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We show that the rank decomposition of a real matrix r, which is a
Spin(3,1) tensor, leads to 2k Majorana bispinors, where k = rank r. The
Majorana bispinors are determined up to local GL(k,R) transformations.
The bispinors are combined in pairs to form k& complex Dirac fields. We
analyze in detail the case k = 1, in which there is just one Dirac field with
the well-known standard Lagrangian. The GL(1,R) symmetry gives rise to
a new conserved current, different from the well-known U(1) current. The
U(1) symmetry is present too. All global continuous internal symmetries
in the k = 1 case form the SO(2,1) group. As a side result, we clarify the
discussed in literature issue whether there exist algebraic constraints for
the matrix r which would be equivalent to the condition rank r = 1.
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1. Introduction

Let us begin with some historical background for our work. Probably
the first appearance of a complex four-component bispinor was as the wave
function of the relativistic Dirac particle. It was introduced by P.A.M. Dirac
in a rather mathematical way, in a search for concrete matrix representa-
tions of the formal algebra of his v* matrices. Furthermore, it turns out
that the Poincaré transformations of the Minkowski space-time! are repre-
sented in the linear space of the bispinors by four-by-four matrices forming

* Funded by SCOAP® under Creative Commons License, CC-BY 4.0.

! We consider fields on the four-dimensional Minkowski space-time M with the metric
n = diag(1, —1, —1, —1). The Dirac matrices obey the relations y*~"+~"~y* = 2n*" 14,
where I4 denotes the four-by-four-unit matrix.

(7-A2.1)
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the Spin(3,1) group. In consequence, the bispinor wave function has a rather
weird feature that it changes sign after spatial rotations of reference frame
by 2. It is clear that even though there is a firm mathematical basis for the
bispinor wave function, it would be desirable to provide alternative motiva-
tions for it, or perhaps even a substitute. Certain efforts in this direction
are based on the observation that expectations values of observables for the
Dirac particle involve quadratic bilocal expressions of the ¥ (x)¥s(y) form,
where ¥, are components of the Dirac bispinor, x,y € M, and * denotes
the complex conjugation. Such expressions are in fact matrix elements of a
density operator. They are invariant under the rotations by 2w. Moreover,
they belong to a reducible representation of the Poincaré group, which can
be decomposed into more familiar bosonic scalar and vector components.
These facts motivated formulations of the quantum mechanics of the Dirac
particle solely in terms of the local quadratic expressions ¥;(z)¥s(x). In
some sense, such attempts were successful, but the new formulations turned
out rather cumbersome, and they did not replace the original Dirac’s one,
especially in applications. For examples of works in this direction see, e.g.,
[1-5], and references therein.

The present work is inspired by those papers, but in actual fact, there
are crucial differences. We start from expectation values of products of two
quantized Hermitian Majorana fields in an arbitrary quantum state. Such
expectation values in general do not have the product form mentioned above.
Instead, they form a generic four-by-four real matrix r(x). We show that
the rank decomposition of such a matrix leads to one or several independent
Dirac bispinors, depending on the rank of the matrix. Thus, we derive the
Dirac bispinor, not replace it. Moreover, we work in the framework of field
theory. In our paper, ¥(x) is the classical Dirac field, and not the wave
function of the particle. Generally speaking, we offer a new perspective on
the classical Dirac field.

Let us now describe the content of our paper in more detail. We re-
cover the classical Dirac field (or fields) as a kind of coordinates in nonlinear
Lorentz invariant subspaces of the space of matrix valued functions r(x),
x € M. These functions are introduced as the expectation values of prod-
ucts of two free quantized Majorana fields, see formula (4) below. The matrix
elements rog, o, 3 = 1,2,3, 4, are real. The invariant subspaces are defined
by fixing the rank of matrices r(z). Such unusual derivation of the Dirac
field brings an unexpected bonus in the form of an internal GL(k, R) sym-
metry, with the corresponding conserved currents. The symmetry is present
irrespectively of the mass of the field. To the best of our knowledge, it is a
new internal symmetry for the Dirac field. The standard well-known U(1)
symmetry is also present. The number of the Dirac fields is equal to the
rank of the matrices r(z). In the most general case, i.e., rank r(z) = 4, we
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obtain a multiplet of four independent Dirac fields. We consider in detail
the case of rank () = 1. In particular, we compare the conserved GL(1,R)
and U(1) currents, and we introduce the covariant derivative and the gauge
field in the case of a local GL(1,R) group. We find three independent global
internal symmetries which together form the SO(2,1) group.

The plan of our paper is as follows. In the next section, we introduce the
space of real matrix functions r(z), discuss their relativistic transformations,
and point out the nonlinear Lorentz invariant subspaces. Section 3 is devoted
to the discussion of the rank one case, in which there is just one Dirac field.
Here, we describe the new internal symmetry GL(1,R), the corresponding
conserved current, and the covariant derivative pertinent to the local version
of this symmetry. The cases of higher rank are briefly addressed in Section 4.
Section 5 contains a summary and remarks. In Appendix A, we recall certain
mathematical facts about the rank of matrices, for the convenience of the
reader. In Appendix B, we prove that the constraints (12) imply that the
rank of matrix r is equal to 1 or 0.

2. The tensor representations of the Spin(3,1) group

In this section, we introduce the tensor representations of the Spin(3,1)
group considered in our paper. We prefer the standard description of bi-
spinors and 4* matrices, as found in textbooks on the theory of fields, e.g.,
[6, 7], as opposed to much more formal mathematical framework known as
the theory of Clifford algebras and their representations, see e.g. [1].

The tensors are introduced as expectation values of products of quantized
free Majorana fields. The Majorana quantum field ¢(x) is Hermitian. It has
the following relativistic transformation law:

UM (L)d()U(L) = S(L)d (L™ "a) (1)

where L denotes arbitrary proper ortochronous Lorentz transformation, and
U(L) is a unitary representation of the Lorentz transformation in the Fock
space pertinent for the field. The four-by-four matrix S(L) has the form

S(L) = exp (b [v", "] /8) - (2)

Here, b, are real coefficients, b, = —b,,, and [, ] denotes the commutator
of matrices. The Dirac matrices v* are taken in one of the Majorana repre-
sentations, i.e., they are purely imaginary. Moreover, Y97 = —~0, 4T = 4%,
where T denotes the matrix transposition. It follows that also the matrix
75 = i7'y1y2y3 is purely imaginary, and 74 = —v5. It is clear from for-
mula (2) that the matrices S(L) are real. They form the group Spin(3,1).
The quantized free Majorana field is discussed in many works, see, e.g.,

[8, 9]. We follow the notation from paper [9].
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The tensors we are going to investigate can be obtained, for example, as
the expectation values

Sa8(x) = i(B|tha ()5 (x)|P) (3)

and
rap(r) = i@l (z)Xs(2)|B) , (4)

where x () is another free quantized Majorana field (anticommuting with 1&),
and |®) is a certain state from the Fock space. We omit the standard dis-
cussion of how the local products of the quantized fields are defined because
this point is irrelevant for our considerations. We shall exploit only algebraic
properties of the tensors, passing over their possible physical applications.
Both tensors are real?. s,g(z) is antisymmetric, sq5(x) = —sga (), because
the components of the Majorana field anticommute. The tensor rng(z) does
not have any definite symmetry properties. Both tensors have the dimension
cm ™ in the natural units.

The transformation law of the tensors follows from formulas (1), (3),
and (4)

Stg(2) = S(L)asS(L)gy son (L 1x) . rha(x) = S(L)asS(L)gy Toy (L_lir() )
)

Here s'(z) and 7/(x) are defined by formulas (3) and (4) with the state |®)

replaced by |¢') = U(L)|®). Formulas (5) in the matrix form read

s'(z) = S(L) s(L™tz) S(L)T, (xz) = S(L)r(L™z) S(L)T. (6)

It is convenient to introduce equivalent tensors

S(x)=is(x)y”,  Fa)=ir(z)?°,

which also are real. Note that § is not antisymmetric, but

The transformations of the new tensors have the form

’ /7

§(x)=8(L)§(L7'2) S(L)™,  7(x)=SL)F(L'z) S(L)'. (8)
Here we have used the well-known formula

S(L)" =1°S(L)7.

2 This is the reason for including the coefficient 4.
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Formulas (8) give two representations of the Spin(3, 1) group. They differ
only by the space of pertinent matrices. As is well known, these representa-
tions are reducible. The irreducible components are obtained by decompos-
ing the matrices § and 7 in the well-known matrix basis consisting of sixteen
real matrices Iy, iys, iy, y57*, and [y*,~v"]. Thus,

§(z) = A(x)1s + iAs(x)ys + Vau(z) 57", 9)
and
7(x) = A(w) s +iAs(x)ys +iVu(@)y" + Vau(x)ysy" + S () [v,27] . (10)

Formula (9) takes into account the property (7). All fields present in these
formulas are real-valued, and there are no constraints for them. With respect
to Lorentz transformations, implemented by formulas (8), the fields A and
As are scalars, V,, and V5, four-vectors, and S, is an antisymmetric tensor.
When looking at spatial rotations only, the r(z) field contains four spin-0 and
four spin-one fields. Thus, the fields are bosonic. The sector with S, # 0,
and all other fields vanishing, coincides with the adjoint representation of
the Spin(3,1) group.

Note that the field s(z) can be obtained from r(z) by imposing the
condition of antisymmetry. For this reason, below we shall discuss only this
latter field.

In literature, a lot of attention is given to a particular case of the tensor
r(z), namely

Tap(®) = o (x)Pp(2),

where () is a real classical Majorana field, see, e.g., [1-5]°. In the matrix
form

r(a) = y(x)y(z)". (11)

Such matrix r is symmetric and singular, rank » =1 if ¢)(z) #0. As men-
tioned in the Introduction, the main goal of those works is to replace the
classical Majorana field, or rather the Dirac field, with the tensor field of the
form of (11) with certain modifications appropriate for the Dirac field. The
motivation is that the tensor field is closer to observables than the fermionic
field itself. The matrices of rank one considered in the next section are more
general than (11).

The space of real 4-by-4 matrices 7(x), or r(x), is equivalent to RS (at
arbitrary fixed point x € M). As said above, its linear subspaces defined
in the decomposition (10) are invariant with respect to transformations (8).
Generalizing the considerations of matrices of the form in Eq. (11) found

3 In fact, these papers are focused mainly on the Dirac field, while we are interested in
the Majorana field.
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in literature, below we study another set of invariant subspaces. They are
formed by all matrices 7(x) of the same rank. For the convenience of the
reader, we recall basic facts about the rank of matrices in Appendix A. The
matrix r(x) has the same rank as 7(x), hence they both belong to the same
subspace. The important point is that such subspaces are invariant with
respect to the Poincaré transformations because the rank is invariant with
respect to transformations (8) or (6). Note that these subspaces are not
linear because linear combination of matrices of the same rank can have a
different rank.

3. The matrices r(z) of maximal rank one

In the present section, we consider only matrices 7(z) of the rank equal
to 1 or 0. We prove in Appendix B that this condition is equivalent to the
following Lorentz invariant constraints for 7:

H@) 7 (@) =0,  Fa) (@) =0,  Fa)yy F @) =0. (12)

They imply a number of quadratic constraints for the bosonic fields intro-
duced in formula (10). For instance, the first of conditions (12) gives the
following six relations®:

A2 — A2+ VIV, — VIV, +8SMS,, = 0,
AAs — VIV, + 262 S 55, = 0,
AV, + A5V, + AVE Sy + 26,V S0 = 0

Directly from the definition of the rank, see Appendix A, it follows that
the matrix r(z) of the rank 1 or 0 can be written in the form

xT
T
x
x

()
rw) = | A0 | Ca@oe@.s@oae) . 03)
tha(x)

or concisely 7(x) = 1 (x)x(z)?, where 1) (z) and x(z) are independent four-
component Majorana bispinors. At a given point z, the rank of such a matrix
r(z) is equal to 0 when ¢ (z) = 0 or x(z) = 0, i.e., when r(z) = 0. Both
Majorana bispinors in formula (13) are real. Their Lorentz transformations
are assumed to have the form

V(@) =S¢ (L), X'(2)=SL)x (L x),
4 _aBuv

€ is the totally antisymmetric symbol, €12 = +1.
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in accordance with transformation (6) of matrix r(x). From these Majorana
bispinors, we can construct the complex Dirac field ¥(z)

W () = () +i (). (14)

For a given field r(z), formula (13) leaves the freedom of local rescaling
the two Majorana bispinors. Namely, the fields

Ya(w) = al@)p(z),  Xa(2) = alz)"'x(z), (15)

where a(x) is a dimensionless real scalar function, and a(x) # 0, give the
same 7(z) as ¢ and x. At each fixed x € M, transformations (15) form one
dimensional general linear group, denoted as GL(1,R). The Dirac field is
transformed as follows:

Va(z) = a(z)y(z) +ia(z)"'x(z).
Writing a(x) = exp(a(x)), and ¥, instead of ¥,, we obtain
VU, = cosh a ¥ + sinh a U™, Ur =sinh a ¥ + cosh a ¥*, (16)

where we have omitted the argument z. Note that the exponential param-
eterization assumes that a(x) > 0. Negative a(z) are obtained by flipping
the sign of ¥. This discrete transformation accompanies continuous trans-
formations (16).

All Dirac fields ¥, () are equivalent in the sense that they give the same
field r(z). Note that we have found the local hyperbolic transformations
(16), while the well-known, and perhaps expected by the reader, U(1) group
is not present at this stage.

Thus far we have discussed only transformations of the fields. For a
complete theory we need equations of motion. They can be obtained from
a Lagrangian built from relativistic invariants. As a simple real scalar rela-
tivistic invariant, we may take

Ly, =im Tr (r(x)’yo) ,

where m is a constant (the mass coefficient), and r(x) has the form (13).
Simple calculations give

L = imx 7% = —%m iy = —%m@@, (17)

where ¥ = ¥i~0 T denotes the Hermitian conjugation, and Tr denotes the
trace of a matrix. Formula (17) does not contain terms like U700 etc.,
because they vanish due to antisymmetry of the matrix ~°.
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Another relevant invariant, which yields the kinetic part of the La-
grangian, has the form

Ly =Tr ((fyﬂﬁuw)xT'yO) .

Introducing the Dirac field, formula (14), we have
L= = 1
Ly = i (U708 = ,07"W) + JIm (V71 1*0,0) . (18)

The last term on the r.h.s. can be written as the four-dimensional divergence
8MIm(£l7T”yOfy“W) /4 because the matrices 7/'y# are symmetric. Thus, it can
be abandoned. These two invariants together (and multiplied by 2) give the
Dirac Lagrangian

Lp = - (V0¥ — 0, ¥+'V) — mPW (19)

D | =

known from textbooks.

Let us check internal symmetries of the Lagrangian Lp. Its component
L, evidently is invariant with respect to the local GL(1,R) transforma-
tions (15) and the related transformations (16). On the other hand, the
term Ly is not invariant under the local GL(1,R) transformations due to
the presence of derivatives. Nevertheless, it remains invariant with respect
to the global ones. Also, the kinetic part of the Dirac Lagrangian is invariant
with respect to the global transformations of the form of (16). The corre-
sponding conserved current density is readily obtained from the Noether
formula

. { X
5 (x) =5 (LZ’T’YO’Y“Q’ - !'/TVOV“W) = Im (U709 %) = 2x" 74" . (20)
The conserved total charge has the form
Q=3 / dr (W —wTy) = / 43z Tm (V7). (21)

The Dirac Lagrangian (19) of course possesses also the well-known global
U(1) invariance with transformations of the form

V' (x) = exp(if) ¥(z) , (22)
where (8 is real. Interestingly, this symmetry has emerged on the level of
Lagrangian — there is no hint of it in formula (13), in contradistinction

from the GL(1,R) invariance. Transformation (22) is equivalent to

Y (z) = cos B p(x) — sin B x(z), X' (z) = sin B (z) + cos B x(z),
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and
r'(x) = cos® Br(x) —sin® Br(z)” +sinB cos B (Y(z)p(x)" — x(z)x(z)") .

Nevertheless,
Tr (r’(az)’yo) =Tr (r(x)’yo) ,

because the matrix 7° is antisymmetric, and therefore
Tr (rT(x)’yO) =—Tr (r(m)'yo) ) Tr (wafyO) =0, Tr (XXT'yO) =0.

The kinetic Lagrangian £ changes under the U(1) transformations (22)
by a term which is a four-dimensional divergence. This can be seen also
from formula (18): the last term on the r.h.s., which is the four-dimensional
divergence, is not U(1)-invariant. Thus, in the presented derivation of the
Dirac Lagrangian (19), the U(1) invariance appears as a rather accidental
symmetry, as opposed to the GL(1,R) symmetry implied already by the
basic formula (13).

The well-known formulas for the U(1) current density and conserved
total charge for the Dirac field read

) = T e), Q= / a2 0 (@) ().

Note that the U(1) charge @ is not invariant under the GL(1,R) transforma-
tions (16). On the other hand, the charge @Q)s, formula (21), is not invariant
with respect to the global U(1) transformations. One can expect that in the
quantum theory of the free Dirac field, the corresponding operators will not
commute with each other, and that also the commutator will be a conserved
charge. This topic of symmetries of the quantized Dirac field lies outside
the scope of the present paper.

The local GL(1,R) invariance can be restored in the standard manner
by introducing appropriate gauge field B,, and covariant derivatives

D,(B)yY = 0y + By, D, (B)x = 0ux — Bux - (23)
The gauge transformations have the form of (15) and
Bj(z) = Bu(z) — a !(z)0,a(z). (24)

The corresponding covariant derivative for the Dirac field (14) is conveniently
written in terms of an eight-dimensional column formed by ¥ (x) and ¥*(x).
The gauge transformation (16) gives

()= (hame fome) (M) e



7-A2.10 H. ARODZ, Z. SWIERCZYNSKI

where on the r.h.s. there is an 8-by-8 matrix formed from the four dimen-
sional unit matrix I, multiplied by the hyperbolic functions. The covariant
derivative reads

U(xr) \ V(x) 04 Iy U(x)
(26)
The term with B, field contains an 8-by-8 matrix built from the four-
dimensional zero 04 and unit I4 matrices.

The Dirac Lagrangian (19) can easily be rewritten in terms of the eight-
dimensional column formed by ¥(z) and ¥*(x). Having the Lagrangian in
this form, we replace the ordinary derivatives by the covariant ones. It turns
out that the gauge field B, (x) is coupled with the current j£(z) given by
formula (20).

For comparison, let us recall that the U(1) gauge field A,(x) is introduced
in the local U(1) covariant derivatives

¥(x U(x . Iy 04 ¥(x
(27)
In the Dirac Lagrangian, A, couples with the current j#(z).
The GL(1,R) and U(1) transformations do not commute with each other.

This can be easily seen by considering infinitesimal transformations. In
consequence, there is yet another global symmetry

W3 = cosh f¥ — i sinh B¥™, W5 =i sinh ¥ + cosh ¥,

where f3 is an arbitrary real constant. Generators® of all three global sym-
metries, in the order of appearance in this section, are isomorphic to —io,
03, —i0o9, where oy, are the Pauli matrices. They form the Lie algebra of the
Lorentz group SO(2,1) in the three-dimensional Minkowski space-time. Let
us remind that we are considering the internal symmetries, the space-time
coordinates x* are not transformed.

4. The matrices r(x) of higher ranks

We shall see below that matrix r(x) of rank k > 1 can be written as a
sum of k rank one matrices of the form (13)°. Therefore, we can use the

5 We use the physicists convention, i.e., there is i in front of real structure constants
in the Lie algebra of generators.

6 Formulas of this kind are well known in linear algebra as rank decompositions, see,
e.g., [11, 12]. For the convenience of the reader, we present a simple derivation in the
case of k = 4.
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results of the previous section. We find a multiplet of k-independent Dirac
fields. The internal symmetry group is GL(k,R). Obviously, £ < 4. For
clarity, below we explicitly consider the case of k = 4. Modifications needed
when k = 2 or 3 are obvious.

In the case at hand, formula (A.1) from Appendix A reads

r= (1, %2, ¥3,%1) (X1, X2, X3, X4)" (28)

where ¥;, x;, © = 1,...4, are four-component Majorana bispinors. Let us
write the matrix (¢1, 12,3, 14) as the sum of matrices of rank 1 (or rank 0
if certain v; = 0),

(1/}17 .- ¢4) = (¢17 07 0’ 0) + (07 ¢27 07 0) + (07 07 ¢3,0) + (07 0’07¢4) ) (29)

where 0 denotes the Majorana bispinor with vanishing all four components.
Next, we use formulas

(¥1,0,0,0) (x1, X2, X3, X4) = ¥1xT ,  (0,%2,0,0) (X1, X2, X3, X1)” = tax3 ,

and so on. Therefore,

4
(d]la ¢27¢37¢4) (X17 X2, X3, X4)T = Z% X,zT . (30)
i=1

Each pair 9;, X! on the r.h.s. of this formula forms the Dirac field as shown
in Section 3. Thus, we find a multiplet of four independent Dirac fields.

The matrix r has 16 real matrix elements, while on the r.h.s. of for-
mula (28), there are 32 independent real matrix elements. This discrepancy
is superficial, because there is GL(4,R) gauge invariance of the form

V(@) = i(@)Gis(x),  Xi(@) = xa(x) (G7H(2)),, » (31)
where the G(z) € GL(4,R). The new fields ¢/, X, give the same matrix r as

1)
¥; and ;. The gauge transformation (31) can be written in compact matrix

form as

(W1, ¥, g, ) (2) = (Y1, 02,3, ¢4) (z) G(x), (32)

(X1 X X Xa) () = (X1, X2 X3 Xa) () (G (@) " . (33)

The local GL(4,R) group contains 16 arbitrary real functions which can be
used to eliminate 16 superfluous components on the r.h.s. of formula (28).
Note that transformation (33) of the fields x; is contragredient conjugate to
transformation (32) of the fields ;.

In general, the number of Dirac fields equals k& = rank r, and the gauge
group is GL(k,R).

Similarly as in the case of k = 1 discussed in Section 3, one can consider
conserved currents and non-Abelian gauge fields related to the GL(k,R)
gauge group. We shall not delve into this rather complex topic here.
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5. Summary and remarks

We have shown that matrix factorization of generic real Spin(3,1) tensor
of degree two provides the classical Majorana and Dirac fields. These fields
appear as a kind of coordinates in the Lorentz invariant subsets of the full
space of such tensors. The subsets are characterized by the fixed rank k,
1 < k <4, of the matrices r representing the tensors. It is a new perspective
on the fermionic fields which, in particular, exposes the local GL(k, R) gauge
transformations as their intrinsic property. The global version of these trans-
formations becomes a symmetry of the Lagrangian for the free Dirac fields.
In the case of k = 1, all this, including the corresponding conserved current,
has been discussed in detail in Section 3. It turns out that the internal global
symmetries form the SO(2,1) group. The local GL(1, R) transformations are
preserved as gauge invariance of the Lagrangian provided that the Abelian
gauge field B, and pertinent gauge covariant derivatives are introduced,
as shown also in Section 3. This gauge invariance exists in parallel with
the well-known global U(1) symmetry, which gives rise to the U(1) gauge
invariance after introducing the corresponding gauge field A,,.

The present work can be continued in at least three directions. First, we
did not discuss in detail the three cases of k = 2,3,4. Here, we have mul-
tiplets of k Dirac fields, and the symmetry group GL(k,R) is non-Abelian.
Thus, the resulting gauge invariant model is rather complex. Moreover, the
GL(k,R) group is noncompact. Its dimension is equal to k?, thus there will
be k? four-vector real-valued gauge fields. All this may significantly com-
plicate the construction of a satisfactory model. On the other hand, these
models could be rather special in the sense that the GL(k,R) group is the
truly intrinsic symmetry of the fields, as shown above.

Another topic deserving further investigation is the role of the GL(k,R)
symmetry in the quantum theory of the free Dirac field(s). We expect that
the GL(1,R) charge will not commute with the U(1) charge. It could happen
that the vacuum state for the free Dirac field cannot be both GL(1,R) and
U(1) neutral.

One could also think of a quantum model parallel to QED, with the
GL(1,R) gauge field B,, coupled with the current j§ given by formula (20).
One may guess that the Feynman perturbative amplitudes in such a model
will differ from the ones of QED. Perhaps one could construct also quan-
tum models with the non-Abelian gauge fields of the GL(k,R)-type with
k=2,3, or4.



Note on Spin(3,1) Tensors, the Dirac Field and GL(k, R) Symmetry — T7-A2.13

Appendix A

Rank of matrices

Here, we recall mathematical facts about the rank of a matrix which we
use in our paper. Precise definitions, proofs, and more information can be
found in, e.g., [10, 11]. Very useful can be also the article [12].

Let M be a real matrix with m rows and n columns. The columns
and rows can be regarded as m-dimensional or n-dimensional real vectors,
respectively. In our paper m = n = 4. The rank M is defined as the maximal
number of linearly-independent columns of M. It is equal to the maximal
number of linearly-independent rows of M.

Let A and B be nonsingular square matrices of the size m by m or n
by n, respectively. Then rank (AM) = rank (M B) = rank M. Thanks to
this property, the rank of the matrix r(z) is Lorentz invariant.

In the case of rank M = 1, i*® column of M has the form ¢;1), where 1 is
an arbitrary nonvanishing column of M and ¢; are real numbers. Therefore,

C1

M = (Clwa 6271}7 o an) = "l,Z) XTv X = 62

Cn

In general, if rank M = k > 0, the matrix M can be written in the form

M = (¢1;¢2,- . ¢k) (XlaXQv"'Xk‘)T ; (Al)

where 11, ...y is the maximal set of linearly-independent columns of M
and x1, ... Xk are certain n-dimensional vectors (represented as columns).

Appendix B
The proof of conditions (12)
The matrix of rank zero, i.e., 7(x) = 0, trivially obeys conditions (12).

Therefore, we assume below that 7(z) # 0.
Let us multiply all formulas in (12) by #(z)” from the left, and by 7(x)

from the right. Introducing the symmetric, real matrix X = 7(z)? 7(z), we
have the conditions
XX =0, Xy’X=, XuX=0, Xy"»°X=0, (BI)

where k£ = 1,2,3. Note that the matrix X is nonvanishing because 7 # 0.
Hence, it possesses at least one real eigenvalue A # 0 and the corresponding
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real normalized eigenvector e, Xe = \e, el'e = 1. The first three conditions
(B.1) give
X% =0, Xv57%e =0, Xvse =0. (B.2)

Let us consider the real vectors f; = i7%e, fo = v57%, f3 = ivse. They are
orthogonal to each other (due to antisymmetry of the involved matrices) and
normalized to 1, ij fr = dji.. We see from (B.2) that they are eigenvectors of
the matrix X with the eigenvalues equal to 0. In consequence, the spectral
decomposition of the matrix X has the form X = Xeel. Moreover, A > 0
because the definition of the matrix X implies that TrX > 0.

Note that the matrix X = Aeel satisfies the last condition (B.1) as a
trivial identity because the matrices v¥457°, k = 1,2, 3, are antisymmetric.

The matrix X can be diagonalized, OXOT = diag(),0,0,0), where the
matrix O is a real and orthogonal. Thus, denoting Y = 7 OT, we have the
following equation for the four-by-four real matrix Y':

1 0 0 O
T 0O 0 0 O
Y'Y =)\ 00 0 0 (B.3)
0O 0 0 O
Its solution has the form
hi 0 0 O
_ hay 0 0 O
Y = hs 0 0 0 , (B.4)
hy 0 0 O
where the first column
ha
_ | he
h = hs (B.5)
ha

is real, normalized to A, i.e. KT h = ), and otherwise arbitrary. Thus, we
have proved that the matrix Y has the rank equal to 1.

The matrix 7 is obtained from the formula 7 = YO, where O is orthogo-
nal, hence nonsingular. Therefore, all columns of 7 are given by h multiplied
by real numbers of which at least one is different from 0. This means that
rank 7 = 1.

The proof in the opposite direction is simple. Each matrix 7 constructed
from the matrix r of the form of (13) obeys constraints (12) trivially, because
the matrices 79, 75, v#957° are antisymmetric.
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