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Based on the gauge transformation between the corresponding Lax pair,
we derive a Darboux transformation of the coupled massive Thirring sys-
tem. As an application, using the Darboux transformation and the reduc-
tion technique, various exact solutions for the coupled massive Thirring
system and the classical massive Thirring model are obtained, including
one-soliton solution, two-soliton solution, periodic solution, and others.
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1. Introduction

Soliton equations are important models describing nonlinear phenomena
that occur in nature and have many applications in various fields of physical
science such as nonlinear waves, nonlinear optics, plasma physics, and mag-
netic fluids [1–3]. In all sorts of soliton models, the massive Thirring model
was proposed firstly by Thirring to study some features of relativistic field
theories [4]. In [5, 6], authors gave the connection between the classical mas-
sive Thirring model and the sine-Gordon model. The connection has made
numerous research of the classical massive Thirring model been conducted
smoothly, like the quasi-periodic solutions by employing the theory of alge-
braic curves and the periodic problem [7], soliton solutions by the inverse
scattering transform [8], and multi-soliton solutions to the Thirring model
through the reduction method [9]. Recently, Darboux polynomial matrices
of the classical massive Thirring model has been obtained by introducing a
novel algorithm [10].
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It is known that the Darboux transformation is a powerful tool for solving
soliton equations. With the aid of all kinds of trivial solutions, the Darboux
transformation can produce another set of new solutions. This process can
be done continually and will usually yield a series of multi-soliton solutions
[11–14], which is its advantage over the inverse scattering transformation
[15], the direct method [16], the Bäcklund transformation [17], the algebro-
geometric method [18–22], and others [23–26]. The aim of the present paper
is to construct a Darboux transformation for the coupled massive Thirring
system

qx + 2i (ℓ0uv + β0) q + 2iα0u = 0 , rx − 2i (ℓ0uv + β0) r − 2iα0v = 0 ,
ut + 2iq + iα−1

0 (1− 2ℓ0)uqr = 0 , vt − 2ir − iα−1
0 (1− 2ℓ0) vqr = 0 ,

(1)
with the aid of a gauge transformation between the corresponding 2 × 2
matrix spectral problems, by which some explicit solutions of the coupled
massive Thirring system are given, where ℓ0, α0, and β0 are three real con-
stants. As a reduction, a Darboux transformation of the generalized classical
massive Thirring model can be written as

qx + 2i
(
ℓ0|u|2 + β0

)
q + 2iα0u = 0 ,

ut + 2iq + iα−1
0 (1− 2ℓ0)u|q|2 = 0 , (2)

and its explicit solutions are obtained. A systematic algebraic procedure is
given in detail to solve equations (1) and (2).

The present paper is organized as follow. In Section 2, based on the
introduced gauge transformation between two 2 × 2 spectral problems, we
derive a Darboux transformation with multi-parameters for the coupled mas-
sive Thirring system (1), from which the solutions of the coupled massive
Thirring system (1) are reduced to solving a linear algebraic system and
two first-order ordinary differential equations. In Section 3, as an applica-
tion of the Darboux transformation, we obtain various exact solutions of the
coupled massive Thirring system (1), such as one-soliton solution, periodic
solution, and plane wave solution. In Section 4, we arrive at a Darboux
transformation of the generalized classical massive Thirring model (2) by
means of the reduction technique. Furthermore, with the help of the Dar-
boux transformation, we obtain one-soliton and two-soliton solutions of the
generalized classical massive Thirring model (2).

2. Darboux transformation

In this section, we shall construct a Darboux transformation for the cou-
pled massive Thirring system (1), which can be derive from the compatibility
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condition
Ut − Vx + [U, V ] = 0 ,

between the 2× 2 matrix spectral problem

ψx = Uψ , U = i

(
λ− (ℓ0uv + β0)λu

v −λ+ (ℓ0uv + β0)

)
, (3)

and the auxiliary problem

ψt = V ψ , V = i

α0λ
−1 − 1− 2ℓ0

2α0
qr q

rλ−1 −α0λ
−1 +

1− 2ℓ0
2α0

qr

 ,

(4)
where ψ =

(
ψ1 ψ2

)T , u = u(x, t), v = v(x, t), q = q(x, t), r = r(x, t) are
four complex potentials with two real independent variables x and t, λ is
a constant spectral parameter, and ℓ0, α0, and β0 are three real constants
that are unrelated to λ. Especially, Eq. (1) can be reduced to Eq. (2) as
r = q∗ and v = u∗.

In order to derive a Darboux transformation of the coupled massive
Thirring system (1), we introduce a gauge transformation of the spectral
problems (3) and (4)

ψ̂ = Tψ , T =

(
A B
C D

)
, (5)

with

A = AN

(
λN +

N−1∑
k=0

Akλ
k

)
, B = AN

N∑
k=1

Bkλ
k,

C =
1

AN

N−1∑
k=0

Ckλ
k , D =

1

AN

(
λN +

N−1∑
k=0

Dkλ
k

)
,

where AN will be determined later. Let us assume that ϕ = (ϕ1, ϕ2)
T , φ =

(φ1, φ2)
T are two basic solutions of the spectral problems (3) and (4), and

let us define a linear algebraic system

N−1∑
k=0

Akλ
k
j + αj

N∑
k=1

Bkλ
k
j = −λNj ,

N−1∑
k=0

(Ck + αjDk)λ
k
j = −αjλ

N
j ,

(6)
with

αj =
ϕ2 (λj)− γjφ2 (λj)

ϕ1 (λj)− γjφ1 (λj)
, 1 ≤ j ≤ 2N , (7)
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where parameters λj (λj ̸= λk as k ̸= j) and γj are suitably chosen such as
the determinant of the coefficients for (6) are non-zero. Then Ak, Bk, Ck, Dk

(1 ≤ k ≤ N − 1), A0, BN , C0, D0 are uniquely determined by (6), and AN

will be given latter (see theorem 1 and theorem 2). It is easy to see from (6)
that (

λNj +
N−1∑
k=0

Akλ
k
j

)(
λNj +

N−1∑
k=0

Dkλ
k
j

)
=

N∑
k=1

N−1∑
l=0

BkClλ
k+l
j , (8)

which implies that λj ( 1 ≤ j ≤ 2N) are 2N roots of 2N th-order polynomial
detT . Hence, detT can be written as

detT =

(
λN +

N−1∑
k=0

Akλ
k

)(
λN +

N−1∑
k=0

Dkλ
k

)
−

N∑
k=1

N−1∑
l=0

BkClλ
k+l

=

2N∏
j=1

(λ− λj) . (9)

With the help of the gauge transformation (5), the spectral problems (3)
and (4) are transformed into the following spectral problems of ψ̂:

ψ̂x = Û ψ̂ , ψ̂t = V̂ ψ̂ , (10)

when λ ̸= λj ( 1 ≤ j ≤ 2N), where

Û = (Tx + TU)T−1 , V̂ = (Tt + TV )T−1 . (11)

It is not difficult to verify that λ = λj(1 ≤ j ≤ 2N) are removable iso-
lated singularities of Û and V̂ . Therefore, we can define Û and V̂ for all λ
by analytic continuation. As shown in Ref. [11], a gauge transformation
of a spectral problem is called a Darboux transformation of the spectral
problem if it transforms the spectral problem into another spectral problem
of the same type. In what follows, we are going to prove that the gauge
transformation (5) is a Darboux transformation of (3) and (4).

Theorem 1. Suppose that Ak, Bk, Ck, Dk(1 ≤ k ≤ N − 1), A0, BN , C0, D0

are uniquely given by (6), and AN is determined by the following first-order
ordinary differential equation

∂x lnAN = i (1− 2ℓ0) (uCN−1 − vBN − 2BNCN−1) . (12)

Then the matrix Û determined by the first equation of (11) has the same
form as U , i.e.

Û = i

(
λ− (ℓ0ûv̂ + β0) λû

v −λ+ (ℓ0ûv̂ + β0)

)
, (13)
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where the transformation formulations from the old potentials u, v into new
ones are given by

û = uA2
N − 2A2

NBN , v̂ =
v

A2
N

+
2CN−1

A2
N

. (14)

Transformation (5) and (14): (ψ, u, v) → (ψ̂, û, v̂) is a Darboux transforma-
tion of the spectral problem (3).

Proof. Let T−1 = T ∗/ detT and

(Tx + TU)T ∗ =

(
f11(λ) f12(λ)
f21(λ) f22(λ)

)
, (15)

It is obvious that f11(λ), f12(λ), λf21(λ), f22(λ) are (2N +1)th-order poly-
nomials in λ and the lowest order of f11(λ), f21(λ), f22(λ) is 0, the lowest
order of f12(λ) is 1. By using (3), (6), and (7), we arrive at

αj,x = −iλjuα
2
j − 2i [λj − (ℓ0uv + β0)]αj + iv ,

Ax(λj) = −Bx(λj)αj −B(λj)αj,x ,

Cx(λj) = −Dx(λj)αj −D(λj)αj,x , (1 ≤ j ≤ 2N) . (16)

It is easy to see that λj ( 1 ≤ j ≤ 2N) are roots of fst(λ) (s, t = 1, 2)
through (15) and (16). We have

(Tx + TU)T ∗ = (detT )P (λ) , P (λ) =

(
p
(1)
11 λ+ p

(0)
11 λp12

p21 p
(1)
22 λ+ p

(0)
22

)
,

(17)
where p(l)st and pst (s, t = 1, 2, l = 0, 1) are independent of λ. Therefore,
Eq. (15) can be written as

Tx + TU = P (λ)T. (18)

Equating the coefficients of λN+1 and λN in (18), we find

p
(1)
11 =−p(1)22 = i , p12 = iA2

N (u−2BN ) = iû , p21 =
i (v+2CN−1)

A2
N

= iv̂ ,(19)

p
(0)
11 = ∂x lnAN +

(
i− p

(1)
11

)
AN−1 + ivBN − p12CN−1

A2
N

− i (ℓ0uv + β0) ,(20)

p
(0)
22 =−∂x lnAN−p21A2

NBN+iuCN−1−
(
p
(1)
22 +i

)
DN−1+i (ℓ0uv+β0) .(21)

Substituting (19) into (20) and (21) yields

p
(0)
11 = −p(0)22 .
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Finally, inserting (12) and (19) into (20) and through tedious calculations,
one can achieve

p
(0)
11 = −p(0)22 = −i [ℓ0 (u− 2BN ) (v + 2CN−1) + β0] = −i (ℓ0ûv̂ + β0) . (22)

Theorem 2. Assume the hypotheses of Theorem 1. Suppose that the time
dependence of AN obey the following first-order ordinary differential equation
with respect to the variable t

∂t lnAN =
i (1− 2ℓ0) (−qA0C0 + rB1D0 + 2α0B1C0)

A0D0
. (23)

Then the matrix V̂ defined by the second equation of (11) has the same form
as V , in which the old potentials q and r are mapped into the new ones q̂
and r̂ where the transformation formulations are given by

q̂ =
A2

N (qA0 − 2α0B1)

D0
, r̂ =

(rD0 + 2α0C0)

A0A2
N

. (24)

Transformation (5), (14), and (24): (ψ, u, v, q, r) → (ψ̂, û, v̂, q̂, r̂) is a Dar-
boux transformation of the two spectral problems (3) and (4).

Proof. Let T−1 = T ∗/detT and

(Tt + TV )T ∗ =

(
g11(λ) g12(λ)
g21(λ) g22(λ)

)
. (25)

It is easy to note that g11(λ), g12(λ), λg21(λ), g22(λ) are 2Nth-order poly-
nomials in λ and the lowest order of g11(λ), g21(λ), g22(λ) is −1, the lowest
order of g12(λ) is zero. From (4), (6), and (7), we see that

αj,t = −iqα2
j − i

[
2α2

0λ
−1
j − (1− 2ℓ0) qr

] αj

α0
+ irλ−1

j , 1 ≤ j ≤ 2N ,

At (λj) = −Bt (λj)αj −B(λj)αj,t ,

Ct (λj) = −Dt (λj)αj −D (λj)αj,t . (26)

It can be verified that λj ( 1 ≤ j ≤ 2N) are roots of gst(λ) (s, t = 1, 2) by
using (25) and (26). Therefore, we get

(Tt + TV )T ∗ = (detT )Q(λ), Q(λ) =

(
q
(1)
11 λ

−1 + q
(0)
11 q12

q21λ
−1 q

(1)
22 λ

−1 + q
(0)
22

)
,
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where q(l)st and qst (s, t = 1, 2, l = 0, 1) are independent of λ. Therefore,
Eq. (25) can be written as

Tt + TV = Q(λ)T . (27)

By comparing the coefficients of λ−1, λ0 and λN in (27), we find

q
(1)
11 = −q(1)22 = iα0 , q12 =

iA2
N (qA0 − 2α0B1)

D0
= iq̂ ,

q21 =
i (rD0 + 2α0C0)

A0A2
N

= ir̂ ,

and

q
(0)
11 = −q(0)22 = ∂t lnAN − iqr (1− 2ℓ0)

2α0
. (28)

By using (23) and (28), we can arrive at

q
(0)
11 = −q(0)22 =

i (2ℓ0 − 1) (qA0 − 2α0B1) (rD0 + 2α0C0)

2α0A0D0
=

2ℓ0 − 1

2α0
iq̂r̂.

Based on Theorems 1 and 2, transformations (5), (14) and (24) transform
the Lax pair (3) and (4) into another Lax pair of the same type in view of
(11). Naturally, both of the Lax pairs lead to the same (1). Therefore,
transformation (14) and (24) is also called a Darboux transformation of the
coupled massive Thirring system (1). We get immediately the following fact.

Theorem 3. Every solution (u, v, q, r) of the coupled massive Thirring sys-
tem (1) is mapped into a new solution (û, v̂, q̂, r̂) of the coupled massive
Thirring system (1) under the Darboux transformation (14) and (24), where
A0, B1, BN , C0, CN−1, and D0 are given by the linear algebraic system (6),
and AN is given by the two first-order ordinary differential equations (12)
and (23) uniquely.

3. Explicit solutions of the coupled massive Thirring system

In this section, we show the explicit solutions of the coupled massive
Thirring system (1) by using the Darboux transformations (14) and (24).
Substituting the trivial solution u = v = q = r = 0 of the coupled massive
Thirring system (1) into (3) and (4), two basic solutions ϕ(λ) and φ(λ) are
chosen as

ϕ(λ) =

(
eix(λ−β0)+

iα0t
λ

0

)
, φ(λ) =

(
0

−e−ix(λ−β0)− iα0t
λ

)
. (29)
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For N = 1, according to (6), we can get

A0 =

λ1λ2

(
γ2e

2iα0t
λ1

+2iλ1x − γ1e
2iα0t
λ2

+2iλ2x
)

(
λ1γ1e

2iα0t
λ2

+2iλ2x − λ2γ2e
2iα0t
λ1

+2iλ1x
) ,

B1 =
(λ2 − λ1) e

2i
[
α0t(λ1+λ2)

λ1λ2
+x(−β0+λ1+λ2)

]
(
λ1γ1e

2iα0t
λ2

+2iλ2x−λ2γ2e
2iα0t
λ1

+2iλ1x
) ,

C0 =
(λ1 − λ2) γ1γ2e

2iβ0x(
γ1e

2iα0t
λ2

+2iλ2x − γ2e
2iα0t
λ1

+2iλ1x
) ,

D0 =

(
λ1γ1e

2iα0t
λ2

+2iλ2x − λ2γ2e
2iα0t
λ1

+2iλ1x
)

(
γ2e

2iα0t
λ1

+2iλ1x−γ1e
2iα0t
λ2

+2iλ2x
) .

With the help of Eqs. (12), (23) and through complex calculations, we can
obtain

A1 = ρ1∆
2ℓ0−1
1 , ∆1 =

γ1 − γ2e
2i(λ1−λ2)(λ1λ2x−α0t)

λ1λ2

γ1λ1 − γ2λ2e
2i(λ1−λ2)(λ1λ2x−α0t)

λ1λ2

, (30)

where ρ1 is a complex constant of integration. From Eqs. (14), (24), and
(30), one can arrive at explicit solution of the coupled massive Thirring
system (1) (see Figs. 1 and 2)

û =
2 (λ1 − λ2) ρ

2
1e

−2iβ0x∆4ℓ0−2
1(

γ1λ1e
− 2iα0t

λ1
−2iλ1x − γ2λ2e

− 2iα0t
λ2

−2iλ2x
) ,

v̂ =
2γ1γ2 (λ1 − λ2) e

2iβ0x∆2−4ℓ0
1[

ρ21

(
γ1e

2iα0t
λ2

+2iλ2x − γ2e
2iα0t
λ1

+2iλ1x
)] ,

q̂ =
2α0 (λ1 − λ2) ρ

2
1e

−2iβ0x∆4ℓ0−1
1(

λ2γ2e
− 2iα0t

λ2
−2iλ2x − λ1γ1e

− 2iα0t
λ1

−2iλ1x
) ,

r̂ =
2α0γ1γ2 (λ2 − λ1) e

2iβ0x∆1−4ℓ0
1[

λ1λ2ρ21

(
γ1e

2iα0t
λ2

+2iλ2x − γ2e
2iα0t
λ1

+2iλ1x
)] . (31)
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Fig. 1. Single-hump soliton solution (31): α0 = 0.7, β0 = 2, ℓ0 = 0.5, ρ1 = 3, λ1 =

i, λ2 = −i, γ1 = 2, γ2 = i.

Fig. 2. Periodic soliton solution (31): α0 = 0.1, β0 = 1, ℓ0 = −0.6, ρ1 = −1, λ1 =

1, λ2 = 2, γ1 = 4, γ2 = 1.

For N = 2, let λ2 = −λ1, λ3 = 2λ1, λ4 = −2λ1, γ3 = −γ1, and
γ4 = −γ2 for convenience. Similarly, we can get another explicit solution of
the coupled massive Thirring system (1) (see Figs. 3 and 4)

û = −12ρ22∆
4ℓ0−2
2 ∆1−4ℓ0

3 e
i
[
α0t
λ1

+2x(λ1−β0)
](

e
iα0t
λ1 + e2iλ1x

)
×
(
γ1 + γ2e

3iα0t
λ1

+6iλ1x
)
,

v̂ = 12γ1γ2λ1ρ
−2
2 ∆1−4ℓ0

2 ∆4ℓ0−2
3 e

i
[
α0t
λ1

+2x(β0+λ1)
]

×
(
−γ1e

iα0t
λ1 + γ2e

3iα0t
λ1

+8iλ1x + 2γ2e
4iα0t
λ1

+6iλ1x − 2γ1e
2iλ1x

)
,

q̂ = −6α0ρ
2
2λ

−1
1 ∆4ℓ0−1

2 ∆−4ℓ0
3 e

i
[
α0t
λ1

+2x(λ1−β0)
]

×
(
−2γ1e

iα0t
λ1 + 2γ2e

3iα0t
λ1

+8iλ1x + γ2e
4iα0t
λ1

+6iλ1x − γ1e
2iλ1x

)
,

r̂ = −12α0γ1γ2ρ
−2
2 ∆−4ℓ0

2 ∆4ℓ0−1
3 ei[

α0t
λ1 +2x(β0+λ1)]

(
e

iα0t
λ1 + e2iλ1x

)
×
(
γ1 + γ2e

3iα0t
λ1

+6iλ1x
)
,

(32)
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where

∆2 = γ1
2 − γ1γ2e

2iα0t
λ1

+4iλ1x
(
9e

2iα0t
λ1 + 16e

iα0t
λ1

+2iλ1x + 9e4iλ1x

)
+γ2

2e
6iα0t
λ1

+12iλ1x ,

∆3 = γ1
2 + γ1γ2e

2iα0t
λ1

+4iλ1x
(
9e

2iα0t
λ1 + 20e

iα0t
λ1

+2iλ1x + 9e4iλ1x

)
+γ2

2e
6iα0t
λ1

+12iλ1x,

and ρ2 is a complex constant of integration.

Fig. 3. Double-hump soliton solution (32): α0 = 2, β0 = 0.9, ℓ0 = 0, ρ2 =

1.5, λ1 = i, γ1 = 1, γ2 = i.

Fig. 4. Solution (32): α0 = 1, β0 = 0, ℓ0 = 1, ρ2 = 1, λ1 = i, γ1 = 1+ i, γ2 = −i.
û, q̂ are two double-hump solitons, v̂ is the collision of two double-hump solitons
and r̂ is four-hump soliton.

4. The reduction of Darboux transformation
and explicit solutions

In this section, we will derive a Darboux transformation of the general-
ized classical massive Thirring model (2) through the reduction technique
and its explicit solutions. We choose the two solutions of (3) and (4)

ϕ(λ) = (ϕ1(λ), ϕ2(λ))
T , φ(λ) = (λϕ∗2(λ

∗) ,−ϕ∗1(λ∗))
T , (33)
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when v = u∗, r = q∗. Furthermore, suppose that

λ2j = λ∗2j−1 , γ2j = −λ∗−1
2j−1γ

∗−1
2j−1 , 1 ≤ j ≤ N . (34)

It is easy to prove that α2j = −λ∗−1
2j−1α

∗−1
2j−1, C

∗
k = −Bk+1, D

∗
k = Ak, (1 ≤

j ≤ N, 0 ≤ k ≤ N − 1). Here, α2j−1 can be expressed as

α2j−1 =
ϕ2 (λ2j−1) + γ2j−1ϕ

∗
1

(
λ∗2j−1

)
ϕ1 (λ2j−1)− γ2j−1λ2j−1ϕ∗2

(
λ∗2j−1

) . (35)

Functions Ak and Bk+1 (0 ≤ K ≤ N − 1) are determined by the following
linear algebraic system:

N−1∑
k=0

Akλ
k
2j−1 + α2j−1

N∑
k=1

Bkλ
k
2j−1 = −λN2j−1 ,

N−1∑
k=0

(
α∗
2j−1Ak −Bk+1

)
λ∗k2j−1 = −α∗

2j−1λ
∗N
2j−1 , (1 ≤ j ≤ N) . (36)

Therefore, we obtain the following assertion.

Theorem 4. Assume that (u, q) is a solution of the generalized classical
massive Thirring model (2). Suppose that AN be a solution of the two first-
order ordinary differential equations

∂x lnAN = 2i (1− 2ℓ0)
[
−Re (u∗BN ) + |BN |2

]
,

∂t lnAN =
2i (1− 2ℓ0)

[
Re (qA0B

∗
1)− α0|B1|2

]
|A0|2

, (37)

and |AN | = 1, where Re stands for real part. Then (û, q̂) determined by the
Darboux transformation

û = uA2
N − 2A2

NBN , q̂ =
A2

N (qA0 − 2α0B1)

A∗
0

, (38)

is a new solution of the generalized classical massive Thirring model (2).

In fact, |AN | = 1 implies that the constant of integration for lnAN is
selected to be purely imaginary and A∗

N = A−1
N . Hence, we can arrive at

v̂ =
v

A2
N

+
2CN−1

A2
N

= u∗A∗2
N − 2A∗2

NB
∗
N =

(
uA2

N − 2A2
NBN

)∗
= û∗ ,

r̂ =
(rD0 + 2α0C0)

A0A2
N

=
A∗2

N (q∗A∗
0−2α0B

∗
1)

D∗
0

=

[
A2

N (qA0−2α0B1)

D0

]∗
= q̂∗ .

This means that the result of Theorem 4 holds.
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In the following, we shall apply the Darboux transformation to give
explicit solutions of the generalized classical massive Thirring model (2).
Substituting the trivial solution u = q = 0 of (2) into (3) and (4) when
v = u∗ and r = q∗, we still select the basic solutions (29), which also
satisfies (33). Therefore, (35) and (37) can be written as

α2j−1 = γ2j−1e
−2ix(λ2j−1−β0)− 2iα0t

λ2j−1 , (39)

∂x lnAN = 2i (1− 2ℓ0) |BN |2 , ∂t lnAN = −2iα0 (1− 2ℓ0) |B1|2

|A0|2
. (40)

For N = 1, γ1 = 1 and λ1 = i, we obtain from the linear algebraic
system (36) that

A0 =
ie4α0t+2iβ0x + e2(iβ0+2)x

−e4α0t+2iβ0x − ie2(iβ0+2)x
, B1 =

2e2α0t+2x

ie4α0t+2iβ0x − e2(iβ0+2)x
, (41)

which together with system (40) implies that

A1 = eiρ3+2i(1−2ℓ0) arctan(e4x−4α0t) , (42)

where ρ3 is a real constant of integration. One-soliton solution (Fig. 5) of
the generalized classical massive Thirring model (2) is obtained with the
help of the Darboux transformation (38)

û =
4σ1

e4x − ie4α0t
, q̂ =

4α0

[
e4α0t+2i(β0+i)x − ie2x+2iβ0x

]
σ1

(e4α0t + ie4x)
[
e4α0t+2i(β0+i)x + ie2x+2iβ0x

] , (43)

where σ1 = e2[iρ3+α0t+2i(1−2ℓ0) arctan(e4x−4α0t)−iβ0x+x].

Fig. 5. One-soliton solution (43): α0 = 0.2, β0 = 0.4, ρ3 = 0.3, ℓ0 = 5.

For N = 2, γ1 = γ3 = 1, λ1 = i, and λ3 = 2i, one can arrive at a
two-soliton solution (Fig. 6) of the generalized classical massive Thirring
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model (2) with the aid of the Darboux transformation (38)

û = 12
(
−e3α0t − 2ieα0t+8x + 2e4α0t+2x + 2ie6x

)
σ2/σ3 ,

q̂ = 12iα0

(
2ieα0t+8x − e3α0t + e4α0t+2x − ie6x

)
σ2σ

∗
3/σ

2
3 , (44)

where

σ2 = e
2iρ4+α0t+4i(1−2ℓ0) arctan

[
3e2α0t+4x(−8eα0t+2x+6e2α0t+4x+3)

e6α0t−2e12x

]
−2iβ0x+2x

,

σ3 = −ie6α0t + 9e2α0t+4x − 24e3α0t+6x + 18e4α0t+8x + 2ie12x ,

and ρ4 is a real constant of integration.

Fig. 6. Two-soliton solution (44): α0 = 0.15, β0 = 0.3, ρ4 = 0.6, ℓ0 = 3.

For N = 2, γ1 = i, γ3 = 2, λ1 = i, and λ3 = 2i, one can arrive at a
double-hump soliton solution (Fig. 7) of the generalized classical massive
Thirring model (2):

û = 12i
(
ie3α0t − 8eα0t+8x + 4e4α0t+2x + 4ie6x

)
σ4/σ5 ,

q̂ = 12α0

(
ie3α0t + 8eα0t+8x + 2e4α0t+2x − 2ie6x

)
σ4σ

∗
5/σ

2
5 , (45)

where

σ4 = e
2iρ5+α0t+4i(1−2ℓ0) arctan

[
9e2α0t+4x(8e2α0t+4x+1)
e6α0t−16e3α0t+6x−8e12x

]
−2iβ0x+2x

,

σ5 = e6α0t + 9ie2α0t+4x − 16e3α0t+6x + 72ie4α0t+8x − 8e12x ,

and ρ5 is a real constant of integration.
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Fig. 7. Double-hump soliton solution (45): α0 = 0.3, β0 = 0, ρ5 = 0, ℓ0 = 4.5.

For N = 2, γ1 = γ3 = 1, λ1 = 1 + i, λ3 = −1 + i, and ℓ0 = 0.5, one
can arrive at a breather solution (Fig. 8) of the generalized classical massive
Thirring model (2)

û = (4+4i)σ7

[
ie2α0t−(1+i)e2iα0t+(4+4i)x+e(2+2i)α0t+4ix+(1+i)e4x

]/
σ6 ,

q̂ = 4α0σ7

[
(1− i)e4x − ie2α0t − (1 + i)e2iα0t+(4+4i)x + ie(2+2i)α0t+4ix

]
×
[
σ6 + 2e2i(α0t+2x)

(
2e8x − e4α0t

)]/
σ26 , (46)

where

σ6 = (1− i)e(2+4i)(α0t+2x) − (1 + i)e2α0t+4x − 2e2iα0t+(8+4i)x + e(4+2i)α0t+4ix

+4ie(2+2i)(α0t+2x) ,

σ7 = e2iρ6+(1+i)α0t−2iβ0x+(2+2i)x ,

and ρ6 is a real constant of integration.

Fig. 8. Breather solution (46): α0 = 3, β0 = 2, ρ6 = 1.5.
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5. Conclusion

In this study, we have constructed a Darboux transformation for the
coupled massive Thirring system (1) by means of the zero-curvature equation
and the polynomial expansion of the spectral parameter. On this basis, a
DT for its reduction (2) have been obtained by resorting to the reduction
technique. Furthermore, we have displayed their soliton, breather, and so
on.

This work is supported by the National Natural Science Foundation of
China (grant Nos. 11871440, 11931017, 12101190) and the Doctor Founda-
tion of Henan University of Technology (grant No. 2020BS042).
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