so that the effect becomes more important
for Uj//p — 9, while in the opposite limit, U} /p — 0, the radion wave func-
tion becomes flat, as it should as the interval distance is not stabilized in
that case.

5.8. Coupling to the SM fields
The coupling of the radion to the SM fields, localized on the IR brane,

is with the trace of the energy-momentum tensor

£4D = (‘Tayl)Tv TEtrT“y('x,yl)' (114)

1
- F
3/2
V2M;

This gives rise, upon integration of the radion continuum, to the EFT La-
grangian with dimension eight operators as

Lerr = cr(y1)OF , Op =T, (115)
where the Wilson coefficient c¢p(y1) is equal to
11

The dimension eight operator 72 gives rise to a subset of the operators
in Egs. (86), (90) and (91), in particular to Og,, with corresponding Wilson
coefficient fg, = —2/3.

Similarly to the case of the graviton continuum, the operator Og, gives
rise to the observable T' as

=12 (mw/p)" (1 +ciy) 2, log(p/mw), (117)

aoT

which is T < 1075 (107°) for p > 500 GeV (1 TeV), and thus harmless for
electroweak observables.
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As for the high-energy constraints the analysis is similar to that per-
formed for the case of the graviton continuum, including the violation of
unitarity in gauge boson scattering processes. Similarly, the isolated radion
light mode also couples to the SM and its phenomenology depends on a large
extent on its mass which, as we have seen is a function of the parameter U
A detailed analysis of its phenomenology is beyond the scope of the present
paper and will be done elsewhere.

6. Conclusions

Theories with a warped extra dimension, relating the 5D Planck scale
and the electroweak scale by the warp factor, are among the best candidates
to solve the hierarchy problem. In view of the strong constraints from the
LHC direct searches of isolated narrow resonances, a possible solution to
alleviate the experimental tension could be held in theories where the KK
spectrum is a continuum, as no bump in cross sections should appear, but
only indirect deviations from the Standard Model predictions.

Linear dilaton models have recently received a lot of attention, as their
UV completion is a type II string theory, where non-Abelian gauge interac-
tions arise non-perturbatively localized on stacks of NS5-branes, with gauge
coupling geometrically determined by moduli of the 5-branes where they are
confined, and thus independent of the value of the string coupling gs. This
allows to have string scales Mg much smaller than the 4D Planck mass. This
theory, in the decoupling limit g5 — 0, is described by the Little String The-
ory, a string theory where gravity decouples. From the bottom-up approach,
dilaton models arise from a 5D model with a warped extra dimension and a
critical bulk potential, in terms of the stabilizing field, given by V(¢) o< €2?,
see Eq. (12). In proper coordinates y, the metric has a naked singularity at
a finite value ys = 1/|p|, which corresponds in conformal coordinates z to
the limit zg — oo.

For p < 0, one has to introduce an interval between two boundaries, at
the UV (y = 0) and at the IR (y = y1 < ys), with a Zs orbifold symmetry,
and the theory has a discrete spectrum. In this case, the string scale is of
the order of the TeV scale, and the length of the interval is dictated by the
4D Planck scale, so that the SM fields are in the UV brane, the hierarchy
problem is entirely solved by the string theory and the string coupling is
tiny, gs ~ 107, For p > 0 (which is the case studied in this paper), one
can consider the interval between the UV boundary and the singularity at
ys = 1/p, and the theory spectrum is a continuum with a mass gap of the
order of p. The string scale is at an intermediate value, My ~ 1075 Mpy, and
the string coupling is small but larger than for the previous case, g5 ~ 1072,
In this theory, the SM cannot propagate in the bulk of the extra dimension,
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so we have introduced a brane, the IR or SM brane, where the SM fields are
localized. We dub this theory the continuum linear dilaton model. In this
theory, the hierarchy problem is partly solved by the string theory, which
should provide the hierarchy between Mp) and Mjs, i.e. the explanation of
the size of g5, and by the warped extra-dimensional theory, which explains
the hierarchy between My and the TeV scale.

We have considered the graviton and radion sectors in the bulk of the
continuum linear dilaton model. We have worked out the general Green’s
functions and spectral functions for both. For the graviton, the spectrum is
a continuum of KK modes with a mass gap equal to my = 3p/2, and an iso-
lated massless pole which corresponds to the 4D graviton. For the radion,
the spectrum is also a continuum of KK modes with the mass gap equal
to myg, and an isolated pole with a mass below m, and whose value is con-
trolled by the Goldberger—Wise potential in the UV brane, which determines
the total length of the interval. Integrating out the continuum of states, for
both the graviton and radion fields, gives rise to dimension eight operators
which should contribute to the effective field theory below the mass gap.
These dimension eight operators give rise to anomalous quartic gauge cou-
plings, which contribute to the low-energy electroweak observables, and to
high-energy unitarity violations in, e.g., longitudinal vector boson scattering
amplitudes. There is a wide literature on the subject and the results in these
models can easily be (and have been) adapted to them.

Moreover, the model can have, depending on the UV brane potential
parameters, a light radion/dilaton in which case, after integration of the
continuum of KK modes, it remains as the only light state on top of the
SM ones. The wave function of the radion is strongly localized toward the
IR, so one expects its couplings with the SM fields could be sizable. In this
respect this is similar to conventional Randall-Sundrum models, so that
the phenomenology of such a state is expected to follow similar lines. A
more phenomenological analysis of the light dilaton in the continuum linear
dilaton model is beyond the scope of the present paper and we postpone it
for a future publication.

We would like to thank O.J.P. Eboli, M. Pérez-Victoria and L.L. Sal-
cedo for fruitful discussions. The work of E.M. is supported by the Span-
ish MINEICO under grant FIS2017-85053-C2-1-P, by the FEDER/Junta de
Andalucia-Consejeria de Economia y Conocimiento 2014-2020 Operational
Programme under grant A-FQM-178-UGR18, by Junta de Andalucia un-
der grant FQM-225, and by the Consejeria de Conocimiento, Investigacion
y Universidad of the Junta de Andalucia and European Regional Devel-
opment Fund (ERDF) under grant SOMM17/6105/UGR. The research of
E.M. is also supported by the Ramoén y Cajal Program of the Spanish MINE-



The Continuum Linear Dilaton 741

ICO under grant RYC-2016-20678. The work of M.Q. is partly supported
by the Spanish MINEICO under grant FPA2017-88915-P, by the Catalan
Government under grant 2017SGR1069, and by the Severo Ochoa Excel-
lence Program of MINEICO under grant SEV-2016-0588. IFAE is partially
funded by the CERCA program of the Generalitat de Catalunya.

1
2]
3l

4]

[5]

(6]

171
18]
19]
[10]
[11]
[12]

[13]

REFERENCES

M.J.G. Veltman, «The Infrared—Ultraviolet Connectiony, Acta Phys. Pol. B
12, 437 (1981).

L. Randall, R. Sundrum, «A Large Mass Hierarchy from a Small Extra
Dimensiony, Phys. Rev. Lett. 83, 3370 (1999), arXiv:hep-ph/9905221.

CMS Collaboration (A.M. Sirunyan et al.), «Search for resonant t¢
production in proton—proton collisions at /s = 13 TeV», J. High Energy
Phys. 1904, 031 (2019), arXiv:1810.05905 [hep-ex].

ATLAS Collaboration (M. Aaboud et al.), «Search for heavy particles
decaying into a top-quark pair in the fully hadronic final state in pp collisions
at /s = 13 TeV with the ATLAS detectors, Phys. Rev. D 99, 092004 (2019),
arXiv:1902.10077 [hep-ex].

E. Megias, G. Nardini, M. Quir6s, «Gravitational imprints from heavy
Kaluza—Klein resonances», Phys. Rev. D 102, 055004 (2020),
arXiv:2005.04127 [hep-ph].

E. Megias, G. Nardini, M. Quir6s, «Radion dynamics, heavy Kaluza—Klein
resonances and gravitational wavesy, in: 9*" International Conference on
New Frontiers in Physics (ICNFP 2020), 4 Sep—2 Oct, 2020, Kolymbari,
Crete, Greece, arXiv:2103.02705 [hep-ph].

R. Escribano, M. Mendizabal, M. Quirés, E. Royo, «On Broad Kaluza—Klein
Gluonsy», arXiv:2102.11241 [hep-ph].

C. Csaki et al., «Continuum naturalness», J. High Energy Phys. 1903, 142
(2019), arXiv:1811.06019 [hep-ph].

E. Megias, M. Quirés, «Gapped continuum Kaluza—Klein spectrumy, J. High
Energy Phys. 1908, 166 (2019), arXiv:1905.07364 [hep-ph].

W.D. Goldberger, M.B. Wise, «Modulus Stabilization with Bulk Fieldsy,
Phys. Rev. Lett. 83, 4922 (1999), arXiv:hep-ph/9907447.

J.A. Cabrer, G. von Gersdorff, M. Quirés, «Soft-wall stabilization», New
J. Phys. 12, 075012 (2010), arXiv:0907.5361 [hep-ph].

O. Aharony, «A Brief review of ‘little string theories’», Class. Quantum
Grav. 17, 929 (2000), arXiv:hep-th/9911147.

I. Antoniadis, A. Arvanitaki, S. Dimopoulos, A. Giveon, «Phenomenology of
TeV Little String Theory from Holography», Phys. Rev. Lett. 108, 081602
(2012), arXiv:1102.4043 [hep-ph].


https://www.actaphys.uj.edu.pl/findarticle?series=reg&vol=12&page=437
https://www.actaphys.uj.edu.pl/findarticle?series=reg&vol=12&page=437
http://dx.doi.org/ 10.1103/PhysRevLett.83.3370
http://arxiv.org/abs/hep-ph/9905221
http://dx.doi.org/10.1007/JHEP04(2019)031
http://dx.doi.org/10.1007/JHEP04(2019)031
http://arxiv.org/abs/arXiv:1810.05905
http://dx.doi.org/10.1103/PhysRevD.99.092004
http://arxiv.org/abs/arXiv:1902.10077
http://dx.doi.org/10.1103/PhysRevD.102.055004
http://arxiv.org/abs/arXiv:2005.04127
http://arxiv.org/abs/arXiv:2103.02705
http://arxiv.org/abs/arXiv:2102.11241
http://dx.doi.org/10.1007/JHEP03(2019)142
http://dx.doi.org/10.1007/JHEP03(2019)142
http://arxiv.org/abs/arXiv:1811.06019
http://dx.doi.org/10.1007/JHEP08(2019)166
http://dx.doi.org/10.1007/JHEP08(2019)166
http://arxiv.org/abs/arXiv:1905.07364
http://dx.doi.org/10.1103/PhysRevLett.83.4922
http://arxiv.org/abs/hep-ph/9907447
http://dx.doi.org/10.1088/1367-2630/12/7/075012
http://dx.doi.org/10.1088/1367-2630/12/7/075012
http://arxiv.org/abs/arXiv:0907.5361
http://dx.doi.org/10.1088/0264-9381/17/5/302
http://dx.doi.org/10.1088/0264-9381/17/5/302
http://arxiv.org/abs/hep-th/9911147
http://dx.doi.org/10.1103/PhysRevLett.108.081602
http://dx.doi.org/10.1103/PhysRevLett.108.081602
http://arxiv.org/abs/arXiv:1102.4043

742

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]
[22]
[23]
[24]

[25]

[26]

[27]

28]

[29]

[30]

E. MEGias, M. QUIROS

P. Cox, T. Gherghetta, «Radion dynamics and phenomenology in the linear
dilaton modely, J. High Energy Phys. 1205, 149 (2012),
arXiv:1203.5870 [hep-ph].

G.F. Giudice et al., «Clockwork/linear dilaton: structure and
phenomenology», J. High Energy Phys. 1806, 009 (2018),
arXiv:1711.08437 [hep-phl].

H. Davoudiasl, J.L. Hewett, T.G. Rizzo, «Phenomenology of the
Randall-Sundrum Gauge Hierarchy Model», Phys. Rev. Lett. 84, 2080
(2000), arXiv:hep-ph/9909255.zty arxiv

H. Davoudiasl, T.G. Rizzo, «Bulk physics at a graviton factory», Phys. Lett.
B 512, 100 (2001), arXiv:hep-ph/0104199.

A.L. Fitzpatrick, J. Kaplan, L. Randall, L.-T. Wang, «Searching for the
Kaluza—Klein graviton in bulk RS models», J. High Energy Phys. 0709, 013
(2007), arXiv:hep-ph/0701150.

K. Agashe, H. Davoudiasl, G. Perez, A. Soni, «Warped gravitons at the
CERN LHC and beyond», Phys. Rev. D 76, 036006 (2007),
arXiv:hep-ph/0701186.

O. Antipin, D. Atwood, A. Soni, «Search for RS gravitons via WpWp,
decays», Phys. Lett. B 666, 155 (2008), arXiv:0711.3175 [hep-ph].

B.M. Dillon, V. Sanz, «Kaluza—Klein gravitons at LHC2», Phys. Rev. D 96,
035008 (2017), arXiv:1603.09550 [hep-ph].

S.S. Gubser, «Curvature singularities: The good, the bad, and the naked,
Adv. Theor. Math. Phys. 4, 679 (2000), arXiv:hep-th/0002160.

J.W. York, Jr., «Role of Conformal Three Geometry in the Dynamics of
Gravitationy, Phys. Rev. Lett. 28, 1082 (1972).

G.W. Gibbons, S.W. Hawking, «Action integrals and partition functions in
quantum gravity», Phys. Rev. D 15, 2752 (1977).

E. Megias, G. Nardini, M. Quir6s, «Cosmological phase transitions in
warped space: gravitational waves and collider signaturesy, J. High Energy
Phys. 1809, 095 (2018), arXiv:1806.04877 [hep-ph].

O. DeWolfe, D.Z. Freedman, S.S. Gubser, A. Karch, «Modeling the
fifth-dimension with scalars and gravity», Phys. Rev. D 62, 046008 (2000),
arXiv:hep-th/9909134.

S.S. Gubser, «<AdS/CFT and gravity», Phys. Rev. D 63, (0840172001),
arXiv:hep-th/9912001.

N. Arkani-Hamed, S. Dimopoulos, G.R. Dvali, «The hierarchy problem and
new dimensions at a millimeters, Phys. Lett. B 429, 263 (1998),
arXiv:hep-ph/9803315.

I. Antoniadis, S. Dimopoulos, A. Giveon, «Little string theory at a TeV»,
J. High Energy Phys. 0105, 055 (2001), arXiv:hep-th/0103033.

K. Hagiwara, J. Kanzaki, Q. Li, K. Mawatari, «<HELAS and
MadGraph/MadEvent with spin-2 particlesy, Eur. Phys. J. C' 56, 435 (2008),
arXiv:0805.2554 [hep-ph].


http://dx.doi.org/10.1007/JHEP05(2012)149
http://arxiv.org/abs/arXiv:1203.5870
http://dx.doi.org/10.1007/JHEP06(2018)009
http://arxiv.org/abs/arXiv:1711.08437
http://dx.doi.org/10.1103/PhysRevLett.84.2080
http://dx.doi.org/10.1103/PhysRevLett.84.2080
http://arxiv.org/abs/hep-ph/9909255
http://dx.doi.org/10.1016/S0370-2693(01)00704-3
http://dx.doi.org/10.1016/S0370-2693(01)00704-3
http://arxiv.org/abs/hep-ph/0104199
http://dx.doi.org/10.1088/1126-6708/2007/09/013
http://dx.doi.org/10.1088/1126-6708/2007/09/013
http://arxiv.org/abs/hep-ph/0701150
http://dx.doi.org/10.1103/PhysRevD.76.036006
http://arxiv.org/abs/hep-ph/0701186
http://dx.doi.org/10.1016/j.physletb.2008.07.009
http://arxiv.org/abs/arXiv:0711.3175
http://dx.doi.org/10.1103/PhysRevD.96.035008
http://dx.doi.org/10.1103/PhysRevD.96.035008
http://arxiv.org/abs/arXiv:1603.09550
http://dx.doi.org/10.4310/ATMP.2000.v4.n3.a6
http://arxiv.org/abs/hep-th/0002160
http://dx.doi.org/10.1103/PhysRevLett.28.1082
http://dx.doi.org/10.1103/PhysRevD.15.2752
http://dx.doi.org/10.1007/JHEP09(2018)095
http://dx.doi.org/10.1007/JHEP09(2018)095
http://arxiv.org/abs/arXiv:1806.04877
http://dx.doi.org/10.1103/PhysRevD.62.046008
http://arxiv.org/abs/hep-th/9909134
http://dx.doi.org/10.1103/PhysRevD.63.084017
http://arxiv.org/abs/hep-th/9912001
http://dx.doi.org/10.1016/S0370-2693(98)00466-3
http://arxiv.org/abs/hep-ph/9803315
http://dx.doi.org/10.1088/1126-6708/2001/05/055
http://arxiv.org/abs/hep-th/0103033
http://dx.doi.org/10.1140/epjc/s10052-008-0663-x
http://arxiv.org/abs/arXiv:0805.2554

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

The Continuum Linear Dilaton 743

A. Costantino, S. Fichet, «Opacity from Loops in AdS», J. High Energy
Phys. 2102, 089 (2021), arXiv:2011.06603 [hep-th].

H. Georgi, «Unparticle Physics», Phys. Rev. Lett. 98, 221601 (2007),
arXiv:hep-ph/0703260.

A. Delgado, J.R. Espinosa, J.M. No, M. Quirés, «A note on unparticle
decays», Phys. Rev. D 79, 055011 (2009), arXiv:0812.1170 [hep-ph].

0.J.P. Eboli, M.C. Gonzalez-Garcia, J.K. Mizukoshi, «pp — jje*pTvv and
jietuTvv at O(al) and O(al a?) for the study of the quartic electroweak

gauge boson vertex at CERN LHC», Phys. Rev. D 74, 073005 (2006),
arXiv:hep-ph/0606118.

E. d. S. Almeida, O.J.P. Eboli, M.C. Gonzalez-Garcia, «Unitarity constraints
on anomalous quartic couplings», Phys. Rev. D 101, 113003 (2020),
arXiv:2004.05174 [hep-ph].

CMS Collaboration (A.M. Sirunyan et al.), «Search for anomalous
electroweak production of vector boson pairs in association with two jets in
proton—proton collisions at 13 TeV», Phys. Lett. B 798, 134985 (2019),
arXiv:1905.07445 [hep-ex].

CMS Collaboration (A.M. Sirunyan et al.), «Measurement of the cross
section for electroweak production of a Z boson, a photon and two jets in
proton—proton collisions at /s = 13 TeV and constraints on anomalous
quartic couplings», J. High Energy Phys. 2006, 076 (2020),
arXiv:2002.09902 [hep-ex].

CMS Collaboration (A.M. Sirunyan et al.), «Measurements of production
cross sections of W Z and same-sign WW boson pairs in association with two
jets in proton—proton collisions at /s = 13 TeV», Phys. Lett. B 809, 135710
(2020), arXiv:2005.01173 [hep-ex].

V. Ari et al., «Future projections on the anomalous WW~y couplings in
hadron-hadron interactions at the FCC-hh», arXiv:2104.00474 [hep-ph].
Y.-C. Guo, Y.-Y. Wang, J.-C. Yang, C.-X. Yue, «Constraints on anomalous
quartic gauge couplings via W+yjj production at the LHC», Chin. Phys. C'
44, 123105 (2020), arXiv:2002.03326 [hep-ph].

C. Csaki, M.L. Graesser, G.D. Kribs, «Radion dynamics and electroweak
physicsy, Phys. Rev. D 63, 065002 (2001), arXiv:hep-th/0008151.

E. Megias, O. Pujolas, M. Quir6s, «On dilatons and the LHC diphoton
excess», J. High Energy Phys. 1605, 137 (2016),

arXiv:1512.06106 [hep-ph].


http://dx.doi.org/10.1007/JHEP02(2021)089
http://dx.doi.org/10.1007/JHEP02(2021)089
http://arxiv.org/abs/arXiv:2011.06603
http://dx.doi.org/10.1103/PhysRevLett.98.221601
http://arxiv.org/abs/hep-ph/0703260
http://dx.doi.org/10.1103/PhysRevD.79.055011
http://arxiv.org/abs/arXiv:0812.1170
http://dx.doi.org/10.1103/PhysRevD.74.073005
http://arxiv.org/abs/hep-ph/0606118
http://dx.doi.org/10.1103/PhysRevD.101.113003
http://arxiv.org/abs/arXiv:2004.05174
http://dx.doi.org/10.1016/j.physletb.2019.134985
http://arxiv.org/abs/arXiv:1905.07445
http://dx.doi.org/10.1007/JHEP06(2020)076
http://arxiv.org/abs/arXiv:2002.09902
http://dx.doi.org/10.1016/j.physletb.2020.135710
http://dx.doi.org/10.1016/j.physletb.2020.135710
http://arxiv.org/abs/arXiv:2005.01173
http://arxiv.org/abs/arXiv:2104.00474
http://dx.doi.org/10.1088/1674-1137/abb4d2
http://dx.doi.org/10.1088/1674-1137/abb4d2
http://arxiv.org/abs/arXiv:2002.03326
http://dx.doi.org/10.1103/PhysRevD.63.065002
http://arxiv.org/abs/hep-th/0008151
http://dx.doi.org/10.1007/JHEP05(2016)137
http://arxiv.org/abs/arXiv:1512.06106

	1 Introduction
	2 The gravitational background
	2.1 The rho<0 case: the discrete LDM
	2.2 The rho>0 case: the continuum LDM
	2.3 Connection with Little String Theory

	3 The graviton
	3.1 Green's functions for the graviton
	3.2 Spectral functions

	4 Coupling of the graviton with SM matter fields
	4.1 Low-energy constraints
	4.2 High-energy constraints

	5 The radion
	5.1 The radion Green's functions
	5.2 The radion spectrum
	5.3 Coupling to the SM fields

	6 Conclusions

