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A new picture of “one-resonance–one-symmetry” has been proposed re-
cently to reveal nature of the reparametrization symmetry in neutrino os-
cillation in matter and where it resides: Symmetry of i↔ j state-exchange-
type exists at around a resonance, with i and j being the states which par-
ticipate in the level crossing. Consistently, the 1–2 and 1–3 state-exchange
symmetries are identified at around the solar and atmospheric resonances,
respectively, in the locally-valid frameworks. On the other hand, the Den-
ton et al. (DMP) perturbation theory, a globally-valid framework, has the
1–2 exchange symmetry which is akin to the one in the aforementioned
solar-resonance perturbation (SRP) theory. In our picture, the symmetry
must be associated with the resonance, not the framework, and if so, these
two 1–2 symmetries must be identical to each other. We conduct a compar-
ative study of the 1–2 symmetries possessed by SRP and DMP to confirm
their identity. An almost identity is verified, but in a highly nontrivial way.
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1. Introduction

Recently, we have started investigation of a new type of symmetry in
neutrino oscillation in matter which may be called the reparametrization
symmetry [1–4]. Invariance of the oscillation probability under such sym-
metry transformations implies that there is another way of parametrizing
the equivalent solution of the theory. To search for such symmetry in a sys-
tematic way, we have introduced a method called Symmetry Finder (SF). It
has been successfully applied to several perturbative frameworks of neutrino
oscillation in matter, as summarized in Ref. [1].
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To the author’s knowledge, the first discussion of the reparametrization
symmetry in neutrino oscillation is given by Fogli et al. in Ref. [5]. Some-
time later, there appeared a much-discussed “light-side–dark-side” symmetry
[6, 7], the one between the first and the second octants of θ12,

m2
1 ↔ m2

2 , θ12 ↔
π

2
− θ12 , (1.1)

by which a growing popularity of such symmetry resulted. This “light–dark”
symmetry is approximately realized as a result of the reactor measurement
of θ12 [8]. But, of course, the second octant solution is excluded if the data of
the solar neutrino measurements are added, see, e.g., Ref. [9]. It is because
the matter effect [10, 11] breaks the first octant–second octant degeneracy.
It teaches us a lesson that we have to take the matter effect into account
whenever it is relevant because it affects the symmetry. For our frequent
usage, we denote the reparametrization symmetry of the type discussed here
and in these references as the “Rep symmetry” for short throughout this
paper.

Despite successes of the SF method in digging out the Rep symmetries,
as reported in Refs. [1–4], there remain many questions to be answered. One
of the most important is the nature of the Rep symmetry. That is, whether
it reflects a physical feature of the dynamics of neutrino evolution in matter,
or it is merely a framework-dependent regularity, in each particular one used
to describe neutrino evolution.

In this paper, to shed light on this issue, we engage a comparative study
of the two Rep symmetries of the 1–2 state-exchange-type [1, 2], one in
the solar-resonance perturbation (SRP) theory [12] and the other in the
Denton et al. (DMP) perturbation theory [13]. We ask the question “how
and why are they so identical to each other?”, the answer of which must
shed light on nature of the Rep symmetry. Even more generally outside the
present context, their identity is a nontrivial issue because SRP and DMP are
the very different frameworks in nature, such as the structure of perturbative
expansions. For further discussions of these points, see Sections 4 and 5.

Looking back, symmetry in neutrino oscillation has been discussed in
the various related or different contexts. The above-mentioned symmetries
under discrete transformations may have an affinity with the discrete symme-
tries in flavor physics models [14]. The parameter degeneracy, the problem
of multiple solutions for a given set of observables, has been discussed from
the viewpoint of approximate or exact symmetries of the oscillation proba-
bility [15–18] in the νSM, a shorthand notation for neutrino-mass-embedded
Standard Model, and in extensions with the nonstandard interactions be-
yond the νSM [19]. For discussions on the another related aspects of sym-
metries see, e.g., Refs. [20–22].



Comparative Study of the 1–2 Exchange Symmetries in Neutrino . . . 4-A3.3

From Section 2 to Section 4, we will give a brief pedagogical review of
the Rep symmetry in neutrino oscillation. We start from a derivation of
the “light–dark” symmetry, in fact its slightly more generic version, in a
systematic way. Then, we explain why the symmetry in matter is more
profound than that in vacuum, and give a brief summary of the current
status of the symmetries identified by using the SF method. It will be
followed by the presentation of our new picture of the SF symmetry and the
discussion of nature of the Rep symmetry in Section 5. It naturally leads
us to the comparative study of the 1–2 state exchange symmetries in the
neutrino frameworks with the global or local validities, which will be carried
out in Section 6, the core part of this paper. We conclude in Section 7.

2. A systematic way of getting the Rep symmetry

There is a way of systematizing the finding path for the “light–dark”
symmetry mentioned in Introduction. In vacuum, the flavor eigenstate ν ≡
[νe, νµ, ντ ]

T is related to the mass eigenstate ν̄ ≡ [ν1, ν2, ν3]
T using the flavor

mixing matrix U ≡ UMNS [23] as ν = Uν̄. Interestingly, the flavor–mass
eigenstates relation can take the following three different forms [24]:





νe
νµ
ντ



 = U23(θ23)U13(θ13)U12(θ12, δ)





ν1
ν2
ν3





= U23(θ23)U13(θ13)U12

(

θ12 +
π

2
, δ
)





−eiδν2
e−iδν1
ν3





= U23(θ23)U13(θ13)U12

(π

2
− θ12, δ ± π

)





eiδν2
−e−iδν1
ν3



 . (2.1)

In Eq. (2.1), we have used the U matrix of a slightly different convention
from that of Particle Data Group (PDG) [25] which we call the SOL con-
vention [26]

U =





1 0 0
0 e−iδ 0
0 0 e−iδ



UPDG





1 0 0
0 eiδ 0
0 0 eiδ





=





1 0 0
0 c23 s23
0 −s23 c23









c13 0 s13
0 1 0

−s13 0 c13









c12 s12 e
iδ 0

−s12 e−iδ c12 0
0 0 1





≡ U23(θ23)U13(θ13)U12(θ12, δ) , (2.2)
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where c12 ≡ cos θ12, s12 ≡ sin θ12, etc. The reason for our terminology of
“SOL” is because the CP phase factor e±iδ is attached to the sine of the “solar
angle” θ12 in the U matrix, whereas in UPDG, e±iδ is attached to s13 [25].
Since the factors in Eq. (2.2) sandwiching UPDG are the phase factors that
can be absorbed into the neutrino states in the left- and right-hand sides
of the equation, the expressions of the oscillation probabilities are exactly
the same as those computed with UPDG [26]. We use the SOL convention U
matrix in Eq. (2.2) throughout this paper.

It is important to recognize that Eq. (2.1) implies the symmetry [24].
Since rephasing of the states does not affect the observables, the second
and third equalities in Eq. (2.1) imply the existence of the 1–2 exchange
symmetries i.e. invariance under the transformations

Symmetry IA-vacuum: m2
1 ↔ m2

2 , c12 → −s12 , s12 → c12 ,

Symmetry IB-vacuum: m2
1 ↔ m2

2 , c12 ↔ s12 , δ → δ ± π , (2.3)

where in the first line, the possibility of an alternative choice, c12 → s12
and s12 → −c12 (θ12 → θ12 − π

2 ), is understood. In Eq. (2.3), the term
“Symmetry IA (or IB)-vacuum” follows our unified classification scheme of
the symmetries [1–4].

It should not be difficult to recognize that Symmetry IB-vacuum is the
“light–dark” symmetry mentioned in Eq. (1.1). The readers might wonder
why the transformation of δ is involved in Symmetry IB, but this is the
correct symmetry of neutrino oscillation probability in vacuum including the
appearance channels. The transformation of δ is not discussed in the context
of the “light–dark” symmetry because the survival probability P (νe → νe) is
free from δ in vacuum and in matter [27, 28].

3. Reparametrization (Rep) symmetry in matter

Now, we enter into the symmetry in neutrino oscillation in matter. We
must tell the readers that in matter environment a “colorful world” exists
for neutrino symmetry. That is, the Rep symmetry in matter is much more
profound than that in vacuum. But, why is it so?

We must first note that the introduction of the Wolfenstein matter po-
tential [10]

a(x) = 2
√
2GFNeE ≈ 1.52× 10−4

(

Yeρ

g cm−3

)(

E

GeV

)

eV2 (3.1)

into the system completely change the neutrino evolution. In Eq. (3.1),
GF is the Fermi constant, Ne and Nn are the electron and neutron number
densities in matter. ρ and Ye denote, respectively, the matter density and
number of electrons per nucleon in matter. The matter potential a has the
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dimension of energy squared, the same dimension as ∆m2s, but they come
into the system with different flavor dependences. It makes the neutrino
evolution much more dynamic than that in vacuum.

The most spectacular case of the matter effect on neutrinos occurs in
the solar neutrinos which are produced in the central region in the Sun with
energies larger than a few MeV. Due to high matter density ρ ∼ 100 g cm−3,
νe is produced dominantly as the mass eigenstate ν2 in matter in the two-
flavor approximation, and it evolves adiabatically by passing through the
level crossing region. The behavior of the mixing angle in matter signals the
resonant behavior. Then, neutrino leaves the Sun as the vacuum ν2 state, in
which the νe component is only a small fraction sin2 θ12 ≃ 0.3, the adiabatic
flavor conversion [11]. It provides so-called the “large mixing angle” (LMA)
MSW solution of the solar neutrino problem [10, 11, 29].

On the other hand, in the kinematical regions relevant for (most of) the
terrestrial accelerator and atmospheric neutrino experiments, enhancement
of the neutrino oscillations occurs [30] due to the Earth matter effect, but
without passage of the neutrino states through the level crossing region.
One can see even in a perturbative manner that an atmospheric-resonance-
like peak is developed when the higher-order effect of “large θ13” is taken
into account [31, 32]. It is the oscillations enhanced by the matter effect,
and hence it may or may not be called the bona fide resonance. The com-
plexity of inter-relationship of various features of the neutrino oscillations
and adiabatic conversion into matter may be understood most clearly by
using the graphical representations based on an analogy with the spin pre-
cession, see e.g., Ref. [33]. The matter-enhanced oscillations corresponds
to Fig. 11c in Ref. [33], which is labeled the “resonance enhancement of os-
cillations”. Following this terminology, we use “resonance” as the collective
nomenclature for the matter-enhanced oscillations even though the maximal
matter-affected mixing angle may not be reached.

Our theoretical discussion assumes tentatively the world that can be ex-
plored by the terrestrial neutrino experiments. Then, the resonance enhance-
ment of oscillations plays a role to enrich the features of neutrino evolution
in matter. To appeal to the readers’ intuition of these enhancements, we de-
pict in Fig. 1 the equi-probability contour of P (νµ → νe) [34] in the region
of energy-baseline that roughly covers the Super-Kamiokande’s atmospheric
neutrino observation, 0.1 GeV <∼ E <∼ 10 GeV, see Fig. 3 in Ref. [35]. The
enhanced regions at around E ∼ 200 MeV, L ∼ 2000 km and at E ∼ 8 GeV,
L ∼ 104 km correspond, respectively, to the solar-scale and atmospheric-
scale enhanced oscillations. The features depicted in Fig. 1 are sufficiently
rich to stimulate the various formulations of oscillations to accommodate
them, which entail the profound symmetries. They include symmetries not
only of the 1–2 state-exchange-type, but also the 1–3 exchange one [1–3].
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Fig. 1. The equi-probability contour of P (νµ → νe) is presented [34] in the re-

gion of energy baseline that covers the atmospheric neutrino observation by Super-

Kamiokande. The two enhanced regions correspond, respectively, to the solar-scale

and atmospheric-scale resonances, see the main text. The matter density is taken

to be a constant, ρ = 4.0 g/cm
3
, which gives only a bold approximation to the

Earth matter density.

4. Symmetry Finder (SF) and a status summary
of the SF symmetries

To make a systematic search for the Rep symmetry in neutrino oscilla-
tion in matter, we have introduced a powerful machinery called “Symmetry
Finder” (SF) [1–4], following the spirit of the scheme in vacuum expressed
in Eq. (2.1). Please be patient: We will give a compact summary of the
SF formalism by taking SRP and DMP as the concrete frameworks for our
comparative study of their 1–2 symmetries.

Here is a brief summary of symmetries in neutrino oscillation in matter
to date. In this paper, we restrict our discussions on the Rep symmetry to
the ones in the νSM context. For the symmetries in the extended frame-
works with nonunitarity which is a low-energy manifestation of new physics
beyond the νSM [1, 4], see Ref. [36]. Thus far, the SF symmetry search
was undertaken in the SRP [12], the helio-perturbation [37], and the DMP
perturbation theories [13], which entailed the following results:

— Eight symmetries of the 1–2 state-exchange-type in the SRP [1] and
DMP [2].
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— Sixteen symmetries of the 1–3 state-exchange-type in the helio-pertur-
bation theory [3]1.

In agreement with the aforementioned expectation for enriched symmetry
in matter, we have obtained quite a large number of the Rep symmetries.
Among them, the SRP and DMP symmetries will be discussed and summa-
rized in Table 2 and Table 3, respectively, in Section 6.

We just mention the important characteristics of the SF symmetries, see
Refs. [1–4] for details. That is, one can prove that the SF symmetry is a
Hamiltonian symmetry, which means that the flavor basis Hamiltonian is
kept invariant up to the rephasing factor (which does not affect the observ-
ables) under the symmetry transformations. It implies:

— The symmetry holds to all orders in perturbation theory, even though
our SF treatment itself is valid only to the first order. At the same
time, the Hamiltonian proof ensures that the symmetry holds even in
a varying matter-density environment.

4.1. Globally valid vs. locally valid frameworks

It is instructive to introduce a classification of the perturbative frame-
works of neutrino oscillation in matter [1]. By “globally-valid” framework
we mean, roughly speaking, that it is valid throughout the region depicted
in Fig. 1. It contains the kinematical regions covered by the most, if not
all, of the terrestrial experiments ongoing or planned. There exist only the
two known examples of the globally-valid frameworks, DMP [13] and the
Agarwalla et al. (AKT) [38] perturbation theories. In fact, the region of
validity of these theories is likely to extend to much higher energies which is
explored e.g., by IceCube-DeepCore [39] and/or KM3NeT/ORCA [40]. For
the related discussions on the region of validity, see, e.g., Refs. [41, 42]. On
the other hand, examples of the locally-valid theory include: SRP valid at
around the solar resonance [12] and the helio-perturbation theory valid in
the atmospheric resonance region [37]. See, e.g., Refs. [43–46] for the earlier
versions of the atmospheric-resonance perturbation theory.

For reasons we will explain in Section 5, we will undertake a compara-
tive study of the two 1–2 exchange symmetries, one in locally-valid SRP and
the other in globally-valid DMP. It may illuminate how the unique physi-
cal object, solar resonance, is described by the locally- and globally-valid
frameworks, making the exercise an interesting task by itself.

1 The terminology “1–3 exchange symmetry” is a symbolic one. In the normal (inverted)
mass ordering, λ3 > λ2 (λ1 > λ3) are the two eigenvalues which have the level
crossing [37]. In Refs. [3, 37], the unified notation for the level crossing states ν− and
ν+ is introduced, which is valid for the both mass orderings.
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5. A new picture “one-resonance–one-symmetry”
and the framework dependence of the symmetry

We feel it instructive to present a bold ansatz, or an imaginative view,
to understand the current figure of the Rep symmetry in neutrino oscillation
in matter [1]:

— Occurrence of the symmetry takes place in correlation with the re-
gions of enhanced oscillation, at around the solar and atmospheric
resonances.

The picture is in fact born out of the 1–2 and 1–3 exchange symmetries
in SRP [1] and the helio-perturbation theory [3], respectively, obtained in
the above-mentioned two locally-valid frameworks. The states exchanged
in these symmetries are the ones that participate in the level crossing in
the solar and atmospheric resonances — the major players in the respective
regions. For one region of enhancement of oscillation, there exists one sym-
metry of the particular state-exchange-type that corresponds to the level
crossing. This picture has predictive power on where the symmetry resides
and which state exchange is involved in the symmetry. The feature makes
this picture attractive.

5.1. Framework dependence of the reparametrization (Rep) symmetry

The existence of the Rep symmetry implies that there is another way
of parametrizing the equivalent solution of the theory. In our current for-
mulation of neutrino evolution, the original theory and its symmetry copy
are defined in a chosen particular framework of neutrino oscillation, and
hence the Rep symmetry is framework dependent on construction. In our
SF machinery, therefore, we may not reach a “general symmetry” which
can be extracted from a given Hamiltonian itself, the problem mentioned in
Ref. [1]. See Ref. [47] for a possibly relevant approach to this problem.

However, our “one-resonance–one-symmetry” picture may imply a de-
parture from this complete framework dependence. If each symmetry is
associated with the corresponding resonance enhancement, a physical phe-
nomenon that exists in any framework for describing the enhancement, the
issue of framework dependence is no longer real. In that case, the Rep sym-
metry reflects the physical feature of the neutrino evolution, not an artifact
of the particular framework taken.

We want to confirm, or refute, the “one-resonance–one-symmetry” pic-
ture against the existing Rep symmetry “data”. As we stated in Section 4,
the SRP and DMP both have their own 1–2 exchange symmetry. Then, we
can ask: Are these two 1–2 symmetries really identical to each other? If
the symmetry is associated with the resonance, not their frameworks, the
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symmetry possessed by these two theories must be identical. This consider-
ation naturally leads us to a comparative study of the SRP and DMP 1–2
exchange symmetries which we are now ready to enter.

6. Comparative study of the SRP and DMP symmetries

We investigate the problem of identity of the two 1–2 state-exchange
symmetries, one in SRP and the other in DMP. We aim at superseding the
original treatments given in Refs. [1, 2]. The reasons for our revised treat-
ment are that the previous ones lacked a sharp focus on the meaning of this
identity, and the logic behind seeking the identical symmetry in the two
different theories (with substantially different SF equations) was not trans-
parent. Interestingly, our investigation here will reveal the (almost) identity
between the SRP and DMP 1–2 symmetries, but in a highly nontrivial way.

A few words on the SRP theory [12]. It is the locally-valid theory at
around the solar-scale enhancement, neutrino energy E = (1−5)×100 MeV
and baseline L = (1− 10)× 1000 km, see Fig. 1. In this region, the matter
potential a defined in Eq. (3.1) is comparable in size to the vacuum effect

represented by ∆m2
21, a/∆m

2
21 ≃ 0.61 for ρ = 3.0 g/cm3 and E = 200 MeV.

We use the uniform matter-density approximation in this paper.

6.1. Flavor state vs. energy eigenstate in SRP and DMP

Since the SRP (solar-resonance perturbation) theory is reviewed to a
reasonable depth and its SF formulation is set up in Ref. [1], we just start
by recollecting the relevant formulas. We utilize the V matrix formalism [48]
to express the flavor state by the mass eigenstate as να = Vα,iν̌i, where α
runs over e, µ, τ , and i = 1, 2, 3. Using the result of explicit computation
done in Ref. [1], the flavor state can be written to the first order in the
SRP theory by using the V matrix and the mass eigenstate, in the SOL
convention, as





νe
νµ
ντ



 = U23(θ23)U13(θ13)U12(φ, δ)

{

1 +W(1)
SRP(θ13, φ, δ;λ1, λ2)

}





ν1
ν2
ν3



 ,

(6.1)

where W(1)
SRP(θ13, φ, δ;λ1, λ2) is defined by

W(1)
SRP(θ13, φ, δ;λ1, λ2) ≡ c13s13







0 0 cϕ
a

λ3−λ1

0 0 sϕ e
−iδ a

λ3−λ2

−cϕ a
λ3−λ1

−sϕ eiδ a
λ3−λ2

0






.

(6.2)
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In DMP, the similar expression of the flavor state with the use of the
V matrix is given to the first order in the DMP expansion as [2]





νe
νµ
ντ



=U23(θ23)U13(ϕ)U12(ψ, δ)
{

1+W(1)
DMP(θ12, θ13, δ, ϕ, ψ;λ1, λ2)

}





ν1
ν2
ν3



 ,

(6.3)

where W(1)
DMP(θ12, θ13, δ, ϕ, ψ;λ1, λ2) is given by

W(1)
DMP(θ12, θ13, δ, ϕ, ψ;λ1, λ2) = ϵc12s12 sin(ϕ− θ13)

×









0 0 −sψ∆m2
ren

λ3−λ1

0 0 cψ e
−iδ∆m

2
ren

λ3−λ2

sψ
∆m2

ren

λ3−λ1
−cψ eiδ∆m

2
ren

λ3−λ2
0









.

(6.4)

In Eqs. (6.2) and (6.4), λi are the eigenvalues of the Hamiltonian times
2E in the leading order in SRP and DMP perturbation theories, respectively.
The explicit expressions of λi in SRP will be given in Eq. (6.12), but the ones
in DMP are less simple as shown in Ref. [13]. In SRP, φ is the matter-dressed
θ12, and in DMP, ψ and ϕ denote, respectively, θ12 and θ13 in matter. cψ and
sψ are shorthand notations for cosψ and sinψ, respectively. As in the helio-
perturbation theory [37], ϵ ≡ ∆m2

21/∆m
2
ren is the unique expansion param-

eter in the DMP perturbation theory [13], where its denominator is defined
as ∆m2

ren ≡ ∆m2
31 − s212∆m

2
21 We need a careful discussion on the effective

expansion parameter in SRP, Aexp = c13s13(a/∆m
2
31) ≃ 2.8 × 10−3 [12] at

the above values of ρ and E. It is a “framework generated” expansion param-
eter, meaning that its smallness is partly due to the propagator suppression
as one can observe in Eq. (6.2). See Refs. [1, 12] for more details.

6.2. Symmetry Finder (SF) equation in SRP and DMP

Now let us write down the SF equation in the both SRP and DMP per-
turbation theories. To prepare the flavor states (6.1) and (6.3) in physically
equivalent but slightly extended forms, we introduce the flavor-state rephas-
ing matrix F and the generalized 1–2 state-exchange matrix R, which are
defined by

F ≡





eiτ 0 0
0 eiσ 0
0 0 1



 , R ≡





0 −ei(δ+α) 0

e−i(δ+β) 0 0
0 0 1



 . (6.5)
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The matrices F and R in Eq. (6.5) take the nonvanishing and nonunity
elements only in the 1–2 sub-sector because we restrict ourselves to the 1–2
state-exchange symmetry in both theories. Then, the SF equation reads in
SRP

F





νe
νµ
ντ



 = FU23(θ23)F
†FU13(θ13)F

†FU12(φ, δ)R
†R

×
{

1 +W(1)
SRP(θ13, φ, δ;λ1, λ2)

}

R†R





ν1
ν2
ν3





= U23

(

θ′23
)

U13

(

θ′13
)

U12

(

φ′, δ + ξ
)

×
{

1 +W(1)
SRP

(

θ′13, φ
′, δ + ξ;λ2, λ1

)

}





−ei(δ+α)ν2
e−i(δ+β)ν1

ν3



 , (6.6)

and in DMP

F





νe
νµ
ντ



 = FU23(θ23)F
†FU13(ϕ)F

†FU12(ψ, δ)R
†R

×
{

1 +W(1)
DMP(θ12, θ13, δ, ϕ, ψ;λ1, λ2)

}

R†R





ν1
ν2
ν3





= U23

(

θ′23
)

U13

(

ϕ′
)

U12

(

ψ′, δ + ξ
)

×
{

1 +W(1)
DMP

(

θ′12, θ
′
13, δ + ξ, ϕ′, ψ′;λ2, λ1

)

}





−ei(δ+α)ν2
e−i(δ+β)ν1

ν3



 , (6.7)

where we have denoted the transformed δ as δ′ = δ + ξ.
Notice that the first two lines on the right-hand side of Eq. (6.6) are phys-

ically equivalent to state (6.1) because R†R = 1 and the rephasing F matrix
does not alter the physical content of the state, whereas the second two lines
of Eq. (6.6) are the expressions of the same flavor state by the transformed
mass eigenstate with the 1–2 state exchange and the transformed νSM vari-
ables. The discussion of the SF equation in DMP is completely parallel. If
the SF equation has a solution, it implies the existence of a symmetry, in
perfect parallelism with the discussion in vacuum in Section 2.

In fact, the introduction of the F matrix turns out to be important, by
which the vacuum angles θ23 and θ13 in the SRP (ϕ in DMP) transform, in
general, resulting in the enriched symmetry list.
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6.3. Solutions of the SF equation: SRP vs. DMP

The SF equation can be decomposed into three parts, (1) the overall
factor, (2) the zeroth-order, and (3) the first-order pieces. They will be
presented in the order below, and (2) and (3) are denoted as the first and
the second conditions, respectively. Let us focus on the SRP theory first.
The overall condition reads

FU23(θ23)F
†FU13(θ13)F

† = U23

(

θ′23
)

U13

(

θ′13
)

, (6.8)

which can be solved as σ = ±π and τ = ±π under the ansatz s23 e
iσ = s′23

and s13 e
iτ = s′13, because apparently we have no other choice, assuming

that s′ij are real numbers, within the present SF formalism.
The first and the second conditions read

FU12(φ, δ)R
† = U12

(

φ′, δ + ξ
)

,

RW(1)
SRP(θ13, φ, δ;λ1, λ2)R

† = W(1)
SRP

(

θ′13, φ
′, δ + ξ;λ2, λ1

)

. (6.9)

The first condition can be reduced to the forms, cϕ′ = −sϕ e−i(α−τ) =

−sϕ ei(β+σ), and sϕ′ = cϕ e
i(β+τ−ξ) = cϕ e

−i(α−σ−ξ). We note that these
equations together with the above restrictions of τ and σ being integer mul-
tiples of π, the phases ξ, α, and β must also be integer multiples of π [1, 2].
By changing φ to ψ, we obtain the first condition in DMP. The solutions
of the first condition, which is common to SRP and DMP, are tabulated in
Table 1, establishing the classification schemes of the Rep symmetries. In-
terestingly, Table 1 is universally valid [1] not only in SRP and DMP, both
with the 1–2 symmetry, but also in the helio-perturbation theory whose
symmetry is the 1–3 exchange type [3].

6.4. Second conditions in SRP and DMP are not so similar

Despite the above parallelism, SRP and DMP are completely different
perturbation theories by having qualitatively different expansion parameters,
as briefly explained in Section 6.1. Reflecting this difference, the second
conditions differ between these two theories. It takes the following form in
SRP:

c13s13







0 0 −eiαsϕ
a

λ3−λ2

0 0 e−i(δ+β)cϕ
a

λ3−λ1

e−iαsϕ
a

λ3−λ2
−ei(δ+β)cϕ

a
λ3−λ1

0







= c′13s
′
13







0 0 c′ϕ
a

λ3−λ2

0 0 e−i(δ+ξ)s′ϕ
a

λ3−λ1

−c′ϕ a
λ3−λ2

−ei(δ+ξ)s′ϕ
a

λ3−λ1
0






, (6.10)
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Table 1. The solutions of the first condition in SRP and DMP. The labels “upper”

and “lower” imply the upper and lower sign in the corresponding columns in Table 2

and Table 3.

Symmetry τ, σ, ξ α, β

Symmetry IA τ = σ = 0, ξ = 0 α = β = 0 (upper)

α = π, β = −π (lower)

Symmetry IB τ = σ = 0, ξ = π α = π, β = −π (upper)

α = β = 0 (lower)

Symmetry IIA τ = 0, σ = −π, ξ = 0 α = π, β = 0 (upper)

α = 0, β = π (lower)

Symmetry IIB τ = 0, σ = −π, ξ = π α = 0, β = π (upper)

α = π, β = 0 (lower)

Symmetry IIIA τ = π, σ = 0, ξ = 0 α = 0, β = π (upper)

α = π, β = 0 (lower)

Symmetry IIIB τ = π, σ = 0, ξ = π α = π, β = 0 (upper)

α = 0, β = π (lower)

Symmetry IVA τ = σ = π, ξ = 0 α = π, β = −π (upper)

α = β = 0 (lower)

Symmetry IVB τ = σ = π, ξ = π α = β = 0 (upper)

α = π, β = −π (lower)

and in DMP

ϵc12s12 sin(ϕ− θ13)









0 0 −cψ eiα∆m2
ren

λ3−λ2

0 0 −sψ e−i(δ+β) ∆m
2
ren

λ3−λ1

cψ e
−iα∆m2

ren

λ3−λ2
sψ e

i(δ+β) ∆m
2
ren

λ3−λ1
0









= ϵc′12s
′
12 sin(ϕ

′ − θ′13)









0 0 −s′ψ
∆m2

ren

λ3−λ2

0 0 c′ψ e
−i(δ+ξ) ∆m

2
ren

λ3−λ1

s′ψ
∆m2

ren

λ3−λ2
−c′ψ ei(δ+ξ)

∆m2
ren

λ3−λ1
0









.

(6.11)

This difference between the second conditions of Eqs. (6.10) and (6.11) makes
understanding of the “identity” of the SRP and DMP 1–2 symmetries quite
nontrivial.
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Despite the identical matrix structure having zeros in the same en-
tries in common, there exist two important differences between Eqs. (6.10)
and (6.11): (1) The pre-factor includes θ12 in DMP, but not in SRP; (2) To
transform the matrix part of the SRP second condition to that of DMP,
the following nontrivial transformations are necessary: sϕ → cψ, cϕ →
−sψ, a → ∆m2

ren. The φ to ψ transformation is the issue because neither
sϕ → cϕ, cϕ → −sϕ nor its ψ version is always the symmetry in SRP, nor in
DMP, as one can confirm in Table 2 and Table 3, respectively.

Notice that the difference between sin(ϕ − θ13) and c13s13 in the pre-
factors is not essential because the sign flip or nonflip of θ13 is the only
concern to us. When θ13 flips sign, sign flip of ϕ is enforced in DMP because
sin 2ϕ ∝ sin 2θ13 [13]. Similarly, a change of a to ∆m2

ren does not affect our
symmetry discussion because it is an overall factor in the second condition.
Nonetheless, the a to ∆m2

ren change required to make the SRP second con-
dition to DMPs (the matrix parts only) testifies clearly that the SRP and
DMP perturbation theories are completely different from each other.

6.5. SRP vs. DMP symmetries: Why are they so similar?

We must also observe that when the second conditions (6.10) and (6.11)
are solved as a whole for each given solution of the first condition in SRP
and DMP, respectively, we obtain the essentially identical 1–2 symmetries:
Symmetry Z-SRP and Symmetry Z-DMP for all Z = IA, IB, . . . , IVB, despite

Table 2. All the reparametrization (Rep) symmetries of the 1–2 state exchange

type found in the solar-resonance perturbation (SRP) theory are tabulated [1]. “IA

(X)” and “IB (Y)” denote, respectively, shorthand of “IA-SRP” with θ12 nonflip and

“IB-SRP” with θ12 flip.

SRP Symmetry Vacuum parameter Matter parameter

transformations transformations

IA (X) none λ1 ↔ λ2, cϕ → ∓sϕ, sϕ → ±cϕ
IB (Y) θ12 → −θ12, δ → δ + π λ1 ↔ λ2, cϕ → ±sϕ, sϕ → ±cϕ
IIA (Y) θ23 → −θ23, θ12 → −θ12 λ1 ↔ λ2, cϕ → ±sϕ, sϕ → ±cϕ
IIB (X) θ23 → −θ23, δ → δ + π λ1 ↔ λ2, cϕ → ∓sϕ, sϕ → ±cϕ
IIIA (Y) θ13 → −θ13, θ12 → −θ12 λ1 ↔ λ2, cϕ → ±sϕ, sϕ → ±cϕ
IIIB (X) θ13 → −θ13, δ → δ + π λ1 ↔ λ2, cϕ → ∓sϕ, sϕ → ±cϕ
IVA (X) θ23 → −θ23, θ13 → −θ13 λ1 ↔ λ2, cϕ → ∓sϕ, sϕ → ±cϕ
IVB (Y) θ23 → −θ23, θ13 → −θ13 λ1 ↔ λ2,

θ12 → −θ12, δ → δ + π cϕ → ±sϕ, sϕ → ±cϕ
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the marked differences between the two theories, see Table 2 for SRP and
Table 3 for DMP. The minor difference exists in the matter undressing of
θ13 in SRP, as opposed to ϕ, the matter-dressed θ13 in DMP. The matter
undressed θ13 is sensible in the solar-resonance region, which is away from
the atmospheric resonance. In fact, ϕ ≈ θ13 is a good approximation at the
solar resonance, see Fig. 1 in Ref. [13]. Notice again that in DMP, ϕ sign
flip is always correlated with θ13 sign flip.

Table 3. All the symmetries “Symmetry Z-DMP” of the 1–2 state-exchange-type

found in DMP are tabulated [2]. The notations follow those in Table 2.

DMP Symmetry Vacuum parameter Matter parameter

transformations transformations

IA (X) none λ1 ↔ λ2, cψ → ∓sψ, sψ → ±cψ
IB (Y) θ12 → −θ12, δ → δ + π λ1 ↔ λ2, cψ → ±sψ, sψ → ±cψ
IIA (Y) θ23 → −θ23, θ12 → −θ12 λ1 ↔ λ2, cψ → ±sψ, sψ → ±cψ
IIB (X) θ23 → −θ23, δ → δ + π λ1 ↔ λ2, cψ → ∓sψ, sψ → ±cψ
IIIA (Y) θ13 → −θ13, θ12 → −θ12 λ1 ↔ λ2, ϕ→ −ϕ

cψ → ±sψ, sψ → ±cψ
IIIB (X) θ13 → −θ13, δ → δ + π λ1 ↔ λ2, ϕ→ −ϕ

cψ → ∓sψ, sψ → ±cψ
IVA (X) θ23 → −θ23, θ13 → −θ13 λ1 ↔ λ2, ϕ→ −ϕ

cψ → ∓sψ, sψ → ±cψ
IVB (Y) θ23 → −θ23, θ13 → −θ13 λ1 ↔ λ2, ϕ→ −ϕ

θ12 → −θ12, δ → δ + π cψ → ±sψ, sψ → ±cψ

The readers must be puzzled about what happened. The presence or ab-
sence of θ12 in DMP and SRP second conditions, respectively, and the issue
of φ transformation to ψ and vice versa do not appear to “cancel” each other
to produce the essentially identical SRP and DMP 1–2 exchange symmetries.
However, let us pursue this possibility. As a first trial, we examine the case
that the second conditions consist only of the matrix part in both theo-
ries. We make the transformations sϕ → cψ, cϕ → −sψ, a → ∆m2

ren in the
“matrix-SRP”, i.e., the pre-factor removed Eq. (6.10), to obtain the “matrix-
DMP” second condition. The obtained solutions of the “matrix-DMP” sec-
ond condition show that the correct symmetry is reproduced for Symme-
try X, X = IA, IIB, IIIB, and IVA. However, in the remaining Symmetry Y,
Y = IB, IIA, IIIA, and IVB, we obtain the symmetry transformations with
the upper and lower ± (or ∓) signs interchanged, indicating that an overall
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minus sign has to be introduced (by hand) to make Symmetry Y hold. Let
us denote the above Symmetry X as “X-type” and Symmetry Y as “Y-type”.
Then, what we have observed is that the “matrix-DMP” second condition
produced by the above φ to ψ transformations from the “matrix-SRP” suc-
cessfully reproduces the symmetry of X-type: cψ → ∓sψ and sψ → ±cψ,
but not of Y-type: cψ → ±sψ and sψ → ±cψ. What is lacking is an overall
minus sign.

When we go back to the original second conditions with the pre-factors,
this sign problem can be resolved if θ12 sign flip is involved in the Y-type
symmetries and not in the X-type symmetries. We observe in Table 2 and
Table 3 that it is indeed the case. This is the reason why the SRP and DMP
symmetries are essentially identical.

Then the question would be: Why does the θ12 sign flip occur only in the
Y-type symmetries, namely, only when it is required? In DMP, it is just the
solutions of the (full) second condition. We are now trying to reproduce the
DMP 1–2 symmetry from SRP to prove the identity of the two symmetries
(or vice versa). Alas, in SRP neither the first nor the second conditions
involve θ12, leaving no chance for triggering the θ12 sign flip from the SF
equation. Then, why should θ12 → −θ12 be included in Table 2 for SRP in
the Y-type symmetries?

The answer is that without the θ12 transformation, the consistency with
the eigenvalue exchange λ1 ↔ λ2 is lost in the Y-type symmetries. The
zeroth-order eigenvalues in SRP are given by [1, 12]

λ1 = sin2 (φ− θ12)∆m
2
21 + cos2 φc213a ,

λ2 = cos2 (φ− θ12)∆m
2
21 + sin2 φc213a ,

λ3 = ∆m2
31 + s213a . (6.12)

Under the transformations cϕ → ±sϕ and sϕ → ±cϕ, sine and cosine of
(φ− θ12) transform as

sin (φ− θ12) → ± cos(φ+ θ12) ,

cos(φ− θ12) → ± sin(φ+ θ12) .

Therefore, without including the sign flip of θ12, the transformations cϕ →
±sϕ and sϕ → ±cϕ are not consistent with λ1 ↔ λ2. This problem does not
occur in the X-type symmetries. It is the reason why the θ12 sign flip must
be included in the Y-type symmetries in SRP. Thus, we have understood
the reason why SRP and DMP theories possess the identical 1–2 exchange
symmetries apart from a difference in matter undressing and dressing of
θ13. We note that the identity comes out via a highly nontrivial way, by
overcoming the marked differences, in parts by parts, between the SF second
conditions in both theories.
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7. Concluding remarks

We have started by reviewing the current status of our understanding
of the Rep (shorthand for “reparametrization”) symmetry in neutrino oscil-
lation in matter by using the SF (Symmetry Finder) method [1–4]. While
non-negligible numbers of the Rep symmetries are identified to date, there
still exist many unanswered questions. One of them is so-called the “prob-
lem of framework dependence”, which addresses the question of whether the
Rep symmetry originates from the physics request, or characterized as a
framework-dependent regularity as it may look more natural. The SF sym-
metry, by construction, looks like a framework-dependent symmetry, but we
have challenged to this common view by proposing the “one-resonance–one-
symmetry” picture of the Rep symmetry. That is, the symmetry belongs to
the resonance, a physical object, not the framework.

Can we confirm, or refute, the “one-resonance–one-symmetry” picture?
It is known that the both SRP (solar-resonance perturbation) and DMP
theories possess the 1–2 state-exchange symmetries. SRP and DMP are,
respectively, a locally-valid and a globally-valid theories (see Section 4.1),
whose regions of validity as well as the structures of perturbative formulation
differ markedly. If we can show that these two 1–2 exchange symmetries are
identical to each other, we can argue that the symmetry is associated with
the resonance, not the framework. In this paper, we have undertaken such
a comparative study of the symmetries, and indeed confirmed that the 1–2
exchange symmetries in SRP and DMP are identical to each other apart
from matter dressing or undressing of θ12.

Thus, we have learned by our comparative study of the symmetries that
while Rep symmetry of the 1–2 state-exchange-type exists in the respective
theories, SRP and DMP, with their own inherently different details, they
both describe the identical object — the solar-scale matter enhanced oscil-
lation. In this sense, our “one-resonance–one-symmetry” picture passes the
1–2 symmetry comparative study test.

7.1. Problem of missing 1–3 symmetry in DMP

We must remark, however, that the identity of the SRP and DMP 1–
2 exchange symmetries poses a serious question. One can argue that the
same feature must prevail to the atmospheric resonance region. If it is the
case since the 1–3 exchange symmetry is known to exist in the locally-valid
helio-perturbation theory [3], it must also exists in the globally-valid DMP.
To our current knowledge, DMP does have the 1–2 symmetry but not the
1–3 exchange symmetry, and we have the problem of missing 1–3 symmetry
in DMP. Answering this intriguing question is left for future study.
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We note that, despite the obvious interests, the Rep symmetry has
not been examined in the AKT perturbation theory [38] — the alterna-
tive globally-valid framework. The need for investigating symmetry in this
theory becomes greater as we face the 1–3 symmetry problem, because the
Hamiltonian is diagonalized first in the 1–2 and then the 1–3 rotations in the
AKT formalism. It means that, as far as the matrix multiplication struc-
ture is concerned, DMP’s 1–2 exchange symmetry corresponds to the AKT’s
1–3 exchange symmetry. It suggests that AKT could be the better way to
approach the 1–3 exchange symmetry.

As described in Ref. [1], our research field of the symmetry in neutrino
oscillation is still in its infancy with only less than two years of SF search
for the Rep symmetry. Naturally, there exist many difficult and unanswered
questions. They include:

— How big is the Rep symmetry in a given theory? For a possible way
of thinking, see Ref. [4] for a bold conjecture.

— What is the reason for the symmetries to exist? Is their existence
universal in any reasonable theory of neutrino evolution?

We hope that we will be able to grasp hints for answering these and other
questions in the near future.

The author thanks Ivan Martinez-Soler for kindly providing an improved
version of Fig. 1.
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