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Quantum features of the baryon number fluctuations in subsystems of
a hot and dense relativistic gas of fermions are analyzed. We find that the
fluctuations in small systems are significantly different compared to their
values known from the statistical physics, and diverge in the limit where
the system size goes to zero. The numerical results obtained for a broad
range of the thermodynamic parameters expected in heavy-ion collisions
are presented. They can be helpful to interpret and shed new light on the
experimental data.
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1. Introduction

Statistical fluctuations in many-body systems (microscopic as well as
macroscopic ones) play a very important role in physics as they encode cru-
cial information about possible phase transitions, dissipation, and clustering
phenomena [1–6]. An unexplored novel feature of the fluctuations is their
increase for small systems in the cases where the quantum effects become
important. Such effects have been analyzed quantitatively in our two recent
papers [7, 8], where we addressed the fluctuations of the energy density in a
hot gas of bosons and fermions. Our results indicate limitations of the con-
cept of the fluid elements used in relativistic hydrodynamics applied in the
description of heavy-ion collisions. As the size of a subsystem drops below
about 0.5 fm, the energy density fluctuations (for typical values of temper-
atures and particle masses) become so large that they are comparable with
their mean values. In this case, the physical picture of fluid cells with well-
defined energy density becomes unjustified. An interesting feature of our
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calculations [7, 8] is that not only fluctuations diverge for the subsystem
with size approaching zero, but also quantum statistical fluctuations agree
with thermodynamic fluctuations if the subsystems become sufficiently large
[7, 8]. In this way, our approach incorporates quantum features into statis-
tical mechanics in a very natural way.

In the present work, following similar ideas to that developed in [7, 8],
we discuss fluctuations of the baryon number density in a hot and dense
relativistic gas of fermions. Our analysis is relevant for relativistic heavy-ion
physics, in particular, in the context of the beam energy scan (BES). Hunt
for the conjectured critical endpoint in the QCD phase diagram has triggered
vast theoretical and experimental studies of many fluctuation observables.
For example, one studies fluctuations of the conserved quantum numbers in
QCD, such as the baryon number, electric charge, or strangeness. They all
provide an excellent opportunity to study the critical phenomena [9–16].

Following our previous framework [7, 8], we consider the fluctuation of
the baryon number1 in the subsystem Sa of the thermodynamic system SV
described by the grand canonical ensemble characterized by the temperature
(T ) (or its inverse β = 1/T ) and the baryon chemical potential (µB). The
volume V of the larger system SV is larger than the characteristic volume
of the subsystem Sa. We derive a compact formula that defines quantum
fluctuations of the baryon number operator in subsystems of a hot and dense
relativistic gas. Then we apply this formula to get physical insights into
situations expected in relativistic heavy-ion collisions. In the calculation,
we use the metric tensor with the signature (+1,−1,−1,−1). To denote the
scalar product of both four- and three-vectors a dot is used, i.e., aµbµ =

a · b = a0b0 − a⃗ · b⃗.
The structure of the paper is organized as follows: We start with intro-

ducing the basic concepts and definitions in Sec. 2, where we also derive the
expression for baryon number density fluctuation. Subsequently, in Sec. 3,
we discuss the thermodynamic limit of baryon number density fluctuation.
The numerical results of the baryon number density fluctuations are pre-
sented in Sec. 4. Finally, in Sec. 5, we interpret and summarize our results.

1 Event-by-event fluctuations of conserved quantities such as the net baryon number
can be argued to be a possible signal of the QGP formation and quark–hadron phase
transition [17, 18]. Therefore, exploring different theoretical aspects relevant to the
baryon number fluctuation is important. Moreover, recent advances in probing the
small systems produced in heavy-ion collision experiments also demand a consistent
theoretical framework where finite-size effects on various fluctuations can be esti-
mated quantitatively. To meet such expectations in the present investigation, we
consider baryon number fluctuation using spatially smeared or spatially averaged
quantum field theory operator to obtain the system size scaling of the fluctuations.
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2. Basic concepts and definitions

We consider a system of spin-1/2 particles described by the quantum
Dirac field in thermal equilibrium. The field operator is expressed in the
standard way as [19]

ψ (t, x⃗ ) =
∑

r

∫
dK√
2ω

k⃗

(
Ur

(
k⃗
)
ar

(
k⃗
)
e−ik·x + Vr

(
k⃗
)
b†r

(
k⃗
)
eik·x

)
, (1)

where we use the notation dK ≡ d3k/(2π)3, while ar(k⃗) is the annihilation
operator for particles and b†r(k⃗) is creation operator for antiparticles. The
polarization degree of freedom is represented by the index r. The fermionic
operators ar(k⃗) and b†r(k⃗) satisfy the canonical anticommutation relations,
{ar(k⃗), a†s(k⃗′)}=(2π)3δrsδ

(3)(k⃗−k⃗′) and {br(k⃗), b†s(k⃗′)}=(2π)3δrsδ
(3)(k⃗−k⃗′).

All the other operators anticommute with each other. The Dirac spinors
Ur (k⃗) and Vr (k⃗) have normalization Ūr (k⃗)Us (k⃗) = 2mδrs and V̄r (k⃗)Vs(k⃗) =

−2mδrs, and the quantity ω
k⃗
=
√
k⃗2 +m2 is the energy of a particle.

To perform thermal averaging of quantum operators, it is sufficient to
know the thermal expectation values of the products of two and four creation
and/or annihilation operators (for both particles and antiparticles) [20–22]
〈
a†r

(
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)
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(
k⃗′
)〉
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(
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f
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, (2)

〈
a†r

(
k⃗
)
a†s

(
k⃗′
)
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(
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(
δrs′δr′sδ

(3)
(
k⃗−p⃗ ′

)
δ(3)

(
k⃗′−p⃗

)

−δrr′δss′δ(3)
(
k⃗−p⃗

)
δ(3)

(
k⃗
′
−p⃗ ′

))
f
(
ω
k⃗

)
f
(
ω
k⃗′

)
. (3)

Here, f(ω
k⃗
) = 1/(exp

(
β(ω

k⃗
− µB)

)
+ 1) is the Fermi–Dirac distribution

function for particles. For antiparticles, the Fermi–Dirac distribution func-
tion differs by the sign of the baryon chemical potential µB, i.e. f̄(ω

k⃗
) =

1/(exp
(
β(ω

k⃗
+ µB)

)
+ 1). Using the anticommutation relations for ar(k⃗),

a†r(k⃗), br(k⃗), and b†r(k⃗), any other combination of two and four creation
and/or annihilation operators can be obtained from Eqs. (2) and (3).

Following Ref. [23], we define the baryon number density operator Ĵ 0
a , as-

sociated with the conserved baryon current in a subsystem Sa using a smooth
Gaussian profile placed at the origin of the coordinate system, namely

Ĵ 0
a =

1

(a
√
π )

3

∫
d3x⃗ Ĵ 0(x) exp

(
− x⃗

2

a2

)
, (4)

where Ĵ 0 = ψ†ψ. To remove any possible sharp-boundary effects, we con-
sider the smooth profile with a length scale a instead of a cubic box2. The

2 Note a similar use of a Gaussian slit by Feynman in Ref. [24].
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thermal expectation value of the normal ordered operator : Ĵ 0
a : is denoted

as ⟨: Ĵ 0
a :⟩. Here, standard normal ordering procedure has been introduced

to remove an infinite vacuum part coming from zero-point contributions. To
determine the baryon number fluctuation of the subsystem Sa, we consider
the variance

σ2(a,m, β, µB) =
〈
: Ĵ 0

a :: Ĵ 0
a :
〉
−
〈
: Ĵ 0

a :
〉2

, (5)

and the normalized standard deviation as

σn(a,m, β, µB) =

(〈
: Ĵ 0

a :: Ĵ 0
a :
〉
−
〈
: Ĵ 0

a :
〉2)1/2

〈
: Ĵ 0

a :
〉 . (6)

Using the Fourier mode expansion of the Dirac field operator as given
by Eq. (1), the normal ordered operator : Ĵ 0

a : can be obtained as

: Ĵ 0
a : =
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r,s
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. (7)

Using the thermal averaging of two creation and/or annihilation operators
as given by Eq. (2), the thermal expectation value of : Ĵ 0

a : has the form of

〈
: Ĵ 0

a :
〉
= 2

∫
dK
[
f
(
ω
k⃗

)
− f̄

(
ω
k⃗

) ]
. (8)

This expression agrees with the standard kinetic-theory definition with the
factor of 2 accounting for the spin degeneracy.
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In the next step, using the thermal averaging of four creation and/or
annihilation operators as given by Eq. (3), we obtain

σ2 (a,m, β, µB) =
〈
: Ĵ 0
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a :
〉
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: Ĵ 0
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〉2
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))
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) (
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(
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))]
. (9)

Although normal ordering removes unwanted vacuum contribution to the
baryon number density operator, it is not sufficient to remove all the vacuum
divergences in all composite operators. Therefore, following Refs. [7, 8], we
discard a divergent temperature and chemical potential independent vacuum
term that originally appears in Eq. (9). Equation (9) is the main result which
represents a fluctuation of the baryon number density in the subsystem Sa.
Note that in Eqs. (8) and (9), the spin and particle–antiparticle degrees of
freedom are included. If we take into account the degeneracy factors (g)
due to other internal degrees of freedom, then we should do the following
replacements: ⟨: Ĵ 0

a :⟩ → g⟨: Ĵ 0
a :⟩ and σ2 → gσ2 [7, 8].

3. Thermodynamic limit

Before we turn to a discussion of our numerical results based on Eq. (9),
it is important to analyze the thermodynamic limit of σ2(a,m, β, µB). Since
Sa is a subsystem of the system SV , the thermodynamic limit can be achieved
by considering the a→ ∞ limit (still with a3 ≪ V ). In the thermodynamic
limit, quantum fluctuation as obtained here should reduce to the expression
for the classical statistical fluctuation. To obtain the classical limit of the
fluctuations, we look into the susceptibilities describing fluctuations in the
baryon number obtained for thermal and chemical equilibrium [25]

χ
(B)
l =

∂l
(
P/T 4

)

∂ (µB/T )
l

∣∣∣∣
T

. (10)

Here, P denotes the thermodynamic pressure. Susceptibilities can also be
related to the cumulants of the distribution of baryons, e.g.,

χ
(B)
1 =

1

V T 3
⟨NB⟩ =

1

T 3

⟨NB⟩
V

=
nB
T 3

,

χ
(B)
2 =

1

V T 3

〈
(△NB)

2
〉
=

1

V T 3

〈
(NB − ⟨NB⟩)2

〉
. (11)
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Here, nB ≡ NB/V is the net baryon number density. Equation (11) also
implies that

V
〈
(nB − ⟨nB⟩)2

〉
= T 3χ

(B)
2 . (12)

Using Eq. (10), the susceptibility χ
(B)
2 can also be obtained by taking the

appropriate derivative of the thermodynamic pressure. The thermodynamic
pressure at finite temperature and baryon chemical potential can be ex-
pressed as [25]

P

T 4
=

2g

T 3

∫
dK
[
ln

(
1+exp

(
−
ω
k⃗
− µB

T

))
+ ln

(
1+exp

(
−
ω
k⃗
+ µB

T

))]
.

(13)
Using Eqs. (10) and (13), we can easily find

χ
(B)
1 =

∂
(
P/T 4

)

∂ (µB/T )

∣∣∣∣
T

=
2g

T 3

∫
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[
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)
− f̄

(
ω
k⃗

)]

=
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(14)

and

χ
(B)
2 =

∂2
(
P/T 4

)

∂ (µB/T )
2

∣∣∣∣
T

=
2g

T 3

∫
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[
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(
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) (
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(
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k⃗

))
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1− f̄

(
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))]
. (15)

Therefore, we can write

T 3χ
(B)
2 = V

〈
(nB − ⟨nB⟩)2

〉

= 2g

∫
dK
[
f
(
ω
k⃗

) (
1− f(ω

k⃗
)
)
+ f̄

(
ω
k⃗

) (
1− f̄

(
ω
k⃗

))]
. (16)

In the large volume limit, Eq. (9) should be consistent with Eq. (16). This
can be verified using the Gaussian representation of the three-dimensional
Dirac delta function

δ(3)
(
k⃗ − k⃗′

)
= lim

a→∞

a3

(2π)3/2
e−

a2

2 (k⃗−k⃗′)
2

. (17)



Quantum Baryon Number Fluctuations in Subsystems of a Hot . . . 7-A5.7

This leads us to the following expression:

lim
a→∞

a3(2π)3/2
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(
ω
k⃗′
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(
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(
ω
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) (
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(
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(
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hence,

lim
a→∞

Va

[〈
: Ĵ 0

a :: Ĵ 0
a :
〉
−
〈
: Ĵ 0

a :
〉2]

= T 3χ
(B)
2 , (19)

where Va = a3(2π)3/2 may be identified as the volume of the “Gaussian”
subsystem Sa. Here, we emphasize that the volume scaled fluctuation Vaσ2,
where σ2 is given in Eq. (9), and the volume scaled baryon number fluctu-
ation as given in Eq. (16) differs due to the quantum nature of fluctuation
for small system sizes. In the large volume limit, quantum effects are not
significant and the volume scaled fluctuation Vaσ2 reproduces the standard
statistical fluctuation T 3χ

(B)
2 .

4. Numerical results

Our main result describing fluctuations of the baryon number density in
a hot and dense gas of baryons is represented by Eq. (9). By straightfor-
ward numerical integration, we can obtain the results for any subsystem of
size a, temperature T , baryon chemical potential µB, and particle mass m.
In Figs. 1, 2, and 3, we show the variation of the normalized fluctuation σn
as defined in Eq. (6) with the subsystem size a for different values of temper-
ature, baryon chemical potential, and mass, respectively. Keeping in mind
the relativistic heavy-ion collisions in the regime where large baryon number
densities are expected, we consider the following range of the parameters:
100 MeV≤T ≤250 MeV, 300 MeV≤µB≤900 MeV and 0≤m≤1000 MeV.
The internal degeneracy factor is taken to be g = 10.
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Figures 1, 2, and 3 show that the normalized fluctuation σn decreases
with the increase in the size of the subsystem Sa, which is the expected
behavior of fluctuations. Furthermore, for small system size, the fluctuation
is substantially large, which is the manifestation of the quantum mechan-
ical behavior. We note that a priori there is no restriction on a, small a
means that the system is probed in a very small volume. Due to uncertainty
relation, particles in such a small volume have large fluctuations (and, con-
sequently, large values) of their momenta and energies. This leads to the
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Fig. 1. Variation of normalized fluctuation σn in the subsystem Sa with the scale a
for different values of the temperature T and fixed particle massm = 1000 MeV and
baryon chemical potential µB = 400 MeV. One may observe that with increasing
temperature the normalized fluctuation σn decreases.
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Fig. 2. Variation of normalized fluctuation σn in the subsystem Sa with the scale a
for different values of the baryon chemical potential µB and fixed particle mass
m = 1000 MeV and temperature T = 150 MeV. With an increase in chemical
potential the normalized fluctuation σn decreases.



Quantum Baryon Number Fluctuations in Subsystems of a Hot . . . 7-A5.9

0

1

2

3

4

5

6

7

8

9

10

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

σ
n

a [fm]

m = 0
m = 500 MeV
m = 1000 MeV

µB = 400 MeV
T = 100 MeV
g = 10

Fig. 3. Variation of normalized fluctuation σn in the subsystem Sa with the scale a
for different values of the particle mass and fixed temperature T = 100 MeV and
baryon chemical potential µB = 400 MeV. From this figure, it is clear that σn
increases with mass of the particle.

phenomenon of pair creation and fluctuations observed in our analysis. From
our figures, it is clear that the normalized fluctuation σn decreases with an
increase in temperature and baryon chemical potential, however, σn is large
if the particle mass is large. We should mention that variation of σ with tem-
perature, baryon chemical potential, and mass is opposite to the variation
of σn (not shown here). σn can be considered as a dimensionless measure
of quantum fluctuation. If σn ≲ 1, then one may infer that the quantum
effects are small.

In Figs. 4, 5, and 6, we demonstrate the thermodynamic limit of the
volume scaled fluctuation Vaσ

2. From Eq. (19), we conclude that in the
thermodynamic limit, i.e., in the a → ∞ limit, Vaσ2/(T 3χ

(B)
2 ) should ap-

proach unity. This property can be seen clearly in Figs. 4, 5 and 6, where
for a > 1 fm quantum fluctuations approach the classical limit which also
depends upon the temperature (T ), baryon chemical potential (µB) and par-
ticle mass (m). Furthermore, for small system size, the quantum fluctuations
can be significant3.

3 In Figs. 4–6, we demonstrate that in the large volume limit, the volume scaled quan-
tum statistical fluctuation (Vaσ

2) approaches its classical limit (T 3χ
(B)
2 ). One may

observe from Figs. 4–6 that with smaller system sizes, the deviation of Vaσ
2 from its

classical limit (T 3χ
(B)
2 ) increases. In other words, the ratio Vaσ

2/(T 3χ
(B)
2 ) deviates

from unity for small values of a. Therefore, we can conclude that for small system
sizes effects of quantum fluctuations can be significant. One should also note that in
Figs. 4–6, we plotted the ratio Vaσ

2/(T 3χ
(B)
2 ). This ratio has a smaller value for the

a → 0 limit, however it does not mean that the quantum fluctuations are small for
the a → 0 limit.
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.
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5. Conclusion

In this work, we have analyzed quantum baryon-number fluctuations in
subsystems of a hot and dense relativistic gas of fermions and found that
they diverge for small system sizes. On the other hand, our results agree
with the results known from statistical physics for sufficiently large system
size a. In this way, we have delivered a useful formula that accounts for both
statistical and quantum features of the fluctuations. The numerical results
have been obtained for a broad range of thermodynamic parameters. They
may be useful to interpret and shed new light on the heavy-ion experimental
data. In particular, in the context of the search for the QCD critical point,
our results (after generalization to describe a hadron gas) may serve as a
more appropriate reference point in the case of small systems, where the
enhanced fluctuation may be a quantum effect discussed here.

We believe that the treatment of the quantum statistical fluctuation of
baryon number as given in the present study is very novel and its connec-
tion to experiments is of paramount importance. Therefore, our goal for
future analysis is to present a detailed study on how such fluctuations for a
spatially smeared operator can be probed experimentally using the observed
particle spectra. Note that due to the collective behavior of the strongly
interacting plasma, the position space fluctuations may be correlated with
the momentum space observables. Quantum statistical fluctuations can play
an important role in the dynamics of the net-baryon density in low-energy
collision experiments. To incorporate such effects of quantum fluctuations,
one may look into the stochastic dynamics of the net-baryon density which
become important near the QCD critical endpoint [26, 27]. Near the crit-
ical endpoint, the net-baryon density can exhibit diffusive dynamics, and
fluctuations in the net-baryon number are enhanced [28, 29]. Moreover,
non-equilibrium effects can become relevant due to the fast dynamics of
the expanding QCD medium. Fluctuations can also be coupled to the hy-
drodynamic models to obtain a dynamical evolution which can leave traces
of quantum fluctuations on the event-by-event distributions of net-baryon
number [30, 31].
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