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Tachyon condensation in quantum field theory (QFT) plays a central
role in models of fundamental interactions and cosmology. Inspired by
tower truncation in string field theory, ultraviolet completions were pro-
posed with infinite-derivative form factors that preclude the appearance
of pathological ghosts in the particle spectrum, contrary to other local
higher-derivative QFTs. However, if the infinite-derivative QFT exhibits
other vacua, each of them has its own spectrum, which is generally not
ghost-free: an infinite tower of ghost-like resonances pops up above the
nonlocal scale at tree-level, whose consistency is unclear. In this article,
a new weakly nonlocal deformation of a generic local QFT is introduced
via a Lorentz and gauge covariant star-product of fields, which is com-
mutative but nonassociative in general. This framework realizes tachyon
condensation without ghosts at the perturbative level, with applications for
spontaneous symmetry breaking.

DOI:10.5506/ APhysPolB.54.9-A4

1. Introduction

Despite the incredible success of effective field theories (EFTs) [1] such
as local quantum field theories (QFTS) [2]| to describe the phenomenology of
elementary particles [3] and primordial cosmology [4], it is usually expected
that the fundamental quantum theory, which embeds gravity with the sub-
atomic interactions, should be nonlocal |5, 6]. The most popular example is
string theory [7], where the perturbative degrees of freedom are not pointlike
particles anymore but fundamental extended objects: strings.

String theory is traditionally defined perturbatively in the worldsheet
formulation [7]. Among the nonperturbative approaches, string field theory
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(SFT) [8] is an off-shell QFT formulation: a string field creates and anni-
hilates strings, whose interaction vertices are manifestly nonlocal. Such a
string field can be expanded into an infinite tower of particle fields with
increasing spins, which are interpreted as string excitations. Cubic SFT has
been used to study D-brane decay by tachyon condensation: the tachyon of
open bosonic strings attached to a D-brane rolls down towards the asymp-
totic minimum of the potential, and the brane decays into a lower-dimen-
sional brane or the closed string vacuum [9]. This phenomenon can be
studied in a simplified framework, where the string tower is cut at 0-level:
one gets a tachyon field with a weakly nonlocal (WNL) cubic potential, ex-
hibiting an infinite-derivative form factor [10-26], i.e. a pseudodifferential
operator.

The study of string-inspired nonlocal field theories has triggered a re-
vival of the old program® to improve the ultraviolet (UV) behavior in QFT
by some WNL deformation. Leaving aside SF'T, if one considers an infinite-
derivative quantum field theory (0°QFT) with only interacting Klein—
Gordon scalars and Dirac fermions, one can delocalize the interaction terms,
and the theory becomes UV-finite [11, 27|. Perturbative analyticity and
unitarity? have been shown for both SFT [8, 29-35] and these simpler
0*°QFTs [28, 36-42]. The case of (non-SFT) 0*QFTs with gauge sym-
metries is more delicate since (local) gauge transformations impose a com-
petition between WNL form factors in the kinetic and interaction terms [43—
45]. If one keeps locality in gauge transformations, the Krasnikov—Terning
scheme [46-48| is manifestly gauge invariant: one can build WNL exten-
sions of Yang—Mills theories or Einstein gravity that are superrenormaliz-
able or UV-finite thanks to the special class of Kuz’min—Tomboulis form fac-
tors [25, 49-60], i.e. WNL form factors that are asymptotically local in the
deep-UV. This framework offers a potential alternative path to string theory
towards a fundamental theory of Nature that is entirely based on QFT.

One may wonder if an 0°QFT is not plagued by the infamous ghost
problem of usual higher-derivative QFTs (cf. Refs. [61, 62] for reviews). How-
ever, the infinite-derivative form factors are carefully chosen to not introduce
new singularities in the complex plane beyond what one already has in the
healthy local limit of the theory; this has been checked in perturbation the-
ory [8, 2837, 39-42|. Indeed, contrary to early expectations |63], the ghosts
(that one naively guesses from truncating the infinite-derivative form factor

! For a review of the pre-80s literature on infinite-derivative QFT, cf. Ref. [11].

2 Technically, these properties hold if the 8 QFT is defined by the Efimov analytic
continuation [28], sometimes (badly) called generalized Wick rotation, even if there
is no rotation of the integration contour [8]: the path integral is defined in Euclidean
signature, and the Minkowskian 9°°QFT is obtained by analytic continuation of the
external momenta. The reason behind this subtlety is an essential singularity at
complex infinity oo that forbids the (true) Wick rotation.
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at some finite derivative degree) decouple once the whole form factor is re-
sumed [11, 64-67], as it should when one wants to probe the WNL scale.
Instead of ghosts that propagate backward in time and interact with acausal
local vertices [68-71], weak nonlocality (WNL) introduces some fuzziness in
spacetime resolution by smearing the vertices [10, 11, 18, 20, 27, 36, 72, 73].

In particle physics, tachyon condensation is used for spontaneous sym-
metry breaking (SSB). In the Standard Model (SM), it is at the heart of
the so-called Higgs mechanism [74-84]: the cornerstone of the electroweak
theory [85-88|. Naturally, WNL is expected to provide a way to stabilize
the scalar potential under radiative corrections [46, 89-93|. String-inspired
scalar fields with nontrivial potentials have also been studied in cosmology?,
with applications for inflation, dark energy, phase transition/vacuum de-
cay, etc. [96-136]. Nevertheless, such UV-completion is nontrivial because
a string-inspired tachyonic potential is usually ghost-free in only 1 vacuum
of the potential while, in the other vacua, the spectrum develops an infinite
tower of ghosts whose consistency is controversial |14, 18, 113, 124, 132, 137,
138]. Any attempt to embed local models with tachyon condensation in an
0 QFT that is UV-complete should address this ghost issue.

In the literature, only 2 solutions in a non-SFT framework have been
proposed to the ghost problem in the infinite-derivative Higgs mechanism:

— Gauge-Higgs unification: In Ref. [138], the authors added 2 extra di-
mensions of space to identify the Higgs field with the extra components
of 6D gauge fields, such that they avoid the ghost-like tower at tree-
level.

— Tree-duality: In Ref. [139], Modesto proposed a recipe to generate an
O0*QFT from a local QFT by imposing that the perturbative spec-
tra and scattering amplitudes match at tree-level [140], while keeping
superrenormalizability and UV-finiteness at loop-level [141, 142]. As
a byproduct, this “tree-duality” recipe allows for building a ghost-free
Higgs mechanism at tree-level [143].

The aim of the present study is to propose a new WNL deformation that re-
alizes tachyon condensation without vacuum instabilities at the perturbative
level.

This article is organized as follows. In Section 2, the problem of vac-
uum stability induced by ghosts in string-inspired tachyon condensation is
presented in detail. In Section 3, a new solution to this issue is proposed
and applied for SSB of discrete and gauge symmetries (Higgs mechanism).
Appendix A gives a list of conventions and notations.

3 WNL gravity has applications in black hole physics and cosmology, cf. Refs. [94, 95]
for reviews.
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2. Infinite-derivatives vs. vacuum stability

2.1. Monster zoology: tachyons, ghosts and Co.
Consider the Minkowskian tree-level propagator for a particle of (com-
plex) mass m in QFT, with the e prescription that preserves unitarity
icgn R
p2 — ¢, m? + i€’

(2.1)

where: cg4p, R is the residue of the complete propagator at the corresponding
pole that is real positive for real poles and complex for complex conjugate
poles; ¢, is the sign of the mass term in the potential. In the following, one
considers only particles defined by simple poles (i.e. of multiplicity 1). One
can recast a propagator into a sum of such single-particle propagators by
performing a partial fraction decomposition

N

1 1 1
o o = T

-1 P i=1 \ j#i ¢ i) P i

In order to fix the vocabulary, one will follow Ref. [62]. One has: a canonical
particle for cg, = ¢ = 1; a ghost for cgp, = —cy = —1; a tachyon for
cgh = —Cip = 1; a tachyon-ghost for cgp = ¢y = —1. One can refer to
Refs. [61, 62, 144] for more details on the pathologies induced by ghosts
or tachyons, i.e. vacuum instability and causality violation. Concerning
analyticity in the p%—complex plane, the pole of the propagator in (2.1) is
located at

pE=FE*—il, E? =52+ ey (m?) I'=cy, I (m?) +e. (2.3)
One can distinguish 3 kinds of poles:

— Canonical particles or tachyons have J(m?) = 0 and € > 0. The poles
lie in the 4" quadrant of the p2-complex plane.

— Ghosts or tachyon-ghosts have J(m?) = 0 and € < 0. The poles lie in
the 15 quadrant of the p3-complex plane.

— Complex conjugate poles, usually called Lee-Wick (LW)-pairs [145—
149], have J(m?) # 0 and € = 0. The poles lie in the 1°* and 4"
quadrants of the p%-complex plane.

These last years, the so-called fakeon (or Anselmi-Piva) prescription to
treat ghosts and LW-pairs has been developed [150-156], and recently gener-
alized to continua of ghost quasiparticles associated with branch cuts [157]:
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it involves a nonanalytic Wick rotation from Euclidean to Minkowskian mo-
menta. The spurious singularities turn out to be purely virtual particles
(fakeons) that cannot go on-shell. However, Kubo and Kugo recently claimed
that the usual Feynman rules used in the literature (including the fakeon
prescription) ignore some subtleties that arise with Dirac d-functions defined
on C, implying the existence of new contributions to the amplitudes that
violate unitarity around the ghost threshold [158]. Therefore, there is no
clear consensus in the literature on the issue of building a physically mean-
ingful theory with ghosts. In this article, I will adopt the standard point of
view in the QFT community: one has to impose analyticity on the physi-
cal sheet* [159]. This excludes ghosts and LW-pairs that are considered to
spoil® either stability [61, 62, 144] or unitarity [158].

2.2. Anatomy of vacua in tachyon condensation

Consider a local QFT defined on R with 1 real scalar field ¢(x) and a
Zs symmetry, i.e. an invariance under ¢(z) — —¢@(x). The Lagrangian is

1
Lo=—5006-V(9), (2.4)
where V() is a potential with a quartic self-interaction® (M2 € R, A > 0)

M? 5 A
=224 2ot 2.
e =Lt do (25
In the literature, WNL is usually introduced by SFT-like smeared interaction
terms [27], obtained by performing the replacement ¢*(x) — p*(x) in V(¢).
It involves the smeared field” ¢(z), with the WNL scale A = /1/n, given
by

p(x) = 271 g() | (2.6)

that is defined by a pseudodifferential operator, where ¥(z) is an entire
function satisfying 9¥(0) = 0. The parameter n is a fundamental area that

4 Analyticity alone on the physical sheet allows essential singularities at complex in-
finity o0, e.g. the exponential function e* with z € C. Exploring this unusual class
of theories is the raison d’étre of the 9°°QFT program.

I apologize to the reader who disagrees with this statement.

Motivated by the 0-level truncation of cubic SFT, the spectrum with a WNL cubic
self-interaction was studied in Ref. [138], with similar conclusions. In this article, the
choice of a quartic self-interaction allows for highlighting the deep link with SSB.
This kind of smeared interaction ¢®(z) is directly inspired by the cubic term in
open bosonic SFT (e.g. Ref. [17]). Note that the definition of ¢(z) on a Minkowski
spacetime is “symbolic”. The WNL field theory is defined via the path integral in
Euclidean signature, and then the Green functions are analytically continued to a
Lorentzian signature [8, 28-37, 39-42].

(el
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one will call a “fuzzy plaquette”, which characterizes the smearing of the
WNL field interactions. Note that the resulting 3°QFT is still Zo-invariant,
like the original local QFT.

Since the WNL form factor €?(*) has no zeroes on C, one can perform a
field redefinition ¢(x) — @(z), and the Lagrangian can be rewritten only in
terms of the smeared field p(z) as

1 g A
Lo=—7pe Y(=nt) (D+M2)g0—a<p4. (2.7)

Under this form, the self-interaction term appears as a local product of ¢(x),
whereas all the information about WNL is recast in the kinetic term®. The 2
descriptions are strictly equivalent [37]. In the following, only the initial form
of the Lagrangian (2.4) is considered, and the different vacua are discussed.
For concreteness, one chooses an SFT-like form factor with ¥(z) = z, but
another choice should give qualitatively similar results.
Klein—Gordon scalar: If M? > 0, there is only 1 vacuum ¢o(x) = 0 that is
a minimum of V(¢), and the field fluctuations around it have the Euclidean
propagator .
—i
ERNYE (2.8)
that describes only 1 scalar mode (p% = —M?). The vacuum is tachyon-
and ghost-free, and the WNL scale A acts as a smooth UV-cutoff for the
radiative corrections [11, 90-92|. Therefore, the theory is expected to be
stable at the perturbative level.
Tachyon condensation: If M? = —;? < 0, there is tachyonic instability,
and the system relaxes in 1 of the tachyonic vacua, i.e. a (local) minimum
of V(¢). This phenomenon is called tachyon condensation.
Symmetric vacuum: The vacuum ¢g(z) = 0 is Zg-symmetric but unstable,
i.e. a local maximum of V(¢). The fluctuations around this vacuum have
the Euclidean propagator ‘
. 2.9
pE — p? (29)
that is ghost-free and describes only 1 scalar mode: a tachyon (on-shell
condition p]%: = p?), reflecting the instability. Therefore, the system must
relax in 1 stable vacuum if it exists.
Broken vacua: There is SSB of the Zs-symmetry by the choice of 1 of the
2 vacua defined by local minima of V(¢). They correspond to the vacuum
expectation values (VEVs) of the field

8 It is always possible to move the form factor €”*) from the kinetic to the interaction

terms via field redefinitions, whereas the converse is not true in general.
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¢+ () zivzi\/fu, (2.10)

with ¢4 <> ¢_ under the Zo-reflection. The field fluctuations ¢(z) = v+o(x)

around the ¢, -vacuum® are described by the Lagrangian
1 I N L S
Lg——ga'DO'"—?O' —7§ —7§ —IC s (211)
with the smeared field
s(z) = e2 V(=n0) o(x). (2.12)

The Euclidean propagator of the meson field, i.e. the scalar fluctuations o(x)

18 .
—1

ph — 2 13k
2

whose poles p% = —m; (on-shell condition for a particle of mass my) are
solutions of the transcendental equation

(2.13)

o nm? (m? +p2) =32 =0, m? = —p%. (2.14)

One introduces the adimensional quantities x = y2/A42? > 0 and g = mi /1,
such that the transcendental equation becomes

e "% (gp+1)—3=0, (2.15)

whose solutions give the meson spectrum

o0 =2, ifrk=0; (2.16)
o = —1 - We(Z36e™) s k>0, (2.17)
K

where Wy (2) is the &*® branch of the Lambert-W function!'" [160], defined as
the multivalued inverse of the function f(z) = ze®. Let k1 = —Wy(—1/3e) ~
0.14 and ko = —W_;1(—1/3e) =~ 3.29, there is no real zero when € [k, k2],
and only 1 or 2 otherwise. When x > 0, one gets an infinite tower of complex
conjugate zeroes.

In order to analyze the different physical situations, one can distinguish
3 regimes that lead to qualitatively different meson spectra (cf. Fig. 1):

9 The physical properties of the fluctuations around the ¢_-vacuum are identical by
Zo-reflection.

10 The Lambert-W function is also called the omega function or product logarithm in
the literature.
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Fig. 1. Meson spectrum in the (m?/u?)-complex plane for the 3 different regimes:
normal hierarchy p < A (top); inverted hierarchy u > A (bottom-left); ahierarchy
u~ A (bottom-right).

— Normal hierarchy: When u/A < 1, one has k < kj, and the meson
spectrum is: 1 light canonical mode (mg ~ p), a ghost around the
WNL scale (m_; ~ A), and an infinite tower of LW-pairs'! triggered
by A. In the local limit (k — 0), the scale A decouples and one is left
with only the canonical mode (mg = v/2p): one recovers the unique
meson mode in local tachyon condensation around the stable vacuum.

1 TW-pair = 1 LW-particle + 1 LW-ghost, whose masses are the complex conjugates
of each other.
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— Inverted hierarchy: When /A > 1, one has K > ko, and the meson
spectrum is: 1 tachyon, 1 tachyon-ghost, and an infinite tower of LW-
pairs triggered by the scale A.

— Ahierarchy: The case k € [Kk1, k2] is realized when /A ~ 1, and the
meson spectrum is an infinite tower of LW-pairs triggered by A. Real
modes appear only when there is a hierarchy between the mass scale
in the scalar potential y and the WNL scale A.

In all regimes, ghosts (and sometimes tachyons) arise in the 2 broken
vacua, where stability and unitarity are then questioned. The normal hi-
erarchy appears in UV-completions of EFTs in particle physics and/or cos-
mology, where the ghost-like modes pop up'? only near and above the WNL
scale A. The 2 other regimes do not have light canonical particles; they
are plagued with instabilities, and I am not aware of a phenomenological
motivation to consider them in model-building.

2.8. Discussion: origin of the clash

The apparent clash between ghost-freedom and SSB in 9*°QFT is not
restricted to discrete symmetries; it is also present with both gauge and
global continuous symmetries, where the meson field plays the role of ra-
dial fluctuations. In Ref. [138], the Higgs mechanism is studied in a similar
WNL theory, and the physical spectrum also exhibits pathological modes.
The reason behind the reappearance of the ghost problem in d*°QFT with
tachyon condensation comes from putting together 2 apparently “incompat-
ible” ideas:

— In the string-inspired 9°°QFT, the absence of ghosts and tachyons
in the particle spectrum is realized by smearing the fields with very
specific form factors that do not introduce new poles in the field prop-
agators [27]. In order to have a true WNL theory (i.e. not just a field
redefinition of a local theory), only the fields in the interaction terms
are smeared.

— In tachyon condensation, one expands the scalar field(s) around a (lo-
cal) minimum of their potential; the mass term of the meson modes
(i.e. the fluctuations around the vacuum) comes from both the mass
and self-interaction terms of the scalar potential.

2 Some authors [14, 138] were puzzled by the interpretation of the spurious ghost-tower
in cubic SFT truncated at O-level. However, in a stringy UV-completion, the WNL
scale A corresponds to the string scale, and an infinite tower of string excitations
appears. Thus, the truncated SFT-tower they considered cannot be trusted [161]:
these ghost-like modes are not necessary there. One must instead perform a (local)
Taylor expansion u < A of the form factor, where only the light mode(s) is(are)
propagating in the EFT [161].
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Therefore, if one wants to realize tachyon condensation (in particular SSB)
in an 9°QFT without ghosts and tachyons, one needs a recipe for WNL form
factors that adapt themselves to a change of vacuum, i.e. not to lose their
good analytic properties when a field gets a VEV. In the next section, an
example of such a recipe with a new star-product is proposed: the product
of fields is smeared in all Lagrangian terms instead of the individual fields
in the interaction terms.

3. New weakly nonlocal deformation

3.1. Star-product of fields

Let @;(x) be a set of bosonic fields (fundamental or composite) defined
on R13. Spacetime or internal space indices attached to the fields are not
written explicitly for clarity. The index ¢ € N is understood as labeling
the different field species, and the Einstein convention of summation on
repeated indices will not be used for it. One defines a star-product  as'
(no summation on i and j)

5 (E niy d_1/>)

bi(z) x Dj(x) = i(x) e b;(x),

-/ TR i+ i) &) -8, (31
(2m)

with the notation nij = n;; g, where 7;; € C is a scalar whose modulus

is homogeneous to an area in natural units. Note that the star-product

depends on the 2 involved field species via both 7;; and the entire function

¥;(z) satisfying 9;;(0) = 0. It is a WNL deformation of the usual (local)

pointwise product - since, in the local limit, one has

Di(z) * Pj(x) ~, Di(z) - Pj(z) . (3.2)

ij
If a field is equal to its VEV: @;(x) = v; then, by construction,
vi*Dj(x) = v - Pj(x). (3.3)

One can impose further restrictions on this multiplicative law x to pre-
serve as much as possible the properties of the pointwise product in local

QFT:

13 This star-product is formally defined on R**® (Lorentzian signature), but it should be
understood as obtained by a formal Wick rotation of the analogous star-product on
R* (Euclidean signature). A reader familiar with noncommutative QFT should find
some similarity with the Groenewold-Moyal star-product, which is noncommutative
and breaks explicitly Lorentz invariance, cf. Refs. [162, 163] for reviews. Instead,
the star-product considered in this article will be designed to be commutative and
Lorentz covariant.
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— Commutativity:
Bi(2) % By (x) = By (x) * Bi(a) (3.4)
with 9;;(2) = ¥(2) and n;; = n;;.
— Hermitian symmetry:
Di(z) x Pj(z) = [Dj(x) * Pi(x)]", (3.5)

with ¥;;(2) = 9;:(2)* and n;; = nj;. Together with commutativity, one
gets that the 7;;s and ¥;;(2)s are real-valued symmetric matrices.

— Linearity in both arguments:

[Xi Di(x) + X Pj(x)] * [Ae Pr(x) + N ()]
=X\ A\ @1@3) * @k(:(}) + A A @Z(x) * @1@3)
+ >‘j Ak @j ($) * @k(ﬂ?) -+ )‘j Al @j (:L‘) * @l(x) , (3.6)

where the usual additive law + is defined between the fields with the
same quantum numbers (i.e. in the same representation of the symme-
try group or its complex conjugate). It imposes that ¥;;(2) = ¥;1(2) =
Vi(z) = ¥5(2) and n;, = njx = na = nj. With the previous prop-
erties, this means that for each couple (a,b) of group representations,
one has a different form factor exponent ¥,,(2) and a different fuzzy
plaquette 74p.

However, by an analysis in momentum space, one can check easily that this
star-product is not associative in general'?, i.e.

[Di(x) % Dj(x)] x P(x) # Pi(x) % [Pj(x) * Pr(z)] . (3.7)

In order to apply this framework in QFT, one can replace the point-
wise products in the local operator products with this new star-product.
Such WNL deformation of the original local theory defines a whole class of
possible 9°QFTs, without further selection criteria'®. Indeed, the different
¥;j(2)s and ;s allow large freedom but can be at least constrained by the
reasonable requirement not to break an exact symmetry of the original lo-
cal theory. Moreover, since the star-product is not associative in general, a
local operator product like @;(x) - @j(x) - @1 () can be deformed as different
associations of star-products between the same fields, cf. Eq. (3.7).

14 A notable exception with associativity is when ¥(3, 5), n:; = 1, and 9¥;;(2) = 9(2)  z,
i.e. SFT-like.

15 It is not so different from the ad hoc prescriptions to define other string-inspired
QFTs [25, 27].
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3.2. Vacuum stability in tachyon condensation

In this section, the star-product is applied to get an alternative WNL
deformation of the toy scalar model of Section 2.2. Since there is only 1
real scalar field ¢(x), one needs to introduce only 1 fuzzy plaquette n and 1
entire function ¥(z). Consider the Lagrangian

£y = % 0§ % 0udp — VP (9), (3.8)

with the potential

2
VOB) = 664 G (6 6) % (929 + Zox[ox (6x6)],  (39)

where one has included the 2 nonequivalent quartic self-interaction terms.
They reduce to the Lagrangian (2.4) and potential (2.5) in the local limit
n — 0, where A\ + A2 = A. The WNL Lagrangian is manifestly invariant
under the Zo-reflection ¢(x) — —o(x).

Klein—Gordon scalar: In the case M? > 0, there is still only 1 vacuum
¢o(x) = 0 that is Zg-symmetric. One performs the field redefinition (2.6)
that leaves the vacuum and S-matrix identical. It is instructive to analyze
the action in momentum space.

Quadratic terms: The mass term involves the field product

4 -
/ &z ¢(2)x 9(z) = / (;’;4 &) 3p) - 3(—p).

4
- / (‘375';4 50)- 3(-p),
= /d4x ©*(z). (3.10)

In the same way, the kinetic term gives

/d4ac Mp(x) * Oup(x) = /d4x Mo(z) - Oup(x). (3.11)

Therefore, the field redefinition (2.6) removes the WNL features from the
quadratic terms. The Euclidean propagator

—1

—_- 3.12
pE 4+ M? (3.12)

describes only 1 propagating scalar mode (p% = —M?), and the vacuum is
thus tachyon- and ghost-free.
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Quartic terms: The 1% self-interacting term is

4 i il = POy )
/d (P * @) * (P @) :/ H 2n) @ (pi)| (2m)% sz. V1 (PLp2,Ps.pa)
' i=1

=1
(3.13)
with
79§4)(P17p27p3,104) = 9 (—np1-p2) +9(—np3-ps)
4
1

+9 [—n (p1 + p2) - (p3 +pa)] — 5 279 (np?) , (3.14)

i=1

and the 2 one is

L dp; 4 )
/d4m O x[d* (P * )] /[H )] (2m)% (sz> V2 (PLP2,Ps,p4)
i=1

i=1
(3.15)

with

9 (p1, p2, p3,pa) = 9 (—np1 - pa) + 9 [—nps - (p1 + pa))

+0 [=npa - (p1 +p2 +p3)] — % > 9 (npl), (3.16)
i=1

where the nonassociativity of the star-product is now manifest for a gen-
eral'® 9¥(z). The WNL features are recast in the interaction terms. From
their analytic structures, the associated vertices do not introduce any new
singularity (pole or branch cut) in perturbation theory [29, 35], i.e. beyond
what one has already in local QFT.
Tachyon condensation: In the case of the tachyonic instability M? =
—u? < 0, there is 1 Zo-symmetric vacuum ¢g = 0 that is a local maximum
of V¥ (¢), and 2 degenerate vacua

6
)\1-|->\2'u

¢+ =Fv==% (3.17)

that are local minima of V*)(¢) with SSB of the Z; symmetry. The mesonic
fluctuations ¢(x) = v 4+ o(x) around the ¢-vacuum have the Lagrangian

2

Ly = %8”0*8M0—u20*0— M—U*(U*o)
v
Z} (U*U)*(U*U)—%U*[a*(a*a)]. (3.18)

16 In this toy model, one can check that associativity holds (19§4> = 1954)) for ¥(z) x z
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A similar analysis to the Klein—Gordon scalar shows that there is only 1
perturbative degree of freedom in all vacua: 1 tachyon of mass iy in the
$o-vacuum, and 1 meson of mass /2y in the ¢4-vacua, such as in the local
limit n — 0. This is transparent from the form of the Lagrangian, where the
kinetic and interaction terms are equally treated in this WNL formalism.
Note that the meson mass does not receive contributions from the WNL
scale A = \/1/n, contrary to the smeared field formalism of Section 2.2.
One concludes that the local minima ¢4 are stable at the perturbative level,
like in the local QFT.

3.8. Application to gauge symmetry breaking

One of the most beautiful applications of tachyon condensation is the
SSB of gauge symmetries by the Higgs mechanism [74-82, 84]. In order
to keep local gauge transformations and to generalize the star-product in a
manifestly gauge covariant way, one uses the Krasnikov—Terning scheme!”
[46-48], i.e. any partial-derivative is replaced by a covariant derivative (9, —
D,,) in the star-product definition (3.1). In the following, one will illustrate
this with the example of a WNL deformation of an Abelian Higgs mechanism.
It is important to stress that, in the proposed formalism, both pointwise
and star-products can coexist'®. In this article, all star-products are written
explicitly by using the symbol %, the other explicit/implicit products have
to be understood as pointwise.

Consider a photon field A, (z) and a Higgs field ¢(x) with an electric
charge —1. The electromagnetic gauge coupling is e and is associated with
the gauge group U(1)em. One wants to keep local gauge invariance, so the
field transformations under U(1)ey, are the standard ones

p(x) = @ g(x),  Au(x) = Au(z) — dua(z), (3.19)

where the exponential function is defined via its power series built with the
(local) pointwise product. One introduces:

— For neutral fields: the fuzzy plaquette n9 = 1/42; the symbol %o de-
fined as

17 The Krasnikov—Terning scheme is sharply different from the deformed gauge transfor-
mations with a star-product in noncommutative QFTs that are motivated by quantum
spacetimes [164], e.g. the Seiberg—Witten map [165] in string theory.

'8 The coexistence of the 2 products is again different from noncommutative QFTs [162,
163], based on a deformation of the original algebra of local QF T, where all pointwise
products are replaced by star-products, even in the series expansion of functions.
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v
Ap *0 Aa’ :Apeﬂo(ang 81/) Aa—,
d4pid4pj —i(pitpi )z +90(—no pi-pi) A =
:/(27r)8 e~ iPitpj) o(—=mop pJ)Ap(pi)_AJ(pj)

(3.20)

with the notation " = 9 g"”, and the entire function Jo(z).

— For fields creating/annihilating particles of charge —1 and antiparticles
of charge +1: the fuzzy plaquette . = 1/A2%; the symbol x, defined as

Dyt D,
i

6 (@) %o $(z) = 6*(2) " o(x).
:/d4pi d;lpj e_i(pi+pf)'$+ﬂe(—”eUf'”f')&‘(pz‘)'a(Pj)

(2m)®
(3.21)
with the notation " = 7. g"*, the entire function J.(2), the covariant

derivative:

Dug(z) = [0y +ie Au(@)] - d(x), Do (2) = [0p —ie Au(2)] - ¢"(2),
(3.22)

and the covariant momenta
II =p—eA(z), II°=p+eAx). (3.23)

In order to avoid any confusion, 2 different symbols have been introduced
for the star-product between fields with different quantum numbers. The
WNL Lagrangian is

Lo= 3 Furo P+ (D) e (DM9) = Vi), (3:24)

with the Faraday tensor F),, = 0,4, — d,A,. The scalar potential is

Va(@) = —17 9" ke o + X (&7 e 9) %0 (6" % 9) (3.25)

with p? > 0 for the tachyonic mass and the coupling A > 0 for the quartic
self-interaction. In order to be fully explicit, the full expressions of each
Lagrangian term with the star-products are

Fly %0 F" = F,y e (8t 22) oo (3.26)
(DM¢*) *e (DH¢) —_ Dp¢* eﬂe (E k" 'E,j) Dpd)) (327)
(6" %e 6) %0 (6" e ) = (6 % )P %) (571, 4) (3.28)
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One can check that the Lagrangian £, is Hermitian symmetric, as well as
manifestly Lorentz and gauge invariant. In the local limit (ng,n. — 0), one
recovers the (local) pointwise products between fields.

The scalar potential V,(¢) has a continuous set of minima, defined as
any U(1)em rotation of the VEV

v =14/ —. (3.29)

One can thus use the polar representation for the Higgs field

1 ;=)
o(x) = ﬁ [v+o(z)]e ™, (3.30)

with the real scalar fields o(x) and 7(x) for the charged meson and pion,
respectively. One will work in the unitary gauge, i.e. use the freedom given
by the gauge transformations (3.19) to remove the explicit dependence on the
pion field m(x), which becomes the longitudinal polarization of the massive
photon field A, (z), i.e.

H(z) = o™ g(z) = \}5 v+ o ()] (3.31)

that is now real-valued. One gets the Lagrangian (in unitary gauge)

1
LY = = Fuwxo F* + 0, H x OV H + e? (H - Ay,) xe (H - AM)
+12 Hxe H—X(H . H) %o (H % H) . (3.32)

The dependence on covariant derivatives in the expression of the star-
product between Higgs fields means that the field ¢(x) is dressed by a photon
cloud. In perturbation theory (e < 1), one has 7. > €%, so it is justified
to expand the pseudodifferential operator in the definition of the symbol *,

as
e (BuntBl) _ e (Bunt* ) G) (3.33)

in the energy range (1/A, e/A.). In the ellipsis O (e/A.), there is an in-
finite tower of local operators that give vertices with a growing number of
photons, but one can choose ¥, (z) such that these photons do not contribute
to the tree-level 2-point function for the Higgs and photon fields in the bro-
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ken phase'”. Therefore, to study the perturbative spectrum of the model,
it is sufficient to keep only the leading term in the expansion (3.33). One
will note this noncovariant truncation of the star-product with the sym-
bol *., instead of *.. Concerning the star-product between neutral fields,
the partial-derivatives are already covariant, so the symbols xy and *g are
equivalent. By following this discussion, one has

L=
(Z)* *e(p:qﬁ*eﬁe(“ng ay)qﬁ, FMV*OF‘“V:FMV*()F“V. (3.36)

Then, it is important to notice that, in the broken vacuum, the mass
terms for the photon and meson fields receive contributions from the inter-
action terms in the Lagrangian (3.32). Therefore, the ghost-free condition is
realized if one imposes 1 = 1y = 1. and ¥(z) = Yo(z) = Y(2), thus one can
also drop the indices attached to the symbol *. At the end, the Lagrangian
LY can be written in terms of meson and Proca fields as

1 2
£Y > ~2 W*F“”+(6;})AM*A“

-l—%@uo*@“a—)\UQU*U—)«UU*(U*J)—%(U*U)*(a*a) .
(3.37)
Then, one performs the field redefinitions
Ay(z) e 2?1 4 () H(z) o e 2?1 H(z),  (3.38)

to recast the pseudodifferential operators in the interaction terms. One con-
cludes that the model describes only 2 physical particles: 1 massive photon
of mass m4 = ev, and 1 meson of mass m, = v2\v, i.e. the Higgs boson!
There is no spurious tachyon or ghost mode to spoil the stability /unitarity
in the physical vacuum.

19 This condition (essential to avoid ghosts) is satisfied if one chooses a (real-valued)
transcendental entire function

ee®) = Zak 2", ap =0, (3.34)
k=0

in the covariant star-product *.. Otherwise, the dressing of the Higgs field by the
photon cloud generates a mass term for the photon at tree-level via the potential
V(o) since, for the covariant star-product between Higgs VEVs, one gets

Vke V= eﬂe (52 AH"ZLUAV) 1}2 = 1}2 + a1 1’]6(61))2.4‘“4” + O (A4) y (335)

instead of its noncovariant avatar of Section 3.1, where v x v v? from
Eq. (3.3). For instance, one can take a Hermitian function e’e(®) — ¢ %) where

9
Vk € N, asr+1 = 0, and the behavior of the WNL form factor eve (nep?) is the same
for spacelike and timelike momenta.

(=
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4. Conclusion and outlook

In this article, one has tackled the problem of finding a ghost-free 9*°QFT
with tachyon condensation. In Section 2, the case of an SFT-inspired scalar
theory with the SSB of a Zs symmetry is studied. For a normal hierarchy,
an infinite tower of ghost-like particles appears close to the WNL scale at
tree-level, which questions the validity of the theory. In Section 3, a new
WNL deformation is proposed with the definition of a star-product between
fields, which is manifestly Lorentz and gauge covariant, commutative, but
nonassociative in general. One has shown that no spurious tower pops up
in this case. In particular, the example of a ghost-free WNL Abelian Higgs
mechanism at the perturbative level appears to be a very promising result
for future investigations.

In this study, a solution to the issue of potential pathologies in the pertur-
bative spectrum of simple 9°°QFTs has been proposed. In order to test fur-
ther the validity of such 0*°QFT, several aspects need to be investigated, e.g.

— A generalization of the star-product that includes fermions, non-
Abelian gauge symmetries, and gravity should not be the major diffi-
culty.

— The UV behavior of radiative corrections is particularly interesting,
since the goal is to achieve superrenormalizability or UV-finiteness.
In order to be under perturbative control with the Krasnikov—Terning
scheme [46-48|, it is (a priori) necessary to choose entire functions
¥;j(2) that lead to the Kuz’min-Tomboulis form factors |25, 49-60],
otherwise one runs into trouble [166]. The reason is that the power
counting theorem explicitly assumes UV-locality [167-169)].

— Still related to quantum corrections, Shapiro studied the dressed prop-
agator’’ in superrenormalizable gravity, and he realized that it ac-
quires an infinite tower of the Lee—Wick poles, unless the remaining
UV-divergences at 1-loop are canceled by some killer operators [170],
like in the pure gravity 0°°QFTs built in Ref. [52]. However, Modesto
pointed out that these “Shapiro ghosts” are located outside the radius
of convergence of the geometric series given by the infinite chain of
1PI diagrams [171], i.e. they might just be spurious artifacts when
trusting the expression of the dressed propagator outside its domain
of definition. Therefore, the issue of ghost-freedom in 0 QFT at the
level of the 1PI effective action fully deserves a clarification elsewhere.

20 Computing the dressed propagator is a semiperturbative procedure, i.e. one computes
the 1 particle irreducible (1PI) diagrams at a given order in perturbation theory, and
then resum the whole chain of 1PI diagrams (nonperturbative ingredient), which is
equivalent to resum the leading logarithms via the renormalization group in local
QFT.
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— An important application could be the stabilization of scalar potentials
under radiative corrections, with potentially important consequences
for the gauge hierarchy problem [172-178| and vacuum stability [179—
187] in particle physics beyond the Standard Model [46, 89-93].

— Since there are essential singularities at complex infinity oo in 9°°QFT,
the standard properties of scattering amplitudes need to be revis-
ited [41, 72, 140, 188-193].

Thanks to Raffaele T. D’Agnolo, Hermés Bélusca-Maito, Aldo Deandrea,
Anish Ghoshal, Ratul Mahanta, Anupam Mazumdar, Leonardo Modesto,
and Jean-Christophe Wallet for informal and useful discussions. Figure 1
was made with Wolfram Mathematica.

Appendix A

Conventions and notations

— When not specified, the QFT conventions in this article are the same
as in Peskin and Schroeder’s textbook [2].

— The 4-dimensional Euclidean space is noted as R* with the metric
O = diag(+1,+1,+1,+1). (A.1)

Euclidean quantities are written with the subscript E, e.g. the mo-
mentum pg.

— The 4-dimensional Minkowski spacetime is noted as R'3 with the met-
ric

g = diag(+1,-1,-1,-1). (A.2)

— The symbol - is used for either the pointwise product between fields
or the scalar product of vectors.

— Let C be the complex plane, the real and imaginary parts of z € C are
noted as M(z) and J(z), respectively.

— Let f(z) be a function on spacetime. Its Fourier transform in momen-
tum space is written f(p).

— One uses arrows on differential operators like 5 and B for operators
acting on the function on the left and on the right, respectively.



9-A4.20 F. NORTIER

— Let f(z) be an entire function on C, the pseudodifferential operator
f(D) (where D is some differential operator) is defined as

S

joy=1 k'(O) DF. (A.3)
k=0 ’
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