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A rapidly converging 4-dimensional Fourier shape parametrization is
used to model the fission process of heavy nuclei. Potential energy land-
scapes are computed within the macroscopic–microscopic approach, on top
of which the multi-dimensional Langevin equation is solved to describe the
fission dynamics. Charge equilibration at scission and de-excitation by
neutron evaporation of the primary fragments after scission is investigated.
The model describes various observables, including fission-fragment mass,
charge, and kinetic energy yields, as well as post-scission neutron multiplic-
ities and, most importantly, their correlations, which are crucial to unravel
the complexity of the fission process. The parameters of the dynamical
model were tuned to reproduce experimental data obtained from thermal
neutron-induced fission of 235U, which allows us to discuss the transition
from asymmetric to symmetric fission along the Fm isotopic chain.
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Since the discovery of the fission phenomenon in 1938, it has been com-
monly accepted that the most probable mass of the heaviest fragment pro-
duced in spontaneous or low-energy fission is located at A ≈ 140. However, a
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series of experiments by Hulet and co-workers [1] have shown that this is not
always the case. In the spontaneous fission of fermium isotopes, in particu-
lar, one notices a rapid change of the fragment mass-yield systematics with
growing neutron number. For the light Fm isotopes, one observes a mass
asymmetry of the fission fragments typical for actinides. Yet, at A = 258,
the fission-fragment-mass distribution changes rapidly and becomes sym-
metric and narrow. Also, the fragments’ total kinetic energy (TKE) yield
becomes significantly larger than in the lighter Fm isotopes. This new trend
in the fragment distribution is also observed for No isotopes. This discovery
of Hulet and co-workers constitutes a challenge for nuclear theoreticians.
Several attempts have been made to explain this phenomenon, an excellent
review of which is presented in the work of Albertsson et al. [2]. In the
present paper, we will show that this rapid change of the fission-yield sys-
tematics in the fermium isotopes can be well characterized when using a
new, very efficient Fourier-type parametrization [3] of the shapes of fission-
ing nuclei, combined with the WKB method to describe the penetration of
the fission barrier and a Langevin-type calculation [4] of the fragment yields.

Our “Fourier-over-Spheroid ” (FoS) parametrization, which describes the
shape of the nucleus relative to a spheroidal deformation, was recently in-
troduced in Refs. [4, 5] through the shape function
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which describes, in cylindrical coordinates, the location of a surface point
of an axially symmetric shape as a function of the symmetry z coordinate.
In this expression, R0 corresponds to the radius of the spherical nucleus
having the same volume, and the parameter c determines the elongation of
the shape with half-axis z0 = cR0. The shift parameter zsh guarantees that
the center of mass of the shape is located at the origin of the coordinate
system (zsh − z0 ≤ z ≤ zsh + z0). The function f(u) defines a shape having
half-length c = 1
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where −1 ≤ u ≤ 1. The first two terms in f(u) describe a circle, and
the third ensures volume conservation for arbitrary deformation parameters
{a3, a4, . . .}. The parameters a3 and a4 allow for reflection asymmetric and
necked-in shapes, with higher-order parameters an, n ≥ 5 responsible mostly
for the fission fragments deformations. Shapes breaking axial symmetry can
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easily be described through the shape function

ϱ2s (z, φ) = ρ2s (z)
1− η2

1 + η2 + 2η cos(2φ)
(3)

with the parameter η = (b−a)/(b+a), where a and b are the half-axis of the
ellipsoid obtained as the cross section of the non-axial shape for constant z
(see e.g. [3]). The parametrization (3) is similar but more general than the
γ-deformation of Åge Bohr. Equation (3) describes the same class of shapes
as the original Fourier deformation parameter set of Ref. [3] but is better
adapted for performing numerical calculations around the scission point of
fissioning nuclei.

Using the above FoS parametrization, we have performed extensive mac-
roscopic–microscopic calculations of the PESs for even–even nuclei with
90 ≤ Z ≤ 122 [4] in the 4D {η, c, a3, a4} deformation space. The Lublin–
Strasbourg Drop (LSD) formula [6] was used to evaluate the macroscopic
part of the energy, while the microscopic one is obtained using the single-
particle spectra of a Yukawa-folded mean-field Hamiltonian [7] and the
Strutinsky shell and BCS pairing corrections. An example of the obtained
potential energy surface (PES) is presented in Fig. 1, where the energy of
258Fm (renormalized to the LSD energy of the spherical nucleus) is presented
as function of the elongation c and the neck-parameter a4. Each point of
the surface is minimized with respect to the non-axial (η) and reflectional

Fig. 1. Potential energy surface of 258Fm on the (c, a4) plane. Each point is mini-
mized with respect to the non-axial (η) and the reflectional (a3) deformations.



9-A2.4 K. Pomorski et al.

asymmetry (a3) deformations. The ground-state of 258Fm is found to be
located at c = 1.13 and a4 = 0.03, with a3 = η = 0. Interestingly, two-
second saddles are found: one at c = 1.41 and a4 = 0.27 leading to compact
symmetric fission and a second one, around 1 MeV higher, at c = 1.55 and
a4 = 0.12, which opens a path leading both to asymmetric mass fragments,
but bifurcates also into another valley characterized by a symmetric mass
split with very elongated fragments. The shapes of the forming fission frag-
ments corresponding to these three valleys are characterized on top of Fig. 1.
The FoS parametrization scission line is found around a4 ≈ 0.72.

The competition in energy between the different second saddles and sub-
sequent fission valleys in Fm isotopes decides which fission path will be more
populated. The second barrier height, defined as the energy difference be-
tween the 2nd saddle and the ground state of the Fm isotopes, is shown in
Fig. 2.
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Fig. 2. Second fission barrier heights of 254-262Fm corresponding to the asymmetric
(a) and symmetric (s) saddle points.

Using the sets of Langevin equations defined in the FoS deformation
space, one obtains the mass and total kinetic energy of the fission fragments
[8, 9]. We have chosen the corresponding symmetric or asymmetric exit point
from the fission barrier as a starting point of the Langevin trajectories.

The final mass and TKE yields (Yth) were obtained by weighting the
yields obtained for both starting points (Ya and Ys) using the penetration
probability (Pa and Ps) of the corresponding fission barrier:

Yth (Af) = Pa Ya (Af) + Ps Ys (Af) . (4)

The relative probabilities Pi are given through the corresponding action
integral Si determined in the WKB approximation:

Pi =
exp(−Si)

exp(−Sa) + exp(−Ss)
(5)

evaluated along the path i (confer e.g. to Ref. [10]).
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Our estimates of the mass yields of 246-262Fm isotopes are compared with
the experimental distributions in Fig. 3. The corresponding fission fragment
TKE yield of 258Fm is shown in Fig. 4. The predicted yield (thick solid line)
reproduces the general trend observed in the measured TKE distribution [1].
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Fig. 3. Fission fragment mass yields of the fermium isotopes. The experimental
data (*) are taken from Refs. [1, 11–13].
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Fig. 4. Fission fragment yield (thick solid line) of 258Fm as a function of the frag-
ment TKE. The experimental data (histogram) are taken from Ref. [1]. A thin
solid line shows the TKE distribution corresponding to the asymmetric path, and
the dotted line, the one for the compact symmetric path.
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Taking into account the charge equilibration effect, the mass and defor-
mation, and the excitation energy of the fragments, one can estimate the
post-fission neutron multiplicities as described in Ref. [4]. The multiplicities
of neutrons accompanying the spontaneous fission of 258Fm, the correspond-
ing isotope and TKE yields, and the elongation of nucleus at scission are
shown in Fig. 5 as a function of the fragment neutron Nf and proton Zf

numbers, which illustrates the possibilities of our numerical code to account
for the different aspects of the nuclear fission process.
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Fig. 5. Maps of the post-fission neutron multiplicities (top l.h.s.), fission fragment
yield (top r.h.s), TKE (bottom l.h.s.), and elongation at scission (bottom r.h.s.)
for 258Fm.

Conclusions

The following conclusions can be drawn from our investigation:

— The Fourier expansion of nuclear shapes offers a very effective way of
describing the deformation of fissioning nuclei in the vicinity of the
ground state and the scission point.

— Potential energy surfaces are evaluated in the macro–micro model
using the LSD mass formula for the liquid-drop-type energy and a
Yukawa-folded single-particle potential to obtain the microscopic en-
ergy correction.



Fission Fragment Mass and Kinetic Energy Yields of Fermium Isotopes 9-A2.7

— A 3D Langevin model that couples fission, neck, and mass asymmetry
modes was used to describe the fragment mass and kinetic energy
yields.

— The transition with increasing mass from asymmetric to compact sym-
metric fission, as observed in the fermium isotopes, is well reproduced.

— The multiplicity of post-scission neutrons and the charge of the fission
fragments are estimated within our model.

— The influence of the inclusion of higher-multipolarity deformation pa-
rameters a5 and a6 is on our agenda.

Further calculations for a wider mass and charge region are in progress.
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