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The structure of the neutron mid-shell 115
47Ag68 nucleus was analyzed

via Interacting Boson–Fermion Model (IBFM) calculations. Excited level
energies and electromagnetic properties of 115Ag were calculated by using
a proton hole coupled to an even–even 116Cd core described within the ex-
tended consistent Q formalism (ECQF). The new theoretical results are in a
good agreement with the available experimental data and show a dominant
πg9/2 component in the wave functions of the low-energy positive-parity
states. The calculations provide insight into the ordering of the 7/2+1 and
9/2+1 states and the known j − 1 anomaly along the silver isotopic chain.
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1. Introduction

A vast amount of new experimental data for neutron-rich nuclei from
the A ∼ 110 region has been acquired due to recent advances in the γ-ray
detection technologies [1–4] and radioactive beam facilities [5–9]. This nu-
clear mass region exhibits very complex characteristics, some of which can
be identified within a broader overview of several isotopic chains. The struc-
ture can dramatically change with the addition or subtraction of just a few
particles, as it is well known from Zr nuclei [10, 11]. In addition, octupole
deformation emerges in the Zr [12] and Mo [13] isotopic chains near N = 56.
Effects of triaxiality manifest in Tc [14, 15], Ru [16–18], Rh [19], and Pd
[20–23] nuclei, while the neutron mid-shell Cd isotopes are textbook exam-
ples for quadrupole vibrations [24, 25]. All these observations emphasize
the diversity and richness of phenomena in the A ∼ 110 mass region and
characterize an extensive landscape of numerous structural effects.
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While not necessarily exhibiting each of the aforementioned phenomena,
silver nuclei in this mass region show some particular characteristics which
challenge model interpretations. The yrast excitations of the semi-magic
97Ag nucleus can be well explained by single-j three-hole configurations.
Quadrupole deformation develops with an increase in the neutron number
along the Ag isotopic chain [26]. One of the striking features of the Ag iso-
topes is the so-called “j−1 anomaly”. The effect is related to the re-ordering
of the (j, j−1) states of the single-j j−3 multiplet. According to the nuclear
shell model [27], the j state is the lowest energy state. In Ag, structures
similar to the j−3 arise and are associated with the πg−3

9/2 configuration. It
is instructive to note that within the πg−3

9/2 approach, the energy spectrum
consists of states with angular momenta from 3/2+ to 21/2+, except for
19/2+ which is not a part of the multiplet. All these states have a seniority
number υ = 3, except for the 9/2+ level which has υ = 1. However, sim-
plified shell model calculations with three valence holes could not reproduce
well the transition rates between the I = j and I = j − 1 members of the
multiplet [28].

The presence of 7/2+1 states with excitation energy lower than the ones
of the 9/2+1 levels is observed along all Ag isotopes between 103Ag and
123Ag [29]. This effect was investigated via different theoretical approaches
over the years. Such are studies performed considering breaking the jj-cou-
pling approximation and introducing gn7/2 admixtures to the wave functions
[30], the j−3 coupling scheme [31], shell model calculations with effective QQ
and surface delta (SDI) interactions [32, 33], three-valence holes-vibrator
coupling model calculations [28], IBFM [34], etc. While such anomalous be-
havior is also observed in other isotopic and isotonic chains [26, 32, 35], it
is very prominent in the medium-mass and heavy silver nuclei [26]. Recent
systematic works [26, 34, 36–38] show that the j, j−1 energy gap is strongly
correlated with the energies of the 2+ states in neighboring even-A nuclei.
It could be, therefore, expected that core excitations play an important role
in the development of the low-energy part of the Ag spectrum.

Generally, the positive-parity bands observed in the heavier silver iso-
topes do not resemble the weak particle–core coupling scheme of Ref. [39].
The neutron mid-shell Ag nuclei rather show fingerprints of a deformed odd-
mass system [40]. Yet, there are features which cannot be understood within
the particle–rotor approach. The positive-parity sequences in several Ag iso-
topes terminate at Jπ = 21/2+ which is typical for the πg−3

9/2 scheme [29].
A similar band-termination mechanism is found in the IBFM-1 model with
O(6) symmetry of the bosonic system [41], where the maximum spin of the
band is limited by the number of bosons. However, mid-shell Ag isotopes
have far fewer valence particles for a termination of the positive-parity band
at 21/2+ to occur.
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Despite the large variety of theoretical investigations, the structure of the
silver nuclei still remains elusive. This is problematic not only in the micro-
scopic world of nuclear structure but it can also have consequences for some
larger-scale processes. For example, low-lying isomeric states in 111−115Ag
(such as the 7/2+1 state in 115Ag having a half-life T1/2 = 18.0 (7) s) impact
the nucleosynthesis mechanisms contributing to the astrophysical origin and
abundance of rare isotopes in the Cd–In–Sn region [42, 43]. Therefore, de-
tailed knowledge about the structure of the Ag nuclei can be also essential
in astrophysics and, in particular, due to the implications to the isotope
abundance calculations.

The present work focuses on a theoretical description of the structure
of 115Ag within IBFM-1 [44]. IBFM calculations have been previously
performed to study silver nuclei but they either mainly focus on intruder
states [45], or investigate lower-mass odd-A Ag isotopes [46–50]. The cur-
rent calculations provide a complete set of information about level schemes
and electromagnetic properties in 115Ag. The present work extends the ap-
proach we used for the description of 111−113Ag [34], therefore providing
a broader systematic study of the Ag mid-shell nuclei within IBFM-1. The
collective properties of both 115Ag and its even–even core are discussed in
the context of developed quadrupole deformation.

2. IBFM calculations

Earlier IBFM works on odd-A Ag isotopes provide various arguments
in favor of using either of both possible coupling schemes — coupling of
a proton to a Pd even–even core, or a proton hole coupled to a Cd core
[45–50]. The choices made were mostly motivated by the amount of avail-
able experimental data, the presence of intruder states, and a degree of
collectivity in the core nucleus. In the frame of IBM, the Cd isotopes have
the structure closer to the U(5) limit, while Pd nuclei exhibit a more transi-
tional O(6) character. In our systematic study, including 111,113Ag [34] and
the present work, we observed a generally better description of the mid-shell
odd-A Ag energy level schemes using the proton hole–Cd coupling.

2.1. IBM-1 calculations of 116Cd

The properties of 116Cd were calculated by using the extended consis-
tent-Q formalism (ECQF) to IBM-1. This theoretical approach was in-
troduced to allow for description of a complex set of collective structure
effects, spanning over from vibrational through rotational to γ-unstable nu-
clei [51, 52]. The ECQF Hamiltonian is

H = εnd − κQ2 − κ′L2 . (1)
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with

nd =
√
5 T0 ,

L =
√
10 T1 ,

Q =
(
d†s+ s†d̃

)
+ χ

(
d†d̃

)(2)
=

(
d†s+ s†d̃

)
+ χT2 ,

d̃µ = (−1)µd−µ . (2)

The IBM-1 calculations were performed by using the PHINT program pack-
age [53]. The model parameters presented in Table 1 were obtained after a
fit to the experimental data for 116Cd. This set of parameters describes well
the excitation energies of the low-lying states in 116Cd (see Fig. 1), as well as
the E2 transition strengths. It is consistent with earlier similar approaches
applied to 112,114Cd [34]. The parameters used in these studies are, in gen-
eral, similar to the ones used in an ECQF IBM-1 description of even–even
Ru and Pd isotopes [52, 54].

Table 1. IBM-1 set of parameters used to calculate the properties of the 116Cd
core.

ε κ κ′ χ eB

0.69 0.0208 −0.0045 −0.411 0.095

An E2 transitions operator in the form

T (E2) = eB

[(
s†d̃+ d†s

)
+ χ

(
d†d̃

)(2)
]
= eBQ (3)

was used to calculate transition probabilities, with

B(E2; Ji → Jf) =
1

2Ji + 1
⟨Jf∥T (E2) ∥Ji ⟩2 , (4)

where Ji and Jf denote the spins of the initial and final states, respectively.
A comparison between calculated and experimental B(E2) values of sev-

eral low-lying transitions in 116Cd is presented in Table 2. A good agreement
between the theoretical values and experimental data is achieved. The elec-
tromagnetic properties of 116Cd were further investigated within IBM-1 by
calculating the quadrupole moments (Q) of the first excited 2+ and 4+ states.
The IBM-1 Qth(2

+) = −0.28 eb is consistent with the evaluated experimen-
tal result of Qexp(2

+) = −0.42 (4) b [55]. Furthermore, the calculations also
suggest Qth(4

+) = −0.41 eb.
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Fig. 1. A comparison between experimental and IBM-1 calculated levels in 116Cd.
The experimental data are taken from Ref. [55].

Table 2. Experimental and IBM-1 calculated B(E2) values for transitions between
low-lying states in 116Cd. The experimental data are taken from Ref. [55].

Jπ
i Eγ Jπ

f B(E2)exp B(E2)th
[keV] [W.u.] [W.u.]

2+ 513.49 0+ 33.5 (12) 33.7
4+ 705.96 2+ 56 (14) 53
6+ 807.21 4+ 110 (80) 63
8+ 798.24 6+ 66

The quadrupole moments data provide essential information about the
structure of 116Cd. Neighboring even–even Ru and Pd isotopes in this mass
region indicate a transition between the U(5) and O(6) limits of IBM [54, 56],
while the Cd isotopes are often given as an example of vibrational-like nuclei.
The non-zero theoretical and experimental quadrupole moments in 116Cd
suggest certain deviations from the O(6) limit of IBM (which is characterized
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by vanishing Q), as well as from the pure U(5) behavior. A non-zero value
of the χ parameter was used in the present IBM-1 approach and while being
close to the U(5) limit, deviations from its paradigm were introduced.

2.2. IBFM-1 approach to 115Ag

The IBFM-1 calculations to reproduce the properties of 115Ag were per-
formed by using the 116Cd IBM-1 core and a Hamiltonian in the form

H = HB +HF + VBF , (5)

where HB denotes the 116Cd IBM-1 Hamiltonian and the fermionic term is

HF =
∑
j

Ejnj . (6)

Ej denotes the quasiparticle energies of the single-particle shell model or-
bitals.

The boson–fermion interaction VBF is described by several interactions,
which are sufficient for a phenomenological study of the different proper-
ties [57, 58]

VBF =
∑
j

Ajndnj +
∑
jj′

Γjj′

(
Q

(
a†j ãj′

)(2)
)

+
∑
jj′j′′

Λj′′

jj′ :

((
d†ãj

)(j′′) (
d̃a†j′

)(j′′)
)(0)

0

: . (7)

Based on microscopic considerations, the number of parameters can be
decreased, leading to [59]

Aj = A0 ,

Γjj′ = Γ0

(
ujuj′ − υjυj′

) 〈
j
∥∥∥Y (2)

∥∥∥ j′〉 ,

Λj′′

jj′ = −2
√
5Λ0βjj′′βj′′j′/

(
2j′′ + 1

)1/2 (
Ej + Ej′′ − ℏω

)
, (8)

where

βjj′ =
〈
j
∥∥∥Y (2)

∥∥∥ j′〉 (
ujυj′ + υjuj′

)
,

u2j = 1− υ2j . (9)

The occupation probabilities for the single-particle orbitals j are denoted
with υ2j , while A0, Λ0, and Γ0 are free parameters.
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The IBFM-1 calculations were conducted using the program package
ODDA [60]. An initial set of single-particle energies and interaction param-
eters was adopted from Ref. [34]. These values were further varied to better
reproduce the experimental data for 115Ag.

BCS calculations were performed to determine the occupation prob-
abilities and quasiparticle energies of the orbitals in 115Ag. A value of
∆ = 1.5 MeV was considered for the pairing gap in the calculations. Results
of the BCS procedure are shown in Table 3.

Table 3. BCS calculated occupation probabilities υ2
j and quasiparticle energies Ej

of the proton single-particle orbitals with energies εj in 115Ag.

εj [MeV] υ2
j Ej

p3/2 0.0 0.95 3.40
f5/2 0.4 0.94 3.05
p1/2 2.6 0.64 1.57
g9/2 2.1 0.77 1.78
d5/2 5.0 0.10 2.46

Both the positive- and negative-parity states in 115Ag were calculated
by using the same boson–fermion interaction parameters. Values of A0 =
−0.48 MeV, Γ0 = 0.38 MeV, and Λ0 = 3.5 MeV2 were considered, leading
to the level schemes presented in Fig. 2.

Reduced M1 and E2 probabilities for transitions in 115Ag were also cal-
culated within IBFM-1. Operators in the following forms were used:

T (M1) =

√
90

4π
gd

(
d†d̃

)(1)

−gF
∑
jj′

(
ujuj′ + υjυj′

)
⟨j∥gll + gss ∥j′ ⟩

[(
a†j ãj′

)(1)
+ c.c.

]
,

(10)

T (E2) = eB

((
s†d̃+ d†s

)(2)
+ χ

(
d†d̃

)(2)
)

−eF
∑
jj′

(
ujuj′ − υjυj′

)
⟨j∥Y (2) ∥j′ ⟩

[(
a†j ãj′

)(2)
+ c.c.

]
. (11)
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Fig. 2. IBFM-1 and experimental level energies in 115Ag. The states with different
parity are presented in separate sequences for visual convenience. The experimental
data are taken from Ref. [61].

The effective boson and fermion charges (eB and eF , respectively) were
set to be equal to the effective boson charge used in the 116Cd IBM-1 calcu-
lations. The d-boson g-factor was set to gd = 0.3 µN based on the magnetic
moment of the 2+ state in the neighboring 116Cd, and values of gs = 4.0 µN

and gl = 1.0 were applied.
B(M1) and B(E2) rates were calculated for some of the low-lying excited

states in 115Ag and are listed in Table 4.
In addition, the information about electromagnetic properties was ex-

tended by calculating the magnetic dipole and electric quadrupole moments
of several low-lying levels in 115Ag. Results are presented in Table 5. The
electromagnetic moments of the 7/2+1 state calculated within IBFM-1 agree
well with recently published experimental data [62].
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Table 4. IBFM-1 transition probabilities for several transitions in 115Ag.

Jπ
i E†

level Jπ
f E†

level Eγ B(M1)th B(E2)th
[keV] [keV] [keV] [W.u.] [W.u.]

9/2+ 166.56 7/2+ 41.16 125.40 0.004 59
11/2+ 285.5 9/2+ 166.56 118.94 0.048 78
11/2+ 7/2+ 41.16 244.34 6.1

13/2+ 596.7 11/2+ 285.5 311.20 0.187 72
13/2+ 9/2+ 166.56 430.14 19
15/2+ 926.8 13/2+ 596.7 330.10 0.241 60
15/2+ 11/2+ 285.5 641.30 32

Table 5. Magnetic dipole and electric quadrupole moments of low-lying states in
115Ag calculated within IBFM-1. The experimental data for the electromagnetic
moments of the 7/2+ state are taken from Ref. [62].

Jπ E†
level µ‡

exp µth Q‡
exp Qth

[keV] [µN ] [µN ] [b] [eb]
1/2− 0.0 0.013
7/2+ 41.16 4.4223 (9) 4.188 1.04 (8) 1.298

9/2+ 166.56 5.092 0.766

(3/2−) 255.48 0.813 −0.414

(5/2−) 342.62 0.515 −0.561
†from [61]
‡from [62]

3. Discussion

The IBFM-1 model provides a satisfactory description of the complex
structure of 115Ag, even though it assumes a single-fermion–boson coupling
and no distinction between protons and neutrons is being made.

To better understand the theoretical results, the structure of the wave
functions of the lowest-lying states in 115Ag was studied. The IBFM-1 cal-
culated contributions of different single-particle orbitals to the first three
IBFM-1 levels are presented in Table 6.

The calculations show that the πg9/2 orbit dominates the structure at low
energies. Within the model, the role of the πg−3

9/2 configuration is effectively
taken into account by the interaction between the πg−2

9/2 d boson and the
πg9/2 fermion.
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Table 6. Single-particle contributions to the wave functions of some of the lowest-
energy states in 115Ag, as calculated in the present work.

Jπ E†
level πp3/2 πf5/2 πp1/2 πg9/2 πd5/2

[keV] [%] [%] [%] [%] [%]
1/2− 0.0 7.25 13.61 79.14 0.0 0.0

7/2+ 41.16 0.0 0.0 0.0 97.29 2.71
9/2+ 166.56 0.0 0.0 0.0 95.18 4.82

†from [61]

The j − 1 anomaly, which is generally challenging to reproduce, is well
described in the present work. A major part of this agreement with ex-
perimental data is due to the selected boson–fermion interaction parameter
values. In line with observations from the IBFM calculations of lower-mass
Ag nuclei [46, 47], it was found that the proper ordering of levels can be
obtained through the exchange term in the particle–core coupling. Further-
more, the model not only reproduces the anomaly in the sequence of the
9/2+ and 7/2+ states, but it also predicts an enhanced E2 component of the
9/2+ → 7/2+ transition, as well as a hindered M1 component. This agrees
with the observed probabilities for the same M1+E2 transition in lighter Ag
isotopes [29].

The B(M1) and B(E2) values shown in Table 4 point to a similar struc-
ture of higher-spin yrast states in 115Ag. The transition probabilities indi-
cate strong E2 components and suggest that the levels are strongly correlated
with the even–even core excitations.

The experimental energies of negative-parity states in 115Ag are also well
described by the model. The calculations show that the structure of the
lowest-lying negative-parity levels is mainly dominated by the πp1/2 orbital.

Although the experimental information about the electromagnetic prop-
erties of 115Ag is sparse, recent measurements provide important data about
the magnetic dipole and electric quadrupole moments of the 7/2+1 state in
this nucleus. Reference [62] presents a systematic study of these observables
along part of the Ag isotopic chain. The results in the mid-shell silver nu-
clei are consistent and agree well with the theoretical values in the present
work and Ref. [34]. This further validates the described IBFM-1 algebraic
approach to the structure of 115Ag.

Within the model concepts, the present calculations suggest a proton
hole coupling to a core which generally exhibits many of the U(5) features
but the calculations suggest a departure from the exact symmetry. Still,
additional experimental data, especially for probabilities of electromagnetic
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transitions and static electromagnetic moments, are essential to build a more
coherent understanding of the characteristics of this isotope, as well as other
mid-shell odd-A silver nuclei.

4. Conclusion

The structure of 115Ag was studied within the IBFM-1 theoretical model.
An odd-proton hole was coupled to an IBM-1 116Cd core and calculations
were performed using five single-particle orbitals. The j−1 anomaly effect in
115Ag was reproduced and the theoretical energies of low-lying states agree
well with the experimental data. Even though it is difficult to draw firm
conclusions due to a lack of precise experimental data, the new calculations
indicate that a significant degree of collectivity is involved in the 9/2+1 →
7/2+1 transition. The model calculations suggest that collectivity persists at
higher energies and spins but further experimental data are needed to test
this hypothesis. The theoretical results outline the major role of the πg9/2
orbital which dominates the structure of the low-lying positive-parity states
in 115Ag.
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