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Causal Dynamical Triangulations (CDT) is a lattice theory of quantum
gravity. It is shown how to identify the IR and the UV limits of this
lattice theory with similar limits studied using the continuum, functional
renormalization group (FRG) approach. The main technical tool in this
study will be the so-called two-point function. It will allow us to identify a
correlation length not directly related to the propagation of physical degrees
of freedom.
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1. Introduction

Four-dimensional gravity is not perturbatively renormalizable. For many
years it has been discussed if the theory could be defined as a unitary,
non-perturbative quantum field theory. This putative theory could contain
other terms than the classical Einstein-Hilbert terms in the action and these
additional terms could make the theory UV well defined. This has been
well understood since the seminal work of Stelle [1] where an R? term was
added to the classical GR action. Unfortunately, it was not so clear how to
ensure the unitarity of the corresponding quantum theory. A more general
setup is known as the asymptotic safety scenario [2] where one, appealing
to the Wilsonian renormalization group, tries to understand if the UV limit
of a quantum gravity theory can be associated with a fixed point of the
renormalization group. This fixed point could in principle be non-Gaussian,
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and starting with the seminal work of Reuter [3], a lot of evidence has been
accumulated supporting the existence of such a non-Gaussian fixed point
(see |[4-6] for extensive reviews). The evidence for this non-Gaussian fixed
point comes from solving the renormalization group equations using the
so-called functional renormalization group technique (FRG) that goes back
to Wetterich (see [7] for a review). However, “solving” FRG also means
in this context a truncation of the full equation, and it can be difficult to
judge how reliable the results are. Thus, it would be reassuring if one could
verify the FRG results using an independent calculation and since we are
discussing non-perturbative quantum field theory, the use of lattice quantum
field theory is natural. In that case, one often has to use Monte Carlo
simulations, and they also represent an approximation, but of a different
kind than used in FRG. The purpose of this paper is to compare the two
approaches.

The rest of the paper is organized as follows: first we recall how one can
use the lattice field theory to test the existence of a putative non-perturbative
UV fixed point. Here, we use a ¢* theory in four dimensions as an exam-
ple. Next, we discuss ways in which quantum gravity can be formulated as
a lattice field theory, namely by the use of the so-called Dynamical Trian-
gulations (DT) or Causal Dynamical Triangulations (CDT). In this section,
we also discuss how to introduce the concept of a diffeomorphism invariant
correlation length in quantum gravity, and in what way it implies finite-size
scaling in the lattice quantum gravity theories. We then compare the lat-
tice results (obtained by Monte Carlo simulations) with the simplest results
obtained using the FRG approach. The final section contains a discussion
of the results obtained so far.

2. Identifying fixed points in ¢* lattice theory

Let us consider a ¢ lattice field theory in four dimensions. The lattice
action used is

4
S=> (Z(¢(n +e;) — ¢(n))* + podi, + ﬁoé”‘(n)) : (1)

n =1

where n denotes a lattice point, e; is a unit vector in direction ¢, and the
fields ¢(n) and the coupling constants po and ko > 0 are dimensionless, and
the length of the lattice links is 1. The theory has a second-order phase
transition line, starting at kg = pp = 0 and extending to kg = oo. It
separates the symmetric phase ((¢) = 0) from the broken phase ((¢) # 0).
We will consider only the symmetric phase. For each value of pg and kg, one
has a correlation length &(ug, ko) defined by the exponential fall-off of the
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two-point function. It diverges when one approaches the second-order phase
transition line. Rather than using g, ko as variables defining the theory, we
will use &, k. Then the phase transition line will be at £~! = 0. The possible
fixed points for the theory will be on this line and there can potentially be
both IR and UV fixed points as shown in Fig. 1. For each value of the
bare coupling constant kg, we can define a renormalized coupling constant
kR (Ko, €). It can be expressed in terms of bare four-point and bare two-point
functions (see [9] for details). The theory will have a UV fixed point gV if
it is possible to find a path (£, ko(€)) in the &, ko coupling constant plane
such that

rr(K0(£),§) = kr  for & — o0. (2)
Such paths for different kg are illustrated in Fig. 1. Differentiating (2)
w.r.t. £, we obtain

d &‘ﬁIR &%R dlﬁo
0=¢&— =¢(— -— —_— . 3
Introducing the bare and the renormalized S-functions
drg OKR
= _— - £ 4
BO(K/O) dg . ) IBR(K/R) 85 o ( )
-1
4 K const.
K;{(l) Kg sz Kg KII{(Z)
AR Ve r vy
0 —‘ - g Ko
K1) Ko K (2)

Fig.1. The tentative ¢* phase diagram with a UV fixed point and two IR fixed
points. The dashed lines are paths where the renormalized ¢* coupling constant
kR is kept fixed, while on the dotted line, the bare coupling constant kg is fixed.
The thick red line illustrates the way the real renormalization group flow will be
in a ¢* theory with a fixed xg. It will never reach the critical line where & = oo
and, accordingly, there will not be a continuum quantum field theory with a fixed
kR > 0, as first shown in [§].
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Eq. (3) can be written as'

(9/431:{

Br(kr) = -— Bo(ko) - (5)

8%0

A typical By(kp) is shown in Fig. 2, and solving (4) for a fixed kg close to
the fixed point k5", we obtain

CZZO =By (k§") (ko — K3Y) , d.e. |ro(&) — kG| = c(kR) ég(f)(ﬁgv) ,
R (6)

i.e. k(&) = K§Y for & — oo if By(kgY) < 0. kg thus serves as a UV fixed
point. Similarly, solving (4) for kg as a function of £ for fixed ko, it is seen
from Fig. 1 that xr(§) flows to an IR fixed point kg for & — oo.

Po(Ky)
A
s, Bolko) & BN — K"
R .- .
.ir = lg‘ UV > KO
Ky Ko ™.

Fig.2. The expected form of the ¢* B-function if the ¢* theory would have a UV
fixed point.

In Eq. (1) we assumed the lattice spacing was 1. One can instead intro-
duce a lattice spacing of length a in (1) and a will then act as an adjustable
UV cut-off. At a UV fixed point, one can define a “continuum limit” where
a — 0 (and kg > 0) in the following way: introduce a physical length ¢},
between lattice points 1 and ng, and a physical (renormalized) mass mg by

1
_g,

! The Bo(ko) function as defined by (3) is strictly speaking also a function of &, but
for large & (the so-called scaling region), this dependence can be ignored. The same
remarks are true for Sr(kr).

(7)

lon (n1,m2) = alng — nal, mg
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This ensures that the exponential decay of the continuum, renormalized
two-point function is defined by mg since we have

e~ Mphlph(n1,n2) _ o—[n1—n2|/¢ 7 (8)

and for fixed mg (7) shows that £ — oo leads to a — 0, i.e. a removal of
the UV cut-off and the definition of a continuum quantum field theory with
renormalized coupling constants mg and kg > 0.

The above discussion assumes that the lattice is infinite since we are
discussing the limit where & — co. In actual numerical lattice Monte Carlo
simulations, we are forced to have a finite lattice consisting of N, = L*
lattice points. The correlation length can then not be larger than L = Ni/4.
However, assuming that Ny is sufficiently large we have, according to (6),

’ I’;Uv
o (N31) =5 A 9)

= c(kr) Ny
which is a so-called finite-size scaling relation that we will use also in the
case of lattice gravity. If we are in a regime of coupling constant space
where finite-size scaling is valid, we could have replaced the ¢! axis with

an N4_1/4 axis, or even an le axis. The qualitative features of Fig. 1 would
be unchanged. This is precisely what we will do in the case of lattice gravity,
as will be explained below.

3. Lattice quantum gravity: CDT

Four-dimensional Dynamical Triangulations (DT) and four-dimensional
Causal Dynamical Triangulations (CDT) provide lattice regularizations of
4d quantum gravity (see [10-13] for reviews). For an ordinary lattice field
theory, such as the ¢* theory discussed above, the lattice is fixed and the
dynamics comes from the fields ¢(n) living on the lattice points n. In DT
and CDT, the dynamics comes from summing over different lattices. One
considers 4d piecewise linear manifolds of a fixed topology, defined by gluing
together identical building blocks of four-simplices with link length a, the
a acting as a UV cut-off as in the case of the ¢* lattice theory. Viewing
the four-simplices as flat in the interior, a unique geometry is associated
with each such piecewise linear manifold since geodesic distances between
two points are well defined. At the same time, the gluing will define a four-
dimensional triangulation, a lattice. The path integral of quantum gravity
involves the integration over all geometries and it will now be represented
as a sum over all such triangulations or lattices of the given topology. Ac-
tion (1) used in the case of the ¢* lattice theory represents the simplest
discretized version of the continuum ¢* action. For piecewise linear mani-
folds, there exists a beautiful geometric discretization of the Einstein—Hilbert
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action, where the curvature in the four-dimensional case lives on the trian-
gles of the four-dimensional triangulation, the so-called Regge action [14].
In the case where the triangulation is constructed by gluing together iden-
tical building blocks, the Regge action becomes exceedingly simple since it
will just depend linearly on the total number of four-simplices and the total
number of triangles. We will use this simple action in the definition of the
path integral. The final ingredient entering in CDT is that we assume that
geometries have a proper time foliation that we implement in the following
way. Let time be discretized. At each time ¢;, we have a spatial slice X(¢;)
with a fixed spatial topology. Here, we consider the simplest case where the
spatial topology is that of the three-sphere S3. We triangulate each X(t;) by
gluing together tetrahedra to form a triangulation with the topology of S2.
We then fill out the slab between X(¢;) and X'(¢;11) by four-dimensional sim-
plices, glued together in such a way that the topology of the slab is S3 x [0, 1].
These four-dimensional triangulations can share a tetrahedron, a triangle,
a link or a vertex with the three-dimensional triangulation of X(¢;), and
they will then share a vertex, a link, a triangle, or a tetrahedron with the
three-dimensional triangulation of X(¢;41), respectively. The construction
is shown in Fig. 3.

Fig.3. The build-up of a CDT triangulation between the time-slab at ¢ and at
t + 1. Shown is a so-called (3,2) four-simplex and a (4,1) four-simplex.

In the path integral, we then sum over all possible 3d triangulations
of the spatial slices X(t;)s and all possible 4d triangulations that fill out
the slabs. Finally, each such triangulation 77, is associated with a weight
eiSrezze[TL]  where Sregge[I1,] is the Regge action associated with Ti,. The
continuum path integral is then replaced by the following sum:
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Z(G, /1) _ /D[g] eiSeh[g;G,A) N ZL(k27k4) _ ZeiSregge[TL;kQ,M] , (10)
11,

where the continuum Einstein—Hilbert action refers to the gravitational and
cosmological coupling constants G and A, while the Regge action refers to
the dimensionless lattice analogues ko and ky.

A special property of the CDT setup is that for each Lorentzian trian-
gulation 71,, we can perform a rotation to an Euclidean triangulation T,
simply by changing the length assignment 1> = —a? of the time-like links
connecting X(t;) and X(t;11) to 1> = a®. Formally, this is a rotation to
imaginary time, i.e. Euclidean time. The Regge action will then change in
the standard way

iSroggelTL] — —SreggelTE], i.e. Zplhy, k] =Y e Sreseellmkobal - (17)
Tg

In the following, we will always sum over this class of Euclidean triangu-
lations and drop the subscript E. We then have a theory with FEuclidean
signature, like in the ¢* case, but the class of geometries is smaller than the
one provided by the full class of Euclidean triangulations since the triangu-
lations Tg that enter in (11) still remember the time-slicing we imposed on
the triangulations® T1,.

As stated above, the Regge action becomes very simple when one uses
identical building blocks. In CDT we have, in a Wilsonian spirit, chosen
to generalize the Regge action slightly by allowing different cosmological
coupling constants associated with four-simplices of type (4,1) and type (3,2)
shown in Fig. 3. The action then becomes

S[T] = —k‘gNQ(T) + k32N32(T) + ]{341N41 (T) , (12)

where No(T') is the number of triangles in T', N35(7T) the number of (3, 2) plus
(2, 3) four-simplices, and Ny1(7") the number of (4, 1) plus (1, 4) four-simples.
The total number of four-simplices in T is Ny(T') = Ny1(T) + N32(T'). Using
the so-called Dehn—Sommerville relations between the number of subsimples
N;(T) of the order of 4, where Ny(T') is the number of vertices, we can write
(12) as follows (see [10] for details):

S[T; ko, A4, ]{74] = —(ko + GA)N()(T) + k4N4(T) + ANy (T) . (13)

2 The four-dimensional DT lattice gravity formulation pre-dates the CDT formulation
[15, 16]. In the DT theory, one sums over the full class of Euclidean triangulations.
In this way, one avoids introducing a time foliation. However, it is unclear how to
relate the theory to a gravity theory with the Lorentzian signature. Also, it was not
clear how to obtain an interesting continuum limit of the DT lattice theory, although
this is still under investigation [17, 18].
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This is the action we will use in the regularized path integral

ko, A k4 Z e_S[T ko, 4, k4] (14)

Here, ko is formally related to the a?/G via Regge calculus, A affects the
ratio between (4,1) and (3,2) four-simplices, while k4 monitors Ny, the
number of four-simplices.

3.1. Coupling constants and correlation lengths

The coupling constant k4 in (13) plays a special role. This is seen by
writing (14) as

Zlko, A ka) =Y e MM Z[ko, A; Ny, (15)
Ny

where Z[ko, A; Ny| denotes the partition function for a fixed Ny. It grows
exponentially with Ny and we can write

Zlko, A, ka] = Ze (ka k5o ) Ns (g, A5 Ny (16)

where F' is subleading as a function of Ns. We cannot perform the sum
analytically and the only way to study the partition function is via Monte
Carlo simulations, and in these studies we are interested in testing as large
Ny as possible. In principle, by changing k4 in the neighborhood of k§(ko, A)
we can monitor N4. However, it is much more convenient to fix N4 in the
computer simulations. Then k4 will play no active role, and to compensate
for this, we perform independent computer simulations for different N4. In
reality, we are then studying F'(kg, A; Ny) where we can choose to view Ny
as a “coupling constant”. This seems a little weird from the point of view of
the ordinary lattice field theory where Ny is simply the volume of spacetime.
However, as we discussed in the case of the lattice ¢* theory, the correlation
length £ played a dominant role when we wanted to study the continuum
limit, and first we exchanged the bare mass for the correlation length, and
next, when the volume Ny was finite, we changed the maximal correlation
length with N, i /* and studied finite-size scaling in the limit Ny — oo. Thus,
even in that case, one could (under the right circumstances) view Ny as
a coupling constant and we were interested in the limit where this coupling
constant went to infinity. Here, in the case of gravity, we are of course also
interested in the limit where N4 goes to infinity, but the first obvious question
is: how can this limit, Ny — oo, be related to a divergent correlation length?
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In fact, this question forces us to take a step back and ask the following
question: how does one define the concept of a correlation length in a theory
of quantum gravity? In an ordinary QFT-like the ¢* theory, one can define
the correlation length as the exponential fall-off of the two-point function
(p(x)p(y)), as discussed above. It will be a function of the (geodesic) dis-
tance between x and y (apart from lattice artifacts for small lattice distances,
if we consider a lattice version of the ¢* theory). However, in a theory of
quantum gravity, we are integrating over all metrics, and it is the metric
that determines the geodesic distance between two points x and y. One way
to define a (non-local) two-point function that is a function of a geodesic
distance is the following:

Go(D) = / Dlg) / D oS0
x / / dhx d*y /5@ 5(9) H(2)é(y) §(Dy(z,y) — D). (17)

In (17) Dy denotes the geodesic distance between points « and y measured
using the metrics g used in the path integral. This formula has been shown
to work well for Euclidean two-dimensional gravity coupled to conformal
fields [19]. We are here going to apply it in the very simplest case where
instead of fields ¢(z) we just use the unit function 1(z). We then write

G(D) = / Dlg] 51 / / diz d*y/g@)\/9(0) 6(Dg(a,y) — D). (18)

Let (Vi) denote the average four-volume of our ensemble of geometries we
use in the path integral and let dy denote the Hausdorff dimension of the
ensemble of geometries. Then, under quite general conditions, one can show
[20] that the two-point function G(D) falls off exponentially as

G(D) = f(D) e P/ ps () tn (19)

where f(D) is subleading. The above expressions are readily translated to
the lattice formulation with Vy replaced by N4 and D being replaced by the
shortest graph distance n in a triangulation, and we write

1/dy

G(n) = f(n) e~e?/NOTH s (Ny)V/du (20)

The intuition behind the fall-off is illustrated in Fig. 4: the number of tri-
angulations where two points are separated by a distance n is a decreasing
function of n. The derivation in [21-23] for two dimensions and in |20] for
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four dimensions is for Euclidean quantum gravity. I.e. in the lattice version
it is for DT. In the case of CDT one has to modify the proof due to the
special role of the time direction. We will omit the details here.

n is the geodesic distance between the two points in the case of DT

P(n) « exp ] n>> (N,)Vdu

n
[_ (N Ve

Fig. 4. Typical shape of a universe when n is small and when n is large.

From Eq. (20) it is seen that (N4)'/%1 plays the role of a correlation
length for the two-point function G(n). Let ko, A be fixed. If k4 can be
chosen such that (INy) is very large, we expect that most observables will
have the same value in the grand canonical ensemble with that chosen value
of k4 and in the canonical ensemble where we fix Ny = (Nyg),, and thus the

interpretation of IV, i /41 a5 a correlation length for the ensemble of fluctuating

geometries is a natural analogy to IV, i /4 being the correlation length for the
ensemble of lattice ¢(z) field configurations when the dimensionless mass
parameter is chosen such that the correlation length is equal to the linear
size of the lattice. In the standard finite-size scaling scenario, one chooses Ny
and then adjusts the bare mass parameter such that the correlation length

is equal to N, 41 /* and the critical surface is reached for N4 — oo. In practical
applications, one does not actually measure correlation length, but uses
convenient scaling variables to observe finite-size scaling, taking for granted
that such scaling is only observed when the correlation length is comparable

to IV, i 4 In our CDT case, we will use the same philosophy: if we observe
finite-size scaling for some observables, when comparing measurements for

systems with different Ny, we will take it as a sign that NV, 41 /4 can be used as
the correlation length and that the critical surface is reached when N4 — oco.
What is different in our case is that: (1) we cannot separate the correlation
length from the (average) size of the system and (2) the existence of the
two-point function G(n) with a divergent correlation length does not imply
that we have propagating degrees of freedom associated with this two-point
function.
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3.2. The CDT phase diagram

The Monte Carlo simulations using (14) reveal that there are a number
of different phases in CDT, called A, B, C}, and Cyg [24]. We have cou-
pling constants kg, A and we have Ny. The corresponding three-dimensional
phase diagram is shown in Fig. 5. It should be compared to the ¢* phase
diagram shown in Fig. 1. Only in the so-called de Sitter phase Cyqg do we
observe finite-size scaling when Ny — oo. Thus, only this phase will have
our interest. We view the other phases as lattice artifacts. In Fig. 6, we
show the surface corresponding (approximately) to Ny = co. The only part
of this surface that we view as a critical surface is the part corresponding to
phase Cgs.

N,

Fig.5. The CDT phase diagram where N, ' is also included. Criticality can only
occur when N, 1 = 0. The straight vertical line corresponds to keeping the bare
lattice coupling constants kg, A fixed, while the other line illustrates the flow when
the renormalized coupling constants are fixed and one has to change the lattice
coupling constants when approaching the critical surface.

Let us now discuss how we observe finite-size scaling in phase Cyg [25].
In the Monte Carlo simulations, we have direct access to the three-volume
N3(i), the number of three-simplices at time-slice 7. For a fixed N4, we can
now measure (N3(i)) and (N3(i1)N3(iz)). For N3(i), we observe for fixed
k‘o, A that

. 1 7
<N3(Z)>N4 X N471/4 COS3 71/4 s (21)
whN, whN,
see Fig. 7. w depends on kg and A, but is independent of N4 for N4 suf-
ficiently large. Equation (21) shows finite size scaling with the Hausdorff
dimension dyp = 4. If we introduce scaling variables
i N3(i)
S$i = —T71> n3(si) = 3740 (22)
N4/ N4/
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we can write
(ns(s)) = % cos’ (£> . (23)

w
Similarly, the correlations behave like

) 1 (31 12
(AN3(i1)AN3(ia)) = I'NyF (1/471/4> ,
WN4 U)N4

N3(i) — (N3(i)) - (24)

AN3(i)

15 20 25 30 35 40 45 50
Ko
Fig.6. The CDT phase diagram. In phase A, different time slices seem not to
couple. In phase B, the time extension of the universe is only one time-slice. In

phase Cy, the time extension of the universe is larger, but it does not scale when
N, is increased. Only phase Cyg seems to represent a four-dimensional universe.

9000 T T T T T 9000

‘<'1¢> ‘
8000 m 1 8000 F

7000 7000 F

6000 |- 6000

5000 | 5000 F

4000 F

(N3(i))

4000 |

3000 F 3000 F

center of volume

2000 | 2000 F

1000 F 1000 F

0 f L T 0
—40 —-30 —20 —10 0 10 20 30 40 -40 -30
t i

Fig. 7. Left panel: A plot of a single N3(i) configuration for Ny = 362000, as well
as the average of many configurations. Right panel: the plot of (N3(i)) together
with magnitudes \/(AN3(i)AN3(i)) of the fluctuations of N3(i).
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Expressed in scaled variables we have

(Ang(s1)Ans(ss)) = \/1;74 P22, (25)

Equations (23) and (25) are very well described by the following effective
action:

Sualho, 4] = % Z ((N:s(z + ]\17;)),(;)N3(Z)) +5N31/3(i)> (26)

or, expressed in scaling variables (with ds; = 1/N. 41 / 4)

Tw/2 Tw/2
v N. 72
Sett[ko, A] = F4 / ds <Z§E3 +5n§/3(8)> , / dsns(s) =1.
—Tw/2 —Tw/2

(27)
The solution to the “classical” eom associated with Seg is precisely (23)
provided 0 and w are related as follows:

0 _ (w0)*? _ g (2n)? _3 1

If § = dg, (23) represents a “round” S* sphere with four-volume 1. We
will denote (23) n§!(s) and the data are then well described by n§(s) and
Gaussian fluctuations around n§(s).

In the computer simulations producing these results we have kept kg and
A fixed and varied Ny, that is, we have followed a straight blue path shown in
Fig. 5. The effective action describing our data close to the surface Ny = oo
contains two effective coupling constants I" and §. For kg, A in the interior of
phase Cqys, I', and § will depend on kg, A, but will be independent of Ny for
N, sufficiently large. However, how large Ny has to be before I'(kg, A, Ny)
and 0(ko, A, Ny) becomes independent of Ny will depend on kg and A. We
will now compare these lattice gravity results to the simplest FRG results.

4. FRG

In the FRG approach, one attempts to calculate an effective action as
a function of a scale k. In actual calculations, one uses a trial action with
adjustable coefficients and tries to determine their £ dependence. Their
behavior in the IR is then obtained for £ — 0, while the behavior in the
UV is revealed for £k — oo. The simplest effective action considered is the
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Einstein—Hilbert action where the gravitational constant G and the cosmo-
logical constant A are functions of the scale k that enters the FRG

Iilgw) = 1673Gk /d4x\/g(:c) (—R(x) +24g) . (29)

In (29), I'y[guw] is written for the Euclidean signature of spacetime. In the
seminal work of Reuter [3], it was found that there is a UV fixed point for
the “running” coupling constants G and Ai. More elaborate calculations
have not changed this conclusion (see [4-6| for details). Since the scale k
has the dimension of mass, we can write

G = gi/k*, Gk = Gx Ay = Ak, M = Ay (30)

where g; and A\, are dimensionless coupling constants that approach their
UV fixed point values g, and A, for k& — oo, and one might try to com-
pare g, A\r to suitable dimensionless lattice gravity coupling constants. In
particular, we have for the dimensionless combination GpAy

GplAr = gk — g«X for k — 0. (31)

It has been argued [26] that the dimensionless combination GA is the only
relevant coupling in the truncation (29), or even for a more general class
of truncations [27], and both in [27] and [26], a S-function for n = VG A is
found. In |26], it is even provided as an explicit rational function of 1, shown
in Fig. 8 that should be compared to Fig. 2. Around the UV fixed point,
they behave qualitatively in the same way. The only difference is that the
[B-function shown in Fig. 2 is for the bare lattice coupling constant xq, while
the S-function shown in Fig. 8 is for the continuum, renormalized coupling
constant 7. The FRG is an equation for continuum, renormalized fields, and

)
n* =0386,  B*) = — 00132
----------------------- B ~ BGr)n — 1)
e Tt UV
“@— n
rl* Sea

n = 8y/nlg = 8\/7AG

Fig.8. A qualitative picture of the S-function provided in [26].
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coupling constants. According to Eq. (5), the S-functions for the bare and
the renormalized coupling constants agree qualitatively, and one can show
that they are identical to lowest non-trivial order at a UV fixed point.

We now treat (29) as a standard effective action® and find the extremum
for I';[gu]. It is the (Euclidean) de Sitter universe with cosmological con-
stant Ay, i.e. a four-sphere, S*, with radius Ry = 3/v//Ay. This four-sphere
has the four-volume

872 87281 1 82811
%Rﬁ— s T2 for koo, (32)

Va(k) = 3 XK 3 A2k

In order to compare the FRG effective action with the CDT effective action,
we will further restrict the effective action to only include global fluctua-
tions where V4(k) is kept fixed rather then A; and write the corresponding
minisuperspace action using a proper time metric

ds? = A2 + 2022, Va(t) = r(8) / A2 = 2723(). (33)

The effective action for 7(¢), or more conveniently V3(t), is then

_ 1 % 1/3 / _
St = 247er/dt<V bV, ) A Vi) = Valk) . (34)

One can now study fluctuations around this solution and compare them
to the fluctuations observed in CDT?. Introducing dimensionless variables

vg = V3/V43/4 and s = t/V41/4, we can write

seﬁz—in\/V“i/ < +5u1/3>, /dSU3(s):1. (35)

Here, s and wv3(s) will be of the order of O(1) and the “classical” solution

to the eom, v§/(s) is the four-sphere with volume 1. We note that the

3 In the actual FRG calculations, one often makes the decomposition Juv = gE’V + huv,
where g,;, is a fixed background metric (i.e. a fixed de Sitter metric) that is fixed
even when the scale k is changing. From first principles, the effective action can only
depend on g,., not the arbitrary choice gEZ,. Our treatment here is the most naive
implementation of what is suggested in [28, 29], namely that the background one
should use for a given scale k should be the one that satisfies the equations of motion
at that scale. In [29] it is called the choice of self-consistent background geometries.
In [30] it is shown that when calculating fluctuations for “global” quantities like the
three-volume, only constant modes contribute when space is compact. These modes
are precisely the modes used when calculating fluctuations in the minisuperspace
approximation.
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fluctuations around v§'(s) will, for a given k, be governed by the effective
coupling constant

92 (k) = 247 Gy, :i
eff /7‘/21(1{) \/6

In the FRG analysis, Apgx is an increasing function of k, but even at the
UV fixed point it is not large. Thus, somewhat surprising, simple Gaussian
fluctuations around v§'(s) seems to be a good approximation all the way to
the UV fixed point. This might explain the related observation mentioned
above for CDT.

Aka ~ 1.63 )\kgk . (36)

5. Comparing CDT and FRG

We want to compare the lattice effective action (27) and the FRG effec-
tive action (35)%°. Let us for the moment ignore that § # §. Then it is
natural to identify

VN4 _ V ‘/4(]{) ~ 1 (37)
F(FL[),A,N4) 247TGk 1.63 )\kgk '

Recall the discussion for the ¢* theory. A renormalized coupling constant kg
could take values between xj and xj". In the ¢* theory, these values were
obtained from the bare coupling constants as shown in Fig. 1. However,
they could equally well be obtained by solving the renormalization group
equation using the fr(kgr). This S-function would look more or less like the
B-function shown in Fig. 2, just with kg replaced by kgr. The renormalized
running coupling constant would then run between s and xp", and any
value in this range will qualify as the renormalized coupling constant, defined
from the bare lattice coupling constants when the continuum limit of the
lattice theory is defined by approaching the lattice UV fixed point. This is
the way we will view (37): the r.h.s. is a renormalized coupling constant and
the Lh.s. expresses how it is defined in terms of lattice coupling constants,

® A first such comparison was done in [31]. However, at that time the so-called bifur-
cation phase Cp, had not been discovered. It was viewed as part of phase Cys.

The alert reader might have noticed a disturbing sign difference between (27) and (35).
We will argue that it is a good thing. Our lattice theory provides a regularization
of the path integral and is finite. On the other hand, the effective action (35) is sick
since the kinetic term has a wrong sign. This is why Hartle and Hawking made a
further analytic continuation [32]. Using (Euclidean) conformal time, they made an
analytic continuation of the conformal factor such that the kinetic term changed a
sign. Using proper time instead of conformal time, this analytic continuation leads
precisely from (35) to (27). Thus, the CDT version of the effective action is the
Hartle-Hawking effective action.

6
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i.e. in terms of kg, A, and the lattice correlation length IV, i /4 (for notational

simplicity, we will use V4 instead of N, i /4 below). In this context, the scale k
that appears in the continuum renormalization group equation just becomes
a parametrization that determines how 7y “runs” between '™ and n"V = n,
shown in Fig. 8.

Recalling again the discussion surrounding Fig. 1, we have two ways to
approach the critical surface Ny = oco: (1) we can keep kg, A fixed. Then
the renormalized coupling, i.e. A\rgi should flow to an IR fixed point and (2)
we keep the renormalized coupling Mg fixed while approaching the critical
surface Ny = oco. This is only possible if we also change the bare coupling
constants kg, A, and if it is possible to take Ny — oo while keeping Argi
fixed, the bare couplings kg, A should flow to a UV fixed point. If it is not
possible, then there is no UV fixed point”.

5.1. The IR limit

Let us first study case (1): we keep the bare coupling constants kg, A
fixed and located in the interior of phase Cyqs. As already mentioned, this
implies that I'(ko, A, Ny) (and 6(ko, A, N4)) will be independent of Ny for
sufficiently large N4. From (37) it follows that when we approach the critical
surface Ny = oo, then A\pgr — 0. Thus, Argr = 0 should be an IR fixed point.
Does this agree with the FRG picture? If both Ay and g; go to zero, we
precisely approach the so-called Gaussian fixed point of the renormalization
group flow and in fact lowest order perturbation theory tells us (e.g. see the
linear approximation to Eq. (74) in [4])

k? ko \ K& | Gro K
— g A:<A _70>f0 I kg, A 1.
9k gkok% k ko = g k2+87r K2 05 Gkos Mg K
(38)

When k& — 0, then A\ — oo unless g, = 87 \g,, in which case we start out
precisely at the unique renormalization group trajectory that leads to the
Gaussian fixed point. Unless that is the case, naive lowest order perturba-
tion theory will become invalid for £ — 0, since A\, — oo. However, it has
been argued [27] that using a somewhat more general setup, called Essen-
tial Quantum Einstein Gravity, instead of the simple effective action (29),
one obtains the Gaussian fixed point as the end point of a whole class of
renormalization group trajectories for £ — 0. This makes the Gaussian fixed
point a natural IR fixed point.

In addition, the £ — 0 limit has been studied using FRG for time-foliated
spacetimes [33]. This setup is closer to the CDT approach and a new IR
fixed point was found with the property that a whole set of renormalization

" Recall that this was actually the case in the ¢* theory in four dimensions.
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group trajectories starting out at the UV fixed point will converge to this
fixed point for kK — 0

1
(9K, A\k) — <O, 2) for k—0. (39)

More precisely, it was found that

k* 1
e X = Ak — 5 X

T 5 for k—0, (40)

Rl

where k is some fixed, small scale. This scenario is also compatible with
the CDT limit for Ny — oo and kg, A fixed. This IR fixed point is different
from the Gaussian fixed point since the approach to the Gaussian fixed
point can be parametrized by a classical gravitational coupling constant
gr/k* = Gr — Gy, while Ay — 0 as k2. For the other IR fixed point we
have G}, < k* — 0, and also A o k2 — 0.

Again, it is instructive to compare it to the ¢* lattice theory. Keeping
the bare coupling kg fixed and increasing the correlation length & to infinity
(or, in a finite-size scaling setup, Ny — o0), we end up at a critical line
associated to the IR fixed point: the renormalized coupling constant flows
to its IR fixed point value when we approach the £ = oo line. Similarly here,
keeping the bare coupling constants kg, A fixed and in the interior of the Cyg
region, the renormalized AG flows to its IR or Gaussian fixed point, and the
whole interior Cyg region is thus associated with this IR or Gaussian fixed
point.

5.2. The ultraviolet limit

We now turn to scenario (2) and try to localize a putative lattice UV
fixed point. We thus keep the r.h.s. of Eq. (37) fixed and try to find paths
Ny — (ko(Nyg), A(Ny4)) such the Lh.s. of (37) stays fixed for Ny — co. From
the behavior of I'(kg, A, Ny) discussed above, such a path has to lead to the
boundary of the Cyg phase region since I'(kg, A, N4) stays finite for any kg, A
in the interior of the C4g phase. More precisely, we only see a substantial
increase of I'(kg, A, N4) when ko, A approaches the A-Cyg boundary, see
Figs. 5 and 6. This is thus where a possible UV fixed point has to be located.
However, before we discuss this in more detail, we have to deal with the fact
that § # 0 in Eq. (27), since d(ko, A) also increases a lot when we get close
to the A-Cy4g boundary, i.e. according to (28), w(kg, A) decreases, implying
that the time-extension of the four-dimensional computer universe shrinks.
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5.2.1. Dealing with § # do

The measured values of w in the lattice simulations are in general differ-
ent from the value wqg dictated by GR. Since we explicitly break the symme-
try between space and time in our lattice regularization, we also have the
freedom to scale space-like links and time-like links differently in order to ob-
tain continuum results compatible with the spacetime symmetry present in
GR. Denote the length of the time-like links by a; and the length of the space-
like links by as = a. The continuum three-volume of a spatial slice at time
t; = aqi, consisting of N3(t;) tetrahedra will then be V3(¢;) o< N3(t;)a®. Sim-
ilarly, the continuum four-volume of N, four-simplices will be Vj oc Nyaza®.
Strictly speaking the situation is somewhat more complicated for the four-
simplices. We refer to [10, 34] for details. However, for notational simplicity,

we will simply write
V;; = N4ata3 s V3 = N3a3 . (41)

Then Eq. (26), where a was chosen to be 1, can be rewritten as

S = Z( = +13§,)<mN3(ti)) +0 M >> (ti = i) (42)

_ W (Va(ti +ar) = V3(t))*/ai | a® . 1y3
T B3I & at< Va(t;) + 25V3 () ), (43)
— /dt SVE F-%s ama=r (44)
247TG ’ - a? ) TG = a y
and
> Ns(i) = Ny — /dﬂfg(t) =Vi, Vi=aw’Ny, (45)

where ¢ and w are related as in (28): Swd/3 = (50w§/3. If w # wo, the
lattice configurations are the “deformed” spheres because the time extension

Nia; = wN41/4at does not match the spatial extension N§/3a, when we write
Ny = N;N3 and a; = a. We can correct that by writing

a; = (%)4/3 a. (46)

From Eq. (44) it then follows that & = 8y for the round S* and thus this
choice of a; leads to an action Seg given in (27) that we can identify with
the FRG effective action (35) for some value of the scale parameter k.
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So given computer data Ny, w, I, we can associate a corresponding con-
tinuum, round S* with four-volume V} and gravitation constant G via

(N47wa F) — (‘/4(]6),(4)0, Gk) ) (47)
where )
Va(k) = (U) Nia*, 247Gy = <WO) I'a (48)
and, in particular,
VN 2 /Va(k 2 (ko, A, N.
v k) w ~ 1.63 A\, (49)
I wg 24nGy WiV Ny

From what is said above, it is clear that the only chance to satisfy (49)
for Ny — oo is by approaching the A—Cyg transition line from the Cyg side.
We will discuss this below.

5.2.2. Scaling at the UV limit

As discussed in the numerical results section below, the observed depen-
dence on A is weak in the region of interest, and for notational simplicity
we will omit most references to A in the following. In this way, the critical
surface Ny = oo becomes a critical line, precisely as was the case for the
¢* theory. This line is then naturally associated with the IR fixed point of
the FRG, in the same way as the critical line for the ¢* theory was associ-
ated with an IR fixed point of the renormalized coupling kg. We want to
investigate if there should be a lattice UV fixed point on the critical line.

Approaching a point (kg, Ny = 00) on the critical line, we have for all kg
different from such a UV critical point kyV that

F(k‘o,N4) — F(k‘o) < oo, for Ny— 0. (50)
w(ko, Na) — w(ko), 0 <w(kp) <oo for Ny— 0. (51)

The putative UV fixed point kg has to be located at the A-Cqg tran-
sition line and we observe numerically that I'(ko) — oo and w(kg) — 0 for
ko — kgV. It is thus natural to assume that close to kjV we can have the
following critical behavior:

1
kg — Kol
v
|k§Y — kolo—20

I'(kg) o w(ko) o< |kJY — kol?,

w? (ko) I'(ko) o (52)
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We further assume that for a finite Ny, there is a pseudo-critical point
k§V(Ny) < k§V, where w?(ko, Na)I'(ko, N4) has a maximum for fixed Ny,
and that this pseudo-critical point approaches ki for Ny — oo as

& , 1
i (v e e

ko (Na) = kg —

This implies that
uv a/dvyv uv —B/4vyv
I' (kg (Ng)) o< Ny , w(ky (Na)) o< Ny : (54)

as well as
a—2 4u
w? (K§Y (Ni) T (kY (Na)) oc Ny 200800 (55)
From Eq. (49) it follows that we have to have
a—28 > 2uyy (56)

and if that is the case, the following path in the bare lattice coupling constant
space will lead us to the putative UV fixed point while keeping A\pgy fixed

Cc

kO(N4) = k(L)IV T T i/%(a—28) °
a=2p
N1/2@20)

(57)

The situation is illustrated in Fig. 9.

N4—l kO(N ) kuV(N )
4. 0 4 C
t | ko' (Ng) = ky" — W """"
k(N =k = ———— ——
074/ = %o N41/2(a_2ﬂ)

Mg, constant along ky(N,)

. .
kgv kO

l.
k(l)r
Fig.9. The tentative CDT phase diagram (ko, N; ) (with coupling constant A
ignored). Pseudo-criticality appears along the dotted line kjV(N4) and the solid

line ko(Nyg), where Aggy is constant is shown to the left of kJV(Ny). The critical
line is N; ! = 0.
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5.2.3. The enigmatic relation between a and k

k is a scale of dimension mass that appears in the FRG. The dimen-
sionless coupling constant Apgx runs to the UV fixed point value A,g, for
k — oo. Similarly, the inverse lattice spacing a=' is a UV cut-off scale that
can be taken to infinity when the bare lattice coupling constants are ap-
proaching a UV lattice fixed point: the “continuum limit” can be taken in
such a way that the renormalized couplings are finite and non-trivial when
a — 0. It is thus natural also to think about k as a kind of UV cut-off ®
such that k oc ™! is close to the UV fixed point. In our simple model we
can address this. Recall that in our discussion so far, k only played a role as
a parametrization of the renormalized coupling constant Aigx. Using (48),

(54), and Vi(k) o< A2, we find that

1 114 _B 1 —i(1+ B
aoc—N44( 3VUV>, i.e. aockN44( ) for k— oo. (58)

VA,

Thus, the lattice spacing a scales to zero for a fixed value of k (i.e. a fixed
value of Aggr) when we approach the critical surface Ny = oo. It also follows
from (54) and (46) that:

1 _1 1_U/J‘ I 1_UB
atoc—]\f44( UV) i.e. atoc—N44( UV) for k—o0. (59)

N k

This slower decrease of a; is a reflection of the fact that we, when approach-
ing the A-Cyg transition line, have to rescale our lattice four-spheres that
become increasingly “contracted” in the time direction, in order to match
the round four-spheres of the FRG. Thus, under the assumptions

a—28 1 3 1
4ybv > 2’ 4yUv < 4’ (60)

we can reach a UV fixed point where we can also take the continuum limit a,
a; — 0 for Ny — oo.

While (58) and (59) tell us that a o 1/k, this is unfortunately just
a dimensional relation. The real content of (58) is that for fixed k, i.e. for
fixed Axgx, the lattice UV cut-off a goes to zero when the correlation length &
(related to N4) goes to infinity. In this sense, it corresponds to relation (7)
for the ¢* lattice theory, k playing the role of mg.

8 In the FRG community, % is often talked about as a UV cut-off, but it is also often
emphasized that this should not be taken too literal, since formally, no UV cut-off is
introduced explicitly when formulating the FRG.
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6. Numerical results

This section will be rather short since the purpose of this paper has not
been to discuss technical details of how to obtain the numerical results. For
information about that we refer to [34] and references therein.

In Fig. 10, we show the measurements of w(kg,A), I'(kop,A4), and
w?(ko, A) I (kg, A) for a fixed Ny. One observes the increase of I" and w?I’
and the decrease of w when moving towards the A-Cgyg transition line. Also,
the insensitivity to A is seen.

0.609

0.567

0.525

0.483

0.441

0.399

0.357

0315

375

325

275

225

175

125

Fig. 10. Contour plots of w (top left), I (top right), and w?I" (bottom) as functions
of the CDT coupling constants kg, A. Points where actual measurements were done
are denoted as black dots in the plots.
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Figure 11 shows the measurements of the same observables at the pseudo-
critical points ki (Ny4). Close to kiV(Vy), the change of the observables as
a function of ko is fast, a fact that is not so visible in Fig. 10.

058 o 40k o 40k
H 30000 -
. 80k . 80k
25000

* 160k
20000F * 160k

* 200k

15000 * 200k

e 480k 10000} o 480k

5000 F
e 720k o 720K

™ Ko

4.1 42 43 44 45

2000 * 40k

e 80k
1500 -

* 160k
1000 - . 200k

* 480k

e 720k

H
42 43 44 a5 Ko

Fig. 11. Dependence of w (top left), I' (top right), and I'w? (bottom) on kg for fixed
A = 0 measured for the number of (4,1)-simplices being 40000, 80000, 160 000,
200000, 480 000, 720 000 (denoted by different colors). Positions of kg closest to the
pseudo-critical points k§¥(INV4) are denoted by dashed lines.

These measurements provide us with both k§V(Ng), I'(k§Y(Na)),
w(k§V(Ny)), and w?(k§Y (N4))IT'(k§Y (Ny)), and we can then determine the
critical exponents defined in Egs. (53)—(55). The determination of the ex-
ponents a/4vV, f/4vYV, and (a — 283)/4v"V is shown in Fig. 12 and the
results are

5 023+0.02. @ _q00+002, =20

dvyy luy buyy

=0.541+0.04.

(61)
What is striking about these results is that they are very close to the limit
(60). Thus, we can say that the data allows for the existence of a UV fixed
point, but it cannot be used as strong evidence for such a fixed point.
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— fit: B/4v,,=0.23+0.02 — fit: a/4v,,=1.00+0.02

w(ko™) M(ko™)

0.45 2x10*
1x10*

5000

2000

Ny in blob N, in blob

5x10* 1x10° 2x10° 5x10* 1x10° 2x10°

— fit: (@-28)/4v,,=0.54+0.04

er(KOuV)

2000

1000

500

N in blob

5x10* 1x10° 2x10°

Fig. 12. Critical scaling of w (top left), I' (top right), and I'w? (bottom) measured
closest to the pseudo-critical points k3¥ (Ny4) (see Fig. 11) for fixed A = 0. Fits of
Eqgs. (54)—(55) are depicted by solid lines. The figures show scaling as a function
of the Ny volume contained in the S* “blob” (not all four-simplices are contained
in the S* part. Some can be in the so-called stalk, see Fig. 7).

7. Discussion

We have tried to relate the simplest FRG flow to the CDT effective action
for the scale factor of the universe. By using the analogy to the ¢* lattice
theory we argued that the Ny — oo limit of CDT, when in the Cyg phase,
could be viewed as the critical surface associated with the Gaussian fixed
point or an IR fixed point of the FRG theory. Again inspired by the ¢* lattice
theory we then searched for a CDT UV fixed point by studying the flow of
the lattice coupling constants when the corresponding continuum coupling
constants were kept fixed. Rather frustratingly the numerical accuracy is
not yet good enough to decide if such a UV fixed point exists in CDT.
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