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New high-luminosity e+e− colliders have been proposed to perform pre-
cision measurements of electroweak and Higgs physics to scrutinize the
mechanism of electroweak symmetry breaking and search for signs of new
physics. The interpretation of the data from such a machine is only possible
with the help of accurate theoretical calculations of the Standard Model ex-
pectations, including higher-order radiative corrections. This contribution
provides an overview of the current knowledge and required improvements
for our theoretical understanding of a range of key observables. Further-
more, it gives a short summary of the calculational techniques that can be
leveraged to realize these improvements.
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1. Introduction

Studies of electroweak precision observables (EWPOs) and Higgs preci-
sion observables (HPOs) at future e+e− colliders require theory inputs on
several fronts:

— In order to probe any contributions of physics beyond the Standard
Model (BSM physics), experimental data for the EWPOs/HPOs need
to be compared to precise predictions of these quantities within the
Standard Model (SM). The computation of these predictions necessi-
tates the inclusion of multi-loop corrections in the full SM, i.e. with
many massive particles in the loops.

— However, the quantities that are commonly referred to as EWPOs
or HPOs are technically not observables. Instead, they are obtained
by correcting the experimental data to account for detector accep-
tances and selection cuts, smearing of the center-of-mass energy due
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to initial-state radiation, and background contributions. These tasks
are typically accomplished with the help of Monte-Carlo generators
that simulate QED and QCD radiation and the background processes.
For more information, see e.g. Ref. [1].

— Moreover, to perform the comparison of EWPOs/HPOs and SM pre-
dictions, other electroweak parameters are needed as inputs. Examples
for such input parameters are: the top-quark mass mt, the strong cou-
pling αs, the electromagnetic coupling α, etc. The distinction between
EWPOs and input parameters is somewhat arbitrary, but broadly
speaking, an “input parameter” is a quantity that (a) can be mea-
sured very precisely and (b) whose interpretation is not affected by
new physics to first approximation (e.g. a particle mass that is ex-
tracted from a kinematical feature).

In the following, the impact of theory inputs, in particular higher-order
radiative corrections, is discussed both for the input parameters and for
genuine EWPOs and HPOs. The size of the theory corrections is com-
pared to the anticipated experimental precision for the proposed ring collid-
ers CC-ee [2] and CEPC [3], but similar conclusions can be drawn for the
linear colliders ILC [4, 5] or CLIC [6, 7].

2. Input parameters

For detailed reviews on this topic, see e.g. Refs. [8, 9]. The following
inputs are important for EWPOs and HPOs:

— mZ , ΓZ : The mass and width of the Z boson can be determined from
measuring the line-shape of the cross section σ[e+e− → ff̄ ] for dif-
ferent center-of-mass energies near the Z resonance. An experimental
precision substantially below 1 MeV is expected for CEPC and FCC-ee.
The main theory uncertainty stems from the QED initial-state radia-
tion [10].

— mt: The currently most precise determination of the top-quark mass is
obtained at the LHC, with an experimental precision of about 0.3 GeV
[11]. It has not been fully resolved what is the proper theoretical
definition of this measured value, and additional theory uncertainties
may need to be included when translating to one of the commonly
used mass definitions, such as the MS top mass [12, 13].

Future e+e− collider can determine mMS
t from a threshold scan at√

s ∼ 2mt, with a statistical precision of much less than 50 MeV [2].
This method requires precise prediction for the tt̄ production cross sec-
tion near threshold. The currently most precise result includes NNNLO



Theory Needs for Future e+e− Colliders 931

QCD and NNLO EW corrections in non-relativistic perturbation the-
ory [14, 15]. The estimated uncertainty on mt from missing higher
orders is about 50 MeV. Additional uncertainties arise from the input
value for αs (see below) and from the translation to the MS mass def-
inition. With future theory efforts and a measurement precision for
αs of δαs . 0.0002, the combined theory uncertainty for mt can be
reduced to less than 50 MeV [8]. In addition, these calculations for the
total e+e− → tt̄ cross section need to be matched to a Monte-Carlo
event generator to account for experimental acceptances and selection
cuts [16, 17].

— mb, mc: The bottom and charm quark masses are important inputs
for computing Higgs branching fractions. They can be extracted from
quarkonia spectra with the help of lattice QCD calculations, with cur-
rent uncertainties of δmb ∼ 30 MeV and δmc ∼ 25 MeV, respec-
tively [18]. It is estimated that the lattice errors can be reduced to the
level of δmb ∼ 13 MeV and δmc ∼ 7 MeV [19].

— mH : The Higgs mass can be measured from the final-state kinematics
of e+e− → HZ at

√
s ∼ 240 GeV with a precision of 10. . . 20 MeV.

Theory uncertainties, e.g. from final-state radiation, are subdominant.

— αs: The strong coupling is determined through a variety of different
methods. The current most precise approach is based on lattice QCD
calculations. Two recent studies yield

Lattice: αs = 0.1185± 0.0008 [20] , (1)
αs = 0.1172± 0.0011 [21] . (2)

The achievable precision is limited by systematic lattice errors, which
are difficult to evaluate comprehensively.
Alternatively, αs can be determined from event shape variables for
e+e− → jets, from deep inelastic scattering, from τ decays, and from
EWPOs, in particular the branching ratio R` ≡ Γ [Z → had.]/Γ [Z →
`+`−] (` = e, µ, τ). The last method has the advantage that it has neg-
ligible QCD uncertainties (both perturbative and non-perturbative).
A future measurement of δR` ∼ 0.001 [2] would translate to δαs ∼
0.0001. However, this translation requires the inclusion of electroweak
corrections at the 3-loop and leading 4-loop level to match this preci-
sion.
Furthermore, one should keep in mind that R` and other Z decay
quantities are intended to be used to probe possible BSM effects. Such
BSM contributions, if they exist, would spoil the determination of αs.
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— ∆α: Due to fermion loop corrections, the electromagnetic fine-structure
constant α(Q2) depends on the momentum transfer Q2, leading to a
shift ∆α ≡ 1 − α(0)/α(m2

Z). While the contribution from leptons
can be computed reliably in perturbation theory [22, 23], the quark
contribution is non-perturbative. It can be determined from data for
the cross section for e+e− → hadrons using a dispersion integral, with
a current uncertainty of δ(∆αhad) ∼ 10−4 [24–26]. Future data from
BES III, VEPP and Belle II may reduce this uncertainty to about
5× 10−5 [24].

With sufficiently high luminosity, a future e+e− collider could directly
determine α(m2

Z) from measurements of the forward–backward asym-
metry AµµFB at two center-of-mass energies

√
s = mZ ± 3 GeV. Since

these energies are slightly off the Z peak, there are sizeable γ–Z inter-
ference contributions (compared to the dominant Z–Z term) and thus
they are sensitive to α(m2

Z) via the photon s-channel contribution.
At FCC-ee, an experimental precision of δ(∆α) ∼ 3 × 10−5 could be
achieved this way [27]. To match the experimental precision, 2-loop
and leading 3-loop corrections to the process e+e− → µ+µ− will need
to be taken into account [8].

3. EWPOs: Z pole and W mass

In the following, we will focus on an important group of EWPOs that
include various properties of the Z boson, as well as the W -boson mass.

From measurements of the cross section for e+e− → ff̄ near
√
s ∼ mZ ,

one can extract the following (see also Fig. 1):

— The Z-boson mass, mZ , and total width, ΓZ =
∑

f Γf (Γf is the
partial width for Z → ff̄).

— Branching fractions BRf = Γf/ΓZ (f = e, µ, τ, b, c, had.).

— The peak cross section σ0
f ≈

12πΓeΓf(
s−m2

Z

)
+m2

ZΓ
2
Z

∣∣∣∣
s=m2

Z

=
12π

m2
Z

BReBRf .

All of these quantities can be written in terms of the partial widths Γf ∝
(gfL)2 + (gfR)2, where gfL,R are the effective couplings of the Z boson to left-
and right-handed fermions, respectively.

To determine gfL and gfR independently, one needs to combine these quan-
tities with measurements of different asymmetries:
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Fig. 1. Sketch of the Z-pole cross section as a function of center-of-mass energy
with (dashed blue) and without (solid black) initial-state QED radiation effects.
The background contribution to the latter from photon exchange and box diagrams
is shown separately (green dotted).

— The forward–backward asymmetry

AfFB =
σF − σB

σF + σB
=

3

4
AeAf ,

where σF ≡=
∫ 1

0 d cos θ dσ
d cos θ , σB ≡=

∫ 0
−1 d cos θ dσ

d cos θ .

Here, Af =
2(1−4 sin2 θfeff)

1+(1+4 sin2 θfeff)2
can be written in terms of the effective

weak mixing angle sin2 θfeff , which in turn can be expressed through

the effective couplings, viz. sin2 θfeff =
gfR

2|Qf | (gfR−g
f
L)
.

— With a polarized electron beam, one can obtain a left–right asymmetry,
ALR = 1

Pe

σL−σR
σL+σR

= 1
Pe
Ae, where Pe is the polarization degree.

— For τ+τ− final states, one can also reconstruct the average tau polar-
ization asymmetry, 〈Pτ 〉 = −Aτ .

The above expressions for the cross section, branching ratios and asym-
metries are valid only for the leading Z-pole contribution to the process
e+e− → ff̄ .
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The full expressions are given by

σfull
f = Rini

(
s, s′

)
⊗ σdeconv

f , (3)

σdeconv
f = σZf + σbkgd

f , (4)

σZf =
R(

s−M2
Z

)2
+M2

ZΓ
′2
Z

+ σZf,non−res , (5)

where Rini(s, s
′) accounts for initial-state radiation through a convolution

integral, σbkgd
f includes background contributions from photon exchange,

photon–Z interference and box diagrams, and (5) expands the Z-exchange
contribution into a leading pole term and a non-resonant remainder.

Note thatMZ and Γ ′Z defined as in (5) differ from the commonly reported
values for mZ , ΓZ , according to the relations [28]

MZ = mZ

(
1 + Γ 2

Z/m
2
Z

)−1/2 ≈ mZ − 34MeV ,

Γ ′Z = ΓZ
(
1 + Γ 2

Z/m
2
Z

)−1/2 ≈ ΓZ − 0.9MeV .
(6)

Rini(s, s
′) can be computed as an expansion in collinear logarithms, which are

known up to sixth logarithmic order [29]. σbkgd
f and σZf,non−res are currently

known at NLO (see e.g. Ref. [30]), but these calculations have not been
performed in a consistent pole expansion framework, in line with (5). In
addition, for FCC-ee/CEPC precision, leading NNLO effects may need to
be included.

Another important EWPO is the W -boson mass, mW , since its direct
measurement can be compared to its computed value (within the SM or
a BSM theory) from the Fermi constant Gµ. Its currently most precise
determination is obtained at hadron colliders (LHC and TeVatron), with a
combined precision of δmW ∼ 12 MeV [11]. Future e+e− colliders can make
high-precision measurements of mW (and the width ΓW ) from a threshold
scan at

√
s ∼ 2mW .

To adequately describe the cross section for e+e− → W+W− from the-
ory, one must account for the fact that near threshold some radiative cor-
rections are enhanced by factors of β−1 and lnβ, where β is the W -boson
velocity, β ∼

√
1− 4(m2

W − imWΓW )/s ∼
√
ΓW /mW . In addition, non-

resonant contributions (with off-shell W s) are also important.
There are two main approaches to deal with these difficulties: One

possibility is to compute the full process e+e− → f1f̄2f3f̄4, including the
W decays and all non-resonant diagrams. This process has been computed
at full one-loop order [31]. However, for the anticipated precision at FCC-
ee/CEPC, two-loop corrections must be included, which would be very chal-
lenging for a 2→ 4 process.
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An alternative approach makes use of a non-relativistic effective theory
based on the power counting α ∼ ΓW /mW ∼ β2 [32]. Including NLO
corrections and NNLO Coulomb-enhanced corrections in this framework,
the theoretical error on the threshold determination of mW is estimated to
be δthmW ∼ 3 MeV [33]. This could be improved by including full 2-loop
calculations of the building blocks e+e− →W+W− andW → ff̄ ′, as well as
higher-order initial-state radiation and Coulomb-enhanced effects, resulting
in δthmW . 0.6 MeV [34].

To probe the presence of new physics in EWPOs, the values determined
from experimental data (as described above) need to be compared to theoret-
ical SM predictions. For a few sample quantities, Table I shows a comparison
of the current experimental precision to the projected precision achievable
at CEPC and FCC-ee. Also shown are the current and projected theory
uncertainties for the SM predictions.

TABLE I

Uncertainties for the determination of a few sample EWPOs from current data [11]
and as projected for CEPC [3] and FCC-ee [2] (rows 2–4), as well as for the the-
oretical prediction of these quantities within the SM [8] (rows 5–8). In addition
to the theory error estimate from existing calculational results (row 5), the table
shows an estimate for the improvement if about one more order of perturbation
theory becomes available (row 6). Also shown are the projected parametric errors
due to input quantities needed for the theoretical SM prediction (rows 7, 8). Note
that mW is predicted from the Fermi constant Gµ, which is extracted from the
muon decay rate with a very small uncertainty, which has been neglected here.

mW ΓZ Rb sin2 θ`eff

[MeV] [MeV] [10−5] [10−5]

Current exp. 12 2.3 66 14
CEPC direct 1.0 0.5 4.3 2.3
FCC-ee direct 0.7 0.1 6.0 0.5

Current th. error 4 0.4 10 4.5

Future th. scen. 1 0.15 5 1.5

CEPC param.1 2.1 0.15 < 1 2

FCC-ee param.2 0.6 0.1 < 1 1

1 δmt = 600 MeV, δαs = 0.0002, δmZ = 0.5 MeV, δ(∆α) = 5× 10−5 .
2 δmt = 50 MeV, δαs = 0.0002, δmZ = 0.1 MeV, δ(∆α) = 3× 10−5 .
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The SM predictions are affected by two types of uncertainties: The first
source is due to missing higher-order corrections. The current state-of-the-
art for the quantities shown in Table I includes full two-loop corrections
and yt-enhanced higher-order corrections, where yt is the top Yukawa cou-
pling (see Refs. [35–39] and references therein). The estimated error of these
results is clearly significantly larger than the target precision of CEPC or
FCC-ee. If the theory predictions are improved by computing 3-loop cor-
rections with closed fermion loops and yt-enhanced 4-loop corrections, the
perturbative theory error would become comparable to the CEPC/FCC-ee
experimental accuracy [8] (“future th. scen.” in Table I).

The second source of error for the SM predictions is due to the input
parameters needed for the numerical evaluation of these predictions. The
projected precision for these input parameters at CEPC and FCC-ee mainly
differ due to the following aspects: (a) The default CEPC plan does not
include a run at the tt̄ threshold, so that mt would need to be taken from
LHC. In Table I, the LHC uncertainty has been slightly inflated to account
for the calibration and conversion of the theoretical top mass definition.
(b) Due to its higher luminosity, it is expected that FCC-ee can achieve a
much higher precision for mZ and determine ∆α directly from AµµFB (see the
previous section).

One can see from the numbers in the table that precise determinations
of these inputs parameters are equally important as improvements in the
measurement of EWPOs themselves.

4. HPOs: Higgs decay and production

For a more detailed discussion of this topic, see e.g. Refs. [8, 19]. The
current state-of-the-art of SM prediction for Higgs decay is as follows:

— h → bb: For Higgs decays to quarks, O(α4
s ) QCD corrections [40],

NLO electroweak corrections [41, 42], and mixed QCD-electroweak
O(ααs) [43] are known, as well as yt-enhanced two-loop O(α2) cor-
rections [44]. The latter are found to be small and other electroweak
two-loop corrections may be of similar size. The error from miss-
ing higher-order contributions is estimated to be less than 0.4%. By
including full two-loop corrections, which is possible with existing cal-
culational methods, it may be further reduced to about 0.2%.

The most important input parameters for the SM prediction are mb

and αs. Assuming future uncertainties of δmb ∼ 13 MeV and δαs ∼
0.0002, the impact on Γh→bb is ∼ 0.6%.
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— h → ττ : Compared to h → bb, higher order corrections are smaller
since there are no QCD effects at LO and NLO. With the inclusion
of full two-loop corrections, the theory error is expected to be below
0.1%. The parametric error is negligible.

— h → WW ∗/ZZ∗ → 4f : While the complete NLO corrections for
the h → 4f process have been computed [45], higher order O(α2),
O(ααs) and O(αα2

s ) are only known in the large-yt limit [46–49]. The
effect of the latter is small (0.2%). Overall, the theory error from
missing complete NNLO corrections is estimated to be about 0.5%.
For sufficiently inclusive treatment of the final state, the NNLO QCD
effects are expected to be calculable based on existing calculational
approaches. This would reduce the theory error to about 0.3%. The
most important parametric uncertainty is due to the Higgs mass. An
uncertainty of δmH ∼ 10 MeV would have an impact of ∼ 0.1% on
Γh→4f .

Besides the total decay rate, various distributions of the four-fermion
final states are also important for constraining BSM physics. An accu-
rate description of these distributions requires the implementation of
the corrections in a Monte-Carlo event generator (see e.g. Ref. [45]).

— h → gg: This decay is mediated by a one-loop process at LO. QCD
corrections are known up to O(α2

s ) for the full process [50] and O(α3
s )

for the leading large-yt contribution [51, 52]. The two-loop NLO elec-
troweak corrections have also been computed [53, 54]. The theory
uncertainty is dominated by missing higher-order QCD corrections.
Computing the O(α4

s ) contribution in the large-yt limit, which may
be within reach with existing calculational methods, would reduce the
theory error to about 1%. The SM prediction also strongly depends
on the uncertainty of αs. An uncertainty of δαs ∼ 0.0002 translates
into δΓh→gg ∼ 0.5%.

— h → γγ: This process is also loop-induced at LO, but does not have
any final-state QCD contributions. Therefore, both the perturbative
uncertainty and the parametric error are very small (< 1%).

Table II summarizes the above information and compares it to the ex-
pected experimental precision at FCC-ee and CEPC for the determination
of the effective squared couplings, g2

HXX .
The main production processes for Higgs bosons at e+e− colliders with√

s ∼ 240 GeV are e+e− → hZ and e+e− → hνν̄ (WW fusion). The latter
contributes at the few-percent level.



938 A. Freitas

TABLE II

Projected precision for the determination of several Higgs squared couplings, g2
HXX ,

from Higgs decay measurements at CEPC and FCC-ee, compared to estimates of
the uncertainties of the SM predictions from current and projected future theo-
retical calculations. Also shown are the projected parametric errors due to input
quantities needed for the theoretical SM prediction.

bb̄ τ+τ− WW ∗/ZZ∗ gg γγ

CEPC direct 2.0% 2.4% 2.2% 2.4% 3.2%
FCC-ee direct 0.8% 1.1% 0.4% 1.6% 3.0%

Current th. error < 0.4% < 0.3% 0.5% 3% < 1%

Future th. scen. 0.2% < 0.1% 0.3% 1% < 1%

Future param. error 0.6% — 0.1% 0.5% —

The one-loop corrections to the dominant production process, e+e− →
hZ, have been computed a long time ago for an on-shell final-state Z boson
[55, 56]. Since the Z width is relatively large, it is desirable to have O(α)
corrections also for the full process e+e− → hff̄ , including Z production
and decay and off-shell Z contributions. This calculation has been carried
out for f = e [57] and f = ν [58, 59], and could also be straightforwardly
done for other final states.

More recently, the O(ααs) two-loop corrections have been computed
[60, 61]. The theoretical uncertainty, mainly from missing two-loop elec-
troweak corrections, is estimated to amount of about 1%. If the full two-loop
corrections to e+e− → hZ become available, this error should be reduced to
less than 0.3%. Parametric uncertainties are very small since the LO cross
section involves particles (e, Z, h) whose masses can be precisely measured
and that have only electroweak interactions.

Similarly, the NLO corrections to theWW fusion process are known [57].
The calculation of O(ααs) corrections should be possible with the techniques
used in Refs. [60, 61]. Other higher orders may contribute at the level
of O(1%), which is an acceptable theory error for measurements at

√
s ∼

240 GeV. However, for
√
s ≥ 500 GeV, where the WW -fusion cross section

is significantly larger, additional higher-order corrections will need to be
included, in particular terms that are enhanced by electroweak Sudakov
logarithms.

5. Calculational techniques

Beyond the one-loop level, there is currently no standard technique that
works for any physical process. The complexity of the problem increases
with the number of loops, the number of external legs, and the number of
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independent mass and momentum scales that appear in the loops. Different
techniques have been developed and applied to a specific class of problems,
but they may not work for other applications.

For corrections that involve few different mass scales (such as QCD cor-
rections), analytical techniques are very effective. They proceed in two steps:
First, the full set of multi-loop integrals that appear for a certain physi-
cal process are reduced to a small set of master integrals with the help of
integration-by-parts identities and other identities [62–64]. There are sev-
eral public programs that can perform this task [65–68], but for very com-
plicated problems, they need large amounts of computing time and memory.
The master integrals can then be evaluated using several methods, with the
differential equation method [69–71] being the most commonly used one.
The final analytical results can be expressed in terms of generalized har-
monic polylogarithms [72, 73], and elliptic polylogarithms [74, 75], but for
generic two-loop and higher-order integrals, additional special functions may
be needed.

For applications with more independent mass scales, one can perform an
expansion of the loop integrals before integration [76, 77]. The series expan-
sion contains simpler integrals (which fewer scales) in its coefficients. This
works most effectively if one can take advantage of a large mass ratio, e.g.
m2
Z/m

2
t ≈ 1/4. It has the advantage that the expansion coefficients can be

computed analytically, thus permitting fast numerical evaluation of the final
results. However, the computation of the expansion itself may be very com-
plex and resource intensive. In addition, the series may not always converge
very well, in particular if multi-variable expansions are required. There are
a few public programs that perform certain classes of expansions [78, 79].

On the other hand, numerical integration methods do not have any con-
ceptual limitation in the number of mass scales or external momenta. How-
ever, any UV and IR divergencies need to be separated before the numerical
integration. There are two generic methods that have been implemented in
public programs, sector decomposition [80–82] and Mellin–Barnes represen-
tations [83–85]. However, the multi-dimensional numerical integrals often
converge slowly and require large amounts of computing time. In addition,
cases with internal thresholds and pinched contours can lead to numerical
instabilities.

For a particular set of loop topologies, it may be possible to find low-
dimensional integral representations that can be evaluated robustly and
with modest amounts of computing time. These techniques are typically
restricted to a limited class of applications, and they are difficult to fully
automatize, but they have advantages in speed and numerical precision and
accuracy. A recent example is a technique proposed in Ref. [86] for the
evaluation of two-loop double boxes that appear in the NNLO correction to
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e+e− → hZ. This method uses Feynman parameters and dispersion rela-
tions to write one of the two loops in a form such that it effectively factorizes
from the other loop. The latter can then be evaluated with the standard
one-loop Passarino–Veltman reduction [87, 88]. In the end, one obtains
3-dimensional numerical integrals that can be evaluated to permille preci-
sion within minutes on a single CPU core.

6. Summary

Precision studies of electroweak and Higgs physics at future e+e− col-
liders (so-called “Higgs factories”) crucially depend on theoretical inputs for
higher-order radiative corrections. For Higgs and W -pair production, elec-
troweak NNLO corrections for 2 → 2 scattering processes will be needed.
Corrections at this order are also desirable for Higgs decays, but should
be relatively straightforward to compute. Furthermore, N4LO QCD correc-
tions for Higgs-to-gluon decays are important. These fixed-order calculations
also need to be matched to Monte-Carlo tools to simulate experimental ac-
ceptances and selection cuts [1]. It is still an open question whether it is
also necessary to include NLO corrections for various backgrounds, such as
e+e− → `+`−bb̄, e+e− → νν̄bb̄, etc. The technology for computing such
processes at NLO exists, but additional work will be needed to make these
results available in suitable tools.

For Z-pole electroweak studies, 3-loop electroweak and mixed electro-
weak-QCD corrections to the Zff̄ will be needed, as well as leading
4-loop effects that are enhanced by the top Yukawa coupling. Matching
these higher-order loop corrections to a QED Monte-Carlo program is an
intricate problem, in particular for QED initial–final interference (IFI) con-
tributions [1].

To fully exploit the scope of these precision measurements, the uncer-
tainties of other SM input parameters (αs, mt,b,c, α(m2

Z), . . . ) also must
be reduced. On the theory side, this requires improvements of both pertur-
bative and non-perturbative uncertainties. On the experimental side, the
required high-statistics data may be obtained through complementary ef-
forts at the Higgs factories themselves and at other facilities (Belle II, BES
III, . . . ).
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