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This note provides a comprehensive examination of the various ap-
proaches to formulating relativistic hydrodynamics, with a particular em-
phasis on the canonical approach. Relativistic hydrodynamics plays a cru-
cial role in understanding the behavior of fluids in high-energy astrophysical
phenomena and heavy-ion collisions. The canonical approach is explored in
detail, highlighting its foundational principles, mathematical formulations,
and practical implications in modeling relativistic fluid dynamics. Follow-
ing this, we delve into the linear response theory, elucidating its relevance
in the context of hydrodynamics. We analyze the response of relativistic
fluids to external perturbations, discussing the theoretical framework and
key results. This dual focus aims to bridge the gap between theoretical
foundations and practical applications, offering a robust perspective on the
dynamic interplay between relativistic hydrodynamics and linear response
theory.
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1. Regime of hydrodynamics and its applications

Hydrodynamics, although well-explored [1], remains a forefront area of
research due to its persistent numerical and theoretical challenges. Its uni-
versality renders it invaluable for describing diverse phenomena across disci-
plines such as astrophysics [2–4], condensed and soft matter physics [5–13],
and high-energy physics, exemplified by studies on the quark–gluon plasma
at RHIC and the LHC [14–20].

Recent years have seen a surge of interest in hydrodynamics, catalyzed by
the rediscovery of fluid/gravity duality in holography [21, 22]. This revival
has spurred investigations into various facets of theoretical hydrodynamics,
including the classification of dissipative superfluid terms [23], advancements
in second- [24–26] and third-order hydrodynamics [27, 28], parity-odd fluids
[29–31], quantum anomalies [32–34], spin hydrodynamics [35–45], viscoelas-
tic and viscoplastic fluids with broken translation symmetry (both sponta-
neous and explicit) [8, 46–54], fluctuating hydrodynamics developed from an
action principle [55–59], comprehensive classification of hydrodynamic trans-
port properties [60, 61], quasihydrodynamics [62, 63], Hydro+ extension
incorporating slow modes near critical points [64], fracton hydrodynamics
[65–67], hydrodynamics with higher-form symmetries [68–70], steady-state
hydrodynamics [71–73], and hydrodynamics via variational principle [74–78].

Before delving deeper, it is crucial to define hydrodynamics as a universal
low-energy effective field theory applicable to many-body thermal systems.
It captures the collective macroscopic dynamics of conserved charges or other
low-energy modes in the regime of long-wavelengths and small-frequency
ω,k ≪ T , with T denoting the system’s temperature. To understand how
hydrodynamics emerges, we follow the arguments presented in [57].

In a quantum many-body system, at zero temperature, the low-energy
theory is characterized by massless quasiparticle excitations above the ground
state, which typically exhibit long-lived behavior and give rise to phenomena
such as Fermi-liquid behavior. However, in a system at thermal equilibrium,
there exists a substantial reservoir of gapless quasiparticles. Any new exci-
tation introduced into this system quickly loses coherence within the bath
over a timescale τ and length scale l determined by microscopic dynamics.
This rapid loss of coherence effectively suppresses the quasiparticles, leading
to their rapid decay and the system’s prompt thermalization.

As a consequence, on macroscopic scales, the system can be considered
to be in local thermodynamic equilibrium. This concept is best grasped from
a coarse-grained perspective, where the system is divided into small-volume
elements. Each element is sufficiently small to be treated as point-like within
the description of the effective theory, yet large enough at the microscopic
level to uphold a well-defined thermodynamic limit.
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In this regime, the dynamics at low energies are dictated by conserved
charges, which cannot be locally eliminated but can only diffuse from regions
with an excess of charge to those with a deficit. This diffusion process oc-
curs at a rate significantly slower than local microscopic thermalization (see
figure 1). Consequently, the system reaches the hydrodynamic limit, where
a low-energy theory emerges to describe long-wavelength and long-timescale
dynamics governed by the local conservation of charges. This framework
may also encompass other low-energy collective degrees of freedom, as ob-
served in superfluid phases.

Fig. 1. (a) Microscopic degrees of freedom rapidly thermalize to equilibrium.
(b) Conserved charges, however, cannot be (locally) destroyed and (slowly) dif-
fuse. (c) The characteristic microscopic length scale l must be significantly smaller
than the length over which conserved charges vary [57].

The distinction in scales between microscopic thermalization and macro-
scopic diffusion, crucial for the emergence of hydrodynamics, is particularly
pronounced in phases that are strongly coupled and devoid of impurities. In
these systems, the scattering time among quasiparticles becomes exceedingly
small [79].

We hope that this note will be beneficial for early graduate students and
interested researchers.

2. Approaches to formulate hydrodynamics

2.1. Canonical approach

In the canonical approach, (relativistic) hydrodynamics is interpreted as
a perturbative expansion in the Knudsen number, Kn = l/L ≪ 1, where
L denotes the system size or the macroscopic length scale over which ther-
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modynamic quantities change, and l represents the microscopic length scale.
Precisely, we can define the derivative operator l∂ ∼ Kn, which serves as the
parameter for the perturbative expansion. From this perspective, hydrody-
namics is founded on the following constraints:

1. A derivative expansion;

2. The continuous, broken, and discrete symmetries;

3. Second law of thermodynamics in its local form.

This approach treats hydrodynamics as a formal power series, where the
zeroth order (∂0) corresponds to a non-dissipative perfect fluid and higher-
order (∂1 or above) corrections introduce dissipation by adding entropy to
the system. Ideally, as with any effective theory, including higher-order
terms should improve the accuracy of the description within a certain range
of validity. However, significant evidence suggests that the hydrodynamic
series does not converge [80, 81]. Despite this, it can be Borel resummed to
provide an all-order hydrodynamic description.

Based on the preceding discussion, it is evident that hydrodynamics
ceases to be a valid effective theory at length scales shorter than the mi-
croscopic mean free path l. Each term in the derivative expansion, starting
from the first order, is associated with a transport coefficient that char-
acterizes the fluid dynamics’ non-universal aspects. These coefficients are
functions of thermodynamic quantities and cannot be directly determined if
one considers hydrodynamics alone; their values also rely on the underlying
microscopic (kinetic) theory. They can be calculated using the Kubo for-
mulae through various methods such as lattice calculations, kinetic theory,
holography, and quantum field theory.

Despite hydrodynamics’ success in describing the physics of many dif-
ferent systems, as a classical theory, it faces foundational problems. One
significant issue is that the standard hydrodynamic equations are acausal
and unstable, since they include solutions in which the group velocity di-
verges and becomes superluminal [82–86]. This prevents numerical evolution
of the relativistic hydrodynamic equations from a set of initial conditions on
a time-slice, compromising the predictable nature of the theory.

The solution to this problem was first proposed by Maxwell and Cattaneo
for diffusion [87, 88], and later extended by Müller, Israel, and Stewart (MIS)
[89–91]. Their approach involves introducing soft ultraviolet (UV) cutoffs,
denoted as τi, to regulate the high-momentum behavior of the hydrodynamic
fluctuations. Specifically, defining πµν as the dissipative shear tensor, Π as
the dissipative bulk pressure, and νµ as the charge flux, the MIS theory
recommends altering the constitutive relations in the dynamical equations
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as follows:

πµν = −η

(
∇µuν +∇νuµ − 2

3
∆µν∇αu

α

)
− τπu

α∂απ
µν , (1a)

Π = −ζ∇αu
α − τΠuα∂αΠ , (1b)

νµ = −κ∇µT − τνu
α∂αν

µ , (1c)

where η is the shear viscosity, ζ is the bulk viscosity, κ is the thermal con-
ductivity, uµ is the fluid velocity, ∆µν is the projector orthogonal to uµ, and
T is the temperature. The parameters τπ, τΠ , and τν are relaxation times
associated with the respective transport coefficients.

The corrections introduced by this method only come into play at very
high frequencies. However, the hydrodynamic equations are now strongly
hyperbolic, allowing for numerical solutions given a set of initial conditions.
They also feature a well-behaved thermal equilibrium state that is both sta-
ble and causal. The new parameters τi are linked to UV degrees of freedom.
In the MIS theory, a new non-hydrodynamic mode ω(k = 0) ∼ −i/τπ is
found, which decays quickly [92].

In recent years, a new proposal has emerged to address the problem of
causality and stability in relativistic hydrodynamics [93–98]. This approach
takes advantage of an ambiguity inherent in any hydrodynamic description.
Fluid variables are not well-defined out of equilibrium, leading to ambiguity
up to derivative corrections, known as frame redefinitions [99–101]. Using
this method, it is possible to identify a frame (referred to as the BDNK
frame) in which first-order relativistic hydrodynamics becomes strongly hy-
perbolic leading to causal and stable equations. However, this comes at the
cost of having more complex constitutive relations.

The MIS solution requires us to work with second-order hydrodynamics
to achieve full consistency [24]. However, this approach introduces new fun-
damental issues. This is due to the presence of hydrodynamic modes ω(k),
which are long-lived solutions to the conservation equations that can lead
to instabilities in the system by violating the assumption of local thermal
equilibrium [102].

Classical hydrodynamics traditionally focuses solely on the dissipative
part of the system, neglecting the effects of thermal fluctuations. How-
ever, fluctuations should always be considered alongside dissipative effects,
as dictated by the fluctuation–dissipation theorem. This can be addressed by
including fluctuations as noise in the equations, thereby transforming hydro-
dynamics into a proper EFT, following the Martin–Siggia–Rose formalism
[55, 102–105].
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A top–down approach to dissipative fluctuating hydrodynamics has been
developed [56, 57, 106, 107], utilizing the closed time-path formalism of
Schwinger and Keldysh [108]. This method operates at the full non-linear
level and allows access to n-point correlators.

Beyond linear order, modes can interact with themselves through thermal
fluctuations, leading to the renormalization of transport coefficients com-
pared to their bare, linear-response values. This renormalization depends
on the UV scale ΛUV, beyond which hydrodynamics is no longer valid, and
results from interactions between modes near the cutoff. These interactions,
which can even occur in equilibrium because of thermal fluctuations, may
lead to the breakdown of the hydrodynamic derivative expansion [102].

From a technical standpoint, this occurs because interactions between
modes alter the retarded correlators by non-analytical terms that scale like
O(ω3/2) in 3 + 1 dimensions [109, 110], however in 2 + 1 dimensions, it
is a logarithmic correction [111]. Hence, these corrections are effectively
more significant than those in first-order hydrodynamics, which are linear
in O(ω), yet smaller than second-order corrections, which scale as O(ω2),
hence, these corrections cannot be captured by local derivative terms. This
non-analytic behavior is related to a long-time tail effect: the non-analytic
ω3/2 dependence of, for example, 3 + 1 dimensional hydrodynamics corre-
sponds to a real-time evolution as t3/2 of the response function [112], which
decays slowly compared to exponential decay.

Furthermore, as previously mentioned, hydrodynamics ceases to be a sen-
sible effective field theory at length scales shorter than the microscopic
scale l. However, this assumption, central to the canonical approach, is chal-
lenged by observations that hydrodynamics seems to work well as a model
for systems where the separation of scales is not sharply defined. This
has spurred a significant amount of research aiming to understand this
“unreasonable effectiveness of hydrodynamics.” Investigations in this area
have concentrated on resummation methods for all-order hydrodynamics
[80, 92, 113, 114] and the hydrodynamic attractor [115, 116], as well as an
action-like description of hydrodynamics via the Schwinger–Keldysh formal-
ism [56, 57, 107].

We emphasize that the problems associated with causality, stability,
and fluctuations arise when interpreting the equations of hydrodynamics
as a set of classical partial differential equations (PDEs) to solve for the
real-time evolution of the fluid. These issues stem from high-frequency, high-
wavevector modes that are far from the hydrodynamic regime (which is not
expected to hold at microscopic length scales). After providing a better
context on the state of hydrodynamics, we will focus on the linear response
theory of fluids in the hydrodynamic regime, concentrating on the ω,k → 0
properties of small fluctuations around a global thermodynamic equilibrium
state, for which the above-mentioned problems are not relevant.
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2.2. Kinetic theory

One of the earliest methods stems from kinetic theory [117, 118]. At first
glance, this might seem strange since hydrodynamics is often associated with
strongly-coupled phases of matter that thermalize quickly, whereas kinetic
theory is typically seen as describing weakly-coupled theories. However, this
apparent contradiction dissipates when we realize that hydrodynamics is
highly universal: in the presence of a single species of quasiparticles (as is
also often the case in kinetic theory) and no impurities, there is nothing to
inhibit the onset of hydrodynamics. It naturally emerges at long wavelengths
even at small couplings.

The MIS hydrodynamics arises naturally from kinetic theory [90, 118,
119], providing a justification for the timescales τi introduced phenomeno-
logically. Recently, there have been developments in kinetic theory that ex-
tend its application to hydrodynamics, encompassing various hydrodynamic
frames [120–122]. This microscopic approach also offers direct formulations
of transport coefficients using microscopic and thermodynamic parameters.

2.3. Schwinger–Keldysh formalism

Hydrodynamics is a potent tool, but from a microscopic perspective, the
arguments used before to explain its emergence are purely heuristic and not
entirely satisfactory. The canonical formulation lacks systematic inclusion
of thermal and quantum fluctuations, which must be separately incorpo-
rated in bottom-up approaches. These fluctuations are particularly crucial
in contexts such as turbulence, chaotic systems, and the renormalization of
transport coefficients (long-time tails).

Another aspect pertains to the theory’s validity regime. In classical
hydrodynamics, this is constrained by the scale separation condition l≪L.
However, experiments in heavy-ion collisions indicate that this limit is overly
stringent. Recent formulations of fluid dynamics based on action princi-
ples and all-order hydrodynamics resummation techniques have been able
to transcend this paradigm.

Finally, the symmetries and thermodynamic constraints are imposed
phenomenologically in classical hydrodynamics. In contrast, in the effective-
action approach, these constraints arise directly from fundamental proper-
ties of the dissipative effective action, providing the theory with a stronger
theoretical foundation.

From a theoretical standpoint, there has been a longstanding interest
in developing field theory action-like methods, based on concepts like path
integrals, to describe dissipative systems such as hydrodynamics [123–125].
While ideal fluids and some non-dissipative aspects of hydrodynamics are
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already been incorporated by action-like principles [126, 127], fully incorpo-
rating dissipative corrections from path integral methods remains an active
area of research [62, 128–130].

In the past years, the Schwinger–Keldysh formalism has been success-
fully used to develop hydrodynamics and thermal dissipative systems, from
an action-like principle [56, 57, 59]. This formulation is based on the re-
alization that describing thermal dissipative systems requires recasting the
standard problem of statistical field theory on a closed time path, leading
to a doubling of the hydrodynamic degrees of freedom (advanced and re-
tarded fields depending on which branch of the time contour they inhabit).
After integrating out the UV degrees of freedom, one arrives at a Wilsonian
effective action that must satisfy proper constraints, such as unitarity and
Z2 dynamical KMS symmetry. This formulation yields an effective action
encompassing all details of hydrodynamics’ constitutive relations and con-
servation equations. Unlike the canonical method, it inherently integrates
thermal (and potentially quantum) fluctuations at the complete non-linear
level, aligning with the fluctuation–dissipation theorem.

2.4. Fluid-gravity duality

This approach is rooted in the gauge-gravity duality, which finds its ba-
sis in string theory [131–133]. It takes various forms, but the simplest and
most practical one, not relying on quantum gravity and strings, is a du-
ality between a strongly-coupled (large ’t Hooft coupling) large-N QFT in
d dimensions on the boundary and a theory of classical gravity in d+ 1 di-
mensions within bulk anti-de-Sitter space. Specifically, a black hole within
the interior of AdS space gives rise to thermodynamics in the dual boundary
theory, with its temperature and entropy determined by the black hole’s
Gibbons–Hawking temperature and the Bekenstein–Hawking entropy.

Prior to the discovery of holography, upon realizing that black holes are
thermal systems, it was quickly inferred that the analogy extends beyond
thermal equilibrium to generic hydrodynamic perturbations of the event
horizon, indicating that black holes are dissipative systems, encapsulated in
the membrane paradigm [134]. This correspondence becomes clearer in the
AdS space [135–137], forming the basis for the fluid-gravity duality.

Holography has demonstrated that the membrane paradigm analogy ex-
tends beyond linear perturbations, allowing for the fluid-gravity correspon-
dence to operate at the full non-linear level [25]. This enables the derivation
of not only the full set of hydrodynamic correlators but also the hydrody-
namic equations [21, 22, 138, 139].
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Holography is used, alongside hydrodynamics, to study strongly-coupled
systems from two different angles and to cross-check the accuracy of hy-
drodynamic effective theories. Historically, many intriguing features of hy-
drodynamics (such as the effect of anomalies on fluids) were initially un-
covered using holographic methods before being confirmed in hydrodynam-
ics. Furthermore, akin to kinetic theory, holographic models provide the
non-universal aspects of fluid description, such as the equation of state and
transport coefficients, which can be used to establish bounds on transport
coefficients, exemplified by the KSS bound η/s ≥ 1/4π [140].

3. Canonical approach to hydrodynamics

In this section, we will concentrate on the relativistic normal fluid with-
out any superfluid component in d + 1 spacetime dimensions. However,
the approach we will discuss applies to fluids with any symmetry content,
such as Galilean, Carrollian, boost-agnostic, and so on. Our discussion will
primarily adhere to [102].

3.1. Constitutive relations

As we have discussed, hydrodynamics deals with the long-wavelength
dynamics of conserved charges. According to Noether’s theorem, conserva-
tion laws arise from the continuous symmetries of the underlying theory,
which implies the existence of conserved currents. In our case, we will focus
on a charged relativistic fluid, which means we assume not only Poincaré
symmetry (boosts, rotations, and translations) but also an internal U(1)
symmetry, leading to a conserved vector current (e.g., baryon number, elec-
tric charge, etc.).

Symmetry under spacetime translations gives rise to a conserved sym-
metric stress-energy tensor (or in other words, energy-momentum tensor)
Tµν , which couples to the external spacetime metric gµν and can be de-
scribed as the derivative of the action with respect to the metric

Tµν =
2√
−g

δS

δgµν
. (2)

The energy-momentum tensor derived from Noether’s (first) theorem may
not always be symmetric, however, using the above definition, the stress-
energy tensor is automatically symmetric1. However, following Belinfante’s
improvement procedure, it is possible to include extra antisymmetric terms

1 However, in a recent study [141], it is argued that the symmetric energy-momentum
tensor can be obtained directly from Noether’s second theorem instead of using
Noether’s first theorem.
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to Tµν that are conserved and lead to a symmetric stress-energy tensor. In
this work, we will deal with only symmetric Tµν . It is important to note that
if spin-angular momentum is a conserved quantity independent of the total
angular momentum conservation, one may have to consider antisymmetric
corrections to the stress-energy tensor [35, 41].

The conservation law for stress-energy tensor is

∂µT
µν = 0 . (3)

Computing the conserved currents related to the other spacetime symmetries
such as boosts and rotations gives Mµνα = xµT να − xνTµα. This current
is automatically conserved due to (3) and the relativistic Ward identity
Tµν = T νµ.

Moving on to internal symmetries, for a global U(1) symmetry, this im-
plies the existence of a conserved current Jµ

∂µJ
µ = 0 . (4)

We remark that it is indeed plausible to include higher-form symmetries
leading to the conservation of totally antisymmetric currents with more than
one index [68, 70].

It is crucial to emphasize that (4) and (3) are significant equations of
motion for the conserved charges, which act as the dynamical fields in hy-
drodynamics. Although these equations are identically satisfied on-shell for
a specific microscopic action S, in the context of hydrodynamics, they en-
capsulate the theory’s dynamical essence.

Without further assumptions, it is not possible to solve the conservation
equations. By simply counting the degrees of freedom, a symmetric stress-
energy tensor has (d + 1)(d + 2)/2 components and the U(1) current has
d + 1. However, we only have d + 1 equations from (3) and one equation
from (4), which is not enough to uniquely determine the system’s evolution.

Hydrodynamics simplifies the problem by assuming that Tµν and Jµ

can be expressed in terms of d + 2 local fields, known as hydrodynamic
fields or variables. In relativistic fluid dynamics, these independent fields
typically include: a local temperature T (x), a local chemical potential µ(x),
and a local fluid four-velocity uµ(x) satisfying u · u = −1.

In the grand canonical ensemble, the equilibrium of a thermal system
is described by a density operator ρ̂, which is proportional to the exponen-
tial of the conserved charges [142]. In our case, these conserved charges are
described by the four-momentum operator P̂µ and the particle number op-
erator N̂ . These operators are given by integrating the stress-energy tensor
T̂µν and the current Ĵµ over some space-like hypersurface Σµ, respectively.
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The density operator can be expressed as [60]

ρ̂ =
1

Tr eβµP̂µ+ΛβN̂
eβµP̂µ+ΛβN̂ , (5)

where βµ (a time-like four-vector) is the the ratio of fluid velocity over tem-
perature and Λβ (a scalar) is the ratio of chemical potential over tempera-
ture. These are two Lagrange multipliers. The exponential term involving
the conserved charges arises from the fact that in equilibrium, the expecta-
tion values of these charges are conserved, and the density operator describes
the statistical distribution of these charges.

In hydrodynamics, we depart from the uniform equilibrium state char-
acterized by (5), and consider that temperature, chemical potential, and
fluid velocity varies slowly with spacetime. The key idea is that while the
operators T̂µν and Ĵµ are always well-defined (for a given theory), their av-
erages Tµν = ⟨T̂µν⟩ and Jµ = ⟨Ĵµ⟩ can be written in terms of equilibrium
quantities when these are slowly varying functions of spacetime.

It is worth noting that although a specific state of equilibrium breaks
boost symmetry by selecting a particular time-like vector βµ, there are var-
ious equivalent states of equilibrium with different spatial velocities. There-
fore, it is the state that breaks the symmetry, not the theory itself, which re-
mains fully Lorentz covariant. Indeed, it can be explicitly demonstrated that
the Goldstone boson corresponding to the spontaneous breaking of boost
symmetry is not an additional dynamical field; it must be identified with
the fluid velocity [143]. This demonstrates that hydrodynamics respects the
underlying Lorentz symmetry of the theory.

In discussing the constitutive relations, we aim to express the stress-
energy tensor and the U(1) current in terms of the hydrodynamic fields in
a way that respects the symmetries of the theory. In relativistic hydro-
dynamics, it is convenient to decompose these tensors with respect to the
time-like vector uµ, as this enables us to work with quantities that are clearly
identifiable as Lorentz covariant objects. We consider flat Minkowski space-
time with metric ηµν = diag(−1, 1, . . . , 1) and define the symmetric projector
orthogonal to the four velocity as ∆µν = ηµν + uµuν . The decomposition
reads [102, 144]

Tµν = Euµuν + P∆µν +Qµuν +Qνuµ + T µν , (6a)
Jµ = Nuµ + J µ , (6b)

where E , P, and N are scalars, J µ and Qµ are vectors orthogonal to uµ

(J µuµ = Qµuµ = 0), and T µν is a symmetric, traceless, and transverse
tensor. These quantities are defined as
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E = uµuνT
µν , P =

1

d
∆µνT

µν ,

N = −uµJ
µ , Qµ = −∆µλuσT

λσ ,

Jµ = ∆µνJ
ν , Tµν =

1

2

(
∆µλ∆νσ +∆νλ∆µσ − 2

d
∆µν∆λσ

)
T λσ . (7)

Note that this decomposition is an identity that holds for all symmetric ten-
sors and vectors. The hydrodynamic assumption comes into play when we
express E , P, N , Qµ, J µ, and T µν of (6) as functions of hydrodynamic vari-
ables µ, T , and uµ. We adopt the approach of a derivative expansion, typical
in effective field theory, by assuming that the hydrodynamic fields deviate
from equilibrium only on scales significantly larger than the microscopic
mean free path, which serves as a UV cutoff. This means that first-order
corrections are more significant than second-order ones, second-order terms
outweigh third-order ones, and so forth. Formally, one writes

Tµν = Tµν
(0) + Tµν

(1) + Tµν
(2) + · · ·+ Tµν

(n) +O
(
∂(n+1)

)
, (8a)

Jµ = Jµ
(0) + Jµ

(1) + Jµ
(2) + · · ·+ Jµ

(n) +O
(
∂(n+1)

)
. (8b)

The perfect fluid contains zero derivatives, while the Navier–Stokes equa-
tions have first-order derivative corrections2.

3.2. Perfect fluid

Since all transverse vectors and transverse traceless tensors can be con-
structed with µ, T , and uµ, and their derivatives are at least first-order in
gradients, it follows that the ideal fluid will have Qµ = J µ = T µν = 0.
Thus, we need to write E , P, and N in terms of the zeroth-order scalars µ
and T .

To advance, we note that in global thermodynamic equilibrium (in the
fluid rest frame), the stress-energy tensor and the current assume a uni-
versal form, specifically Tµν

RF = diag(ϵ, P, . . . , P ) and Jµ
RF = (n,0). These

expressions define the equilibrium energy density ϵ, pressure P , and charge
density n. Moreover, performing a Lorentz boost will lead to the covari-
ant expressions for a generic fluid moving with velocity uµ, hence, the final
expressions are

Tµν = ϵuµuν + P∆µν , (9a)
Jµ = nuµ . (9b)

2 We would like to remark that gradient expansions are not exclusive to fluids; they
also apply to systems such as solids or quasi-electrons in a lattice, so the presence of
a gradient expansion does not imply the system is a fluid.
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By design, these equations are valid in global thermodynamic equilibrium.
However, perfect hydrodynamics assumes that the same form applies when
the thermodynamic variables are treated as slowly varying fields in local
thermal equilibrium. Thus, for an ideal fluid, we have E(x) = ϵ(x), P(x) =
P (x), and N (x) = n(x).

It is evident from this discussion that an equilibrium equation of state
P (T, µ) is also necessary to determine the explicit constitutive relations in
terms of the fundamental hydrodynamic fields. Therefore, we assume the
existence of a suitable equation of state and, using the thermodynamic re-
lations, we have [145]

dP =
∂P

∂T

∣∣∣∣
µ

dT +
∂P

∂µ

∣∣∣∣
T

dµ = s dT + n dµ , (10a)

ϵ = −P + Ts+ µn , (10b)

where s is the entropy density.
If we combine the longitudinal component of (3), namely uν∂µT

µν = 0,
with equation (4) and keep only the zeroth order in derivatives, we obtain
the conservation equation for entropy density

∂µ (su
µ) = 0 , (11)

which is interpreted as the perfect fluid entropy current and is conserved
locally. Hence, the perfect fluid hydrodynamics is non-dissipative.

3.3. Frame choice

Before discussing the first-order corrections to the perfect fluid, which
lead to the relativistic Navier–Stokes equations, we must address a common
issue in effective field theory constructions. This issue involves the redefini-
tion of fundamental fields needed to perform the gradient expansion.

At the first order in derivatives, we can redefine the hydrodynamic vari-
ables in terms of the first-order quantities that disappear in equilibrium.
This ensures that various definitions coincide in global thermodynamic equi-
librium when gradients are absent. A particular definition of the fields T ,
µ, and uµ is often referred to as a frame choice. This is due to the lack
of a microscopic definition of the hydrodynamic fields in out-of-equilibrium
scenarios. For example, there is no temperature operator whose expectation
value would give T (x) for states that are not in equilibrium. The appropri-
ate way to conceptualize the constitutive relations is to regard T (x), µ(x),
and uµ(x) as auxiliary parameters used to parametrize Tµν and Jµ, which
do have a microscopic out-of-equilibrium definition. A frame change may
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modify the hydrodynamic fields but will not alter the expectation value of
the stress-energy tensor and the current, only their appearance in terms of
the local variables.

From an effective field theory viewpoint, it seems natural to have the
flexibility to redefine fields that differ by derivative quantities. This freedom
is inherent when discussing the EFT approach for dissipative systems [57,
146]. Since frame choices are essentially redundant within the theory, they
can be viewed as gauge-like transformations [147]. Furthermore, much like
gauge theories, they can be formulated in a gauge-invariant manner, meaning
that it is feasible to construct a theory of hydrodynamics without imposing a
specific frame, relying solely on the frame-invariant scalars and vectors [23].

This depicts that the coefficients E , P, and N take the general form as

E = ϵ+ δE = ϵ(T, µ) + fE(∂T, ∂µ, ∂u) , (12a)
P = P + δP = P (T, µ) + fP(∂T, ∂µ, ∂u) , (12b)
N = n+ δN = n(T, µ) + fN (∂T, ∂µ, ∂u) , (12c)

where δE , δP, and δN are higher-order corrections involving derivatives of
the hydrodynamic fields T , µ, and uµ, and are determined by our selection of
the out-of-equilibrium definitions of local temperature, chemical potential,
and fluid velocity.

Let us now consider a frame transformation with δ being the first-order
in gradient correction

T (x) −→ T ′(x) = T (x) + δT (x) , (13a)
µ(x) −→ µ′(x) = µ(x) + δµ(x) , (13b)
uµ(x) −→ u′µ(x) = uµ(x) + δuµ(x) . (13c)

Note that δuµ is a transverse vector, satisfying u · δu = 0. This condition
is necessary to preserve the normalization of the uµ at the given order in
derivatives, specifically u · u = −1 +O(∂2).

Using the redefined uµ, we can decompose the stress-energy tensor and
the current as in (7). It is important to remember that Tµν and Jµ are
invariant under a frame choice, and Qµ and J µ are themselves first-order in
derivatives. This allows us to determine how the coefficients of the decom-
position change under a frame transformation. This yields

δE = 0 , δP = 0 , δN = 0 , (14a)
δQµ = −(E + P)δuµ , δJ µ = −N δuµ , (14b)
δT µν = 0 . (14c)

From the above relations, it is easy to notice that one can always choose δuµ

such that either J µ = 0 or Qµ = 0. The former case is often referred to as the
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Eckart frame, while the latter is known as the Landau frame. Consequently,
in the Landau frame, it is possible to have zero-charge density, while still
having a non-zero charge current. Furthermore, note that the Eckart frame is
mostly used when the U(1) conserved charge represents the baryon number.

Although frames are not physical in the hydrodynamic regime — they
are simply redefinitions of the fields used to characterize Tµν and Jµ — they
still have physical meaning. Specifically, the Eckart frame is defined such
that there is no charge flow in the (local) fluid rest frame, whereas we define
the Landau frame assuming no energy current in the fluid rest frame. In
principle, there is an infinite number of frames; however, in practice, only
a few are commonly used. Notably useful frames include the thermodynamic
frame [126] (to be discussed later), BDNK frame [93, 95], and the recently
introduced density frame [122, 148].

The first equation in (14) indicates that

ϵ(T, µ) + fE(∂T, ∂µ, ∂u) = ϵ
(
T ′, µ′)+ f ′

E
(
∂T ′, ∂µ′, ∂u′

)
.

In analogy, for N and P, we have

f ′
E = fE −

(
∂ϵ

∂T

)
µ

δT −
(
∂ϵ

∂µ

)
T

δµ , (15a)

f ′
P = fP −

(
∂p

∂T

)
µ

δT −
(
∂p

∂µ

)
T

δµ , (15b)

f ′
N = fN −

(
∂n

∂T

)
µ

δT −
(
∂n

∂µ

)
T

δµ . (15c)

We can always choose the out-of-equilibrium definition of µ and T which
make two of the three functions f vanish. Commonly, f ′

E and f ′
N are set to

zero, ensuring that E = ϵ and N = n at all orders in derivatives.

3.4. Navier–Stokes

The model of ideal fluid dynamics predicts unphysical solutions meaning
that considering the constitutive relations truncated at zero order in deriva-
tives, the resulting solutions to the hydrodynamic conservation equations
describe unphysical flows. For instance, a solution to the ideal hydrody-
namic equations such as an equilibrated fluid moving in the x direction
with its gradient along y is unphysical. In reality, fluid particles transfer
momentum between layers, making the flow homogeneous, as illustrated in
figure 2. Therefore, it is essential to study the first-order dissipative correc-
tions, where such flows are not equilibrium solutions. Assuming the Landau
frame, we will specify the out-of-equilibrium definition of uµ that follows
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Qµ = 0. Moreover, we fix µ and T such that E = ϵ and N = n with the
Landau frame matching conditions

uµT
µν = −ϵuν , uµJ

µ = −n , (16)

such that the fluid velocity four-vector becomes an eigenvector of the stress-
energy tensor with energy as its eigenvalue.

Fig. 2. A stationary flow of a perfect fluid with a velocity gradient is depicted. Thin
arrows represent particles transferring x-momentum in the y-direction, eventually
equilibrating the inhomogeneous velocity profile [102].

We now express the free coefficients P, J µ, and T µν (those not fixed by
the frame choice) in terms of the gradients of the fundamental fields. At this
order, there are only three one-derivative scalars: the material derivatives
of temperature and chemical potential, uα∂αT , uα∂αµ, and the expansion
scalar θ = ∂αu

α.
Additionally, there are three transverse vectors: ∆µν∂νT , ∆µν∂νµ, and

∆µνaν , where aµ = uα∂αuµ represents the acceleration. Lastly, there is only
one traceless symmetric first-order tensor we can construct, the shear tensor

σµν = ∆µα∆νβ

(
∂αuβ + ∂βuα − 2

d
ηαβ θ

)
. (17)

Focusing on the scalar sector, we have already specified E and N using the
Landau matching conditions, so we are left with P. The scalar P should be
expressed as the most general combination of the zero-order and first-order
scalars mentioned above

P = P + c1u
α∂αT + c2u

α∂αµ+ c3θ +O
(
∂2

)
. (18)
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Since hydrodynamics is a formal series expansion, therefore, by utilizing the
ideal fluid constitutive relations (9) in ∂µJ

µ = 0 and uµ∂νT
µν = 0, we obtain

two equations that connect the three first-order scalars. This implies that,
for instance, uα∂αT is proportional to uα∂αµ, up to higher-order corrections
in derivatives O(∂2). The same relationship holds for the expansion. Thus,
at first order in derivatives, there is only one independent scalar and one
generally chooses ∂µu

µ.
Consequently, we can finally express P as the sum of the zeroth-order

term and the first-order correction

P = P − ζ∂µu
µ +O

(
∂2

)
, (19)

where ζ = ζ(T, µ) is the bulk viscosity which is a transport coefficient.
We now focus on the remaining unspecified transverse vector, J µ. As

with previous cases, at first order in derivatives, there are three transverse
vectors. In addition, we have one transverse lowest-order equation of motion,
∆µν∂αT

αν = 0. This connects the three first-order vectors up to higher-order
corrections, implying that there are only two independent terms. Thus, we
can express J µ as

J µ = −σT∆µν∂ν
µ

T
+ χT∆

µν∂νT +O
(
∂2

)
, (20)

where we encounter two more transport coefficients, charge conductivity σ
and χT .

Notice that the only transverse symmetric traceless tensor is the shear
tensor (17) and it is proportional to T µν

T µν = −ησµν +O
(
∂2

)
, (21)

where η is the transport coefficient namely shear viscosity.
If we had worked with the Eckart frame, we would have obtained the

same equations for T µν and P, while what we wrote for J µ would now
apply to Qµ. It is worth noting that hydrodynamics has two ambiguities:
one concerns the frame choice (such as Eckart or Landau), and the other
involves selecting the basis of independent coefficients used to formulate the
hydrodynamics constitutive relations. For instance, in our case, we chose
not to include the acceleration when writing the constitutive relation for
J µ, whereas in the Eckart frame, one, generally, includes the acceleration
term instead of ∆µν∂ν(µ/T ). This choice might seem trivial, but it is crucial
to ensure that computed quantities do not depend on these ambiguities by
working at the correct derivative order [102].

Regarding transport coefficients: these quantities cannot be determined
only by using hydrodynamics, as they also depend on the microscopic dy-
namics, whereas hydrodynamics only describes the macroscopic dynamics in
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the infrared (IR). While for certain transport coefficients related to quantum
anomalies, hydrodynamics alone can provide information [32], in general,
transport coefficients are unknown functions of the scalar fields.

The Kubo formulae provide a method to compute these coefficients from
a specific microscopic model, at least in principle. However, from the per-
spective of hydrodynamics, they are simply unknown functions of the scalar
fields.

The Kubo formulae do not depend on the frame choices and can be em-
ployed to match the microscopic theory to the hydrodynamics EFT. Con-
sequently, the transport coefficients are frame-invariant: while they may
appear in different positions in the constitutive relations depending on the
chosen frame, their form in terms of the microscopic theory remains unique
and unaffected by this choice.

3.5. Entropy current

The hydrodynamic constitutive relations derived above are based solely
on Lorentz covariance and derivative expansion. However, hydrodynamics
necessitates additional conditions. Particularly, when formulating hydrody-
namics, one imposes a local form of the thermodynamic second law, requiring
that the entropy production is locally positive. In the following, we will shed
light on another type of constraint stemming from the discrete symmetries
of the microscopic theory.

In equilibrium, we can express the entropy current Sµ = suµ for constant
velocity, and we have demonstrated that entropy is not produced for the case
of the ideal fluid, i.e., ∂µ(suµ) = 0. In first-order hydrodynamics, we posit
that Sµ receives derivative corrections, aligning with the covariantization
of thermodynamics. Specifically, we start with the Euler relation Ts =
P + ϵ− µn and reformulate it in a covariant manner [142, 144]

TSµ = Puµ − Tµνuν − µJµ , (22)

where using Eq. (6), we obtain the expression for the entropy current

Sµ = Sµ
(0)u

µ +
1

T
Qµ − µ

T
J µ ,

=

[
s+

1

T
(E − ϵ)− µ

T
(N − n)

]
uµ +

1

T
Qµ − µ

T
J µ , (23)

where Sµ
(0) is the entropy density in the rest frame, whereas the remaining

terms are the entropy flow in the rest frame.
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This is known as the canonical entropy current, and it is frame-invariant.
While the form of the current in terms of the gradients may depend on the
frame definition, the value of the current remains constant. There are other
contributions to the entropy current, referred to as non-canonical, which
play significant roles when discussing hydrostatic or non-dissipative fluids.

In the Landau frame, the expression of entropy current is [1, 7, 102]

Sµ = suµ − µ

T
J ν . (24)

We use the above expression with the Landau-frame constitutive relations
to enforce local second law of thermodynamics

∂µS
µ ≥ 0 , (25)

on the flows that might be the solutions to (3)–(4). Using the Gibbs–Duhem
equation

∂P = s∂T + n∂µ ,

one gets

∂µS
µ =

ζ

T
θ2 +

η

T
σµνσ

µν + σ
(
T∆µν∂ν

µ

T

)2
− TχT∆

µν∂ν
µ

T
∂µT ≥ 0 , (26)

where θ is the expansion scalar and σµν is the shear tensor. Since the right-
hand side of the equation must be positive definite, we find the following
constraints on the transport coefficients:

η ≥ 0 , ζ ≥ 0 , σ ≥ 0 , χT = 0 . (27)

Even though Lorentz covariance requires us to have four transport coeffi-
cients for first-order relativistic hydrodynamics, the additional constraint
on the positivity of entropy production reduces this to three.

Let us present here the complete first-order Landau frame constitutive
relations for a normal fluid, derived from the requirements of Lorentz co-
variance, gradient expansion, and entropy production positivity

Tµν = ϵuµuν + P∆µν − ησµν − ζθ∆µν +O
(
∂2

)
, (28a)

Jµ = nuµ − σT∆µν∂ν
µ

T
+O

(
∂2

)
. (28b)

Certainly, an alternative method to derive the same constitutive relations is
to select a fixed frame and directly calculate the divergence of the canonical
entropy current. Analyzing the resulting expression allows for the derivation
of the constitutive relations.
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3.6. Hydrostatic generating functional

The hydrostatic generating functional, as described in [126, 127], is a po-
tent technique for computing n-point functions, and consequently the con-
stitutive relations, from a path-integral approach in the hydrostatic regime.
This method is applicable when variables are time-independent and, in the
absence of external sources, constant.

Hydrostatic flow, along with the dissipative sector described above, rep-
resents two of the eight possible classes of fluid transport categorized in
[60, 61] using the concept of adiabatic flows.

Let us consider a charged fluid in the presence of spacetime and gauge
sources, and assume it is in time-independent hydrostatic equilibrium. This
is possible when a time-like Killing field V µ exists, parametrizing time-
translations that allow for all thermodynamic quantities and given external
sources to have vanishing Lie derivative, LV , with respect to V µ. Phys-
ically, this implies that the sources are slowly varying functions, and the
time derivative in the frame comoving with V µ, when V µ = (1, 0, 0, 0), is
vanishing3.

Since we are handling equilibrium configurations in the presence of adi-
abatically turned-on sources, we can compute the Green functions utilizing
the generating functional by differentiating with respect to the metric and
gauge sources gµν and Aµ.

In the frame where the Killing field is constant, let us consider the collec-
tion of zero-frequency n-point functions truncated up to mth order in powers
of k. These can be inverse-Fourier transformed to yield a series of correla-
tors in position space, which hold approximately on scales significantly larger
than the microscopic system’s correlation. After integrating this series of ap-
proximate Green functions, we obtain the equilibrium generating functional
for the truncated correlators that depends on the sources

Wm[g,A] =

∫
ddx W[sources(x)] , (29)

where W consists terms up to m order in derivatives. Since this expression
is covariant, it is valid also for non-comoving frames with the Killing vector.

For Wm to reproduce Eq. (64), it should be diffeomorphism and gauge
invariant. Therefore, W needs to depend on diffeomorphism and gauge-
invariant scalars. These scalar observables must be spacetime-dependent but
can be non-local in Euclidean time to describe systems at finite temperature.

3 We remark that the Lie derivative’s ability to describe the invariance of tensor fields
under the flow of symmetries, its coordinate independence, and its compatibility
with the geometry of spacetime make it the ideal tool for generalizing mechanical
equilibrium in general relativity. This allows equilibrium concepts to be seamlessly
extended from flat spacetime to the curved, dynamic spacetimes of general relativity.
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Consider two quantities, one, an invariant length L of the time circle in
the Euclidean theory and, two, the Polyakov loop PA of U(1) gauge field in
the same direction. L can be evaluated as

L =

β∫
0

dτ
√
gττ , (30)

in comoving frame with V µ, with β = 1/T0 being the coordinate period.
After making the expression covariant and rotating back to non-imaginary
time, we obtain

L = β
√
−V 2 , lnPA = βV µAµ . (31)

We are in a position to obtain temperature, chemical potential, and fluid
velocity from these quantities

T =
1

L
=

T0√
−V 2

, (32a)

µ =
lnPA

L
=

V µAµ − Λβ√
−V 2

, (32b)

uµ =
V µ

√
−V 2

. (32c)

To preserve gauge invariance, a gauge parameter, Λβ , is included. For a given
m-order derivative, the theory contains Nm scalar quantities sm,1, sm,2, . . . ,
sm,Nm , which are computed from the invariants (32) and their derivatives.
Consequently, the most general hydrostatic generating functional at m order
is expressed as

Wm[g,A] =

∫
ddx

√
−g

[
P (s0) +

m∑
n=1

Nn∑
i=1

Fn,i(s0)sn,i

]
, (33)

where s0 represents the zeroth-order scalars, which for a simple fluid are
s0 = {T, µ}. The functions Fn,i are unknown functions of these zeroth-order
scalars, and P can be interpreted as the pressure. In the absence of sources,
when all derivative corrections to Wm are zero, W matches with the free
energy.

With this expression, we can now determine the hydrostatic constitutive
relations for Tµν and Jµ, which are the one-point functions, by differentiat-
ing Wm with respect to gµν and Aµ, respectively,

⟨Tµν⟩ = 2√
−g

δWm

δgµν
, ⟨Jµ⟩ = 1√

−g

δWm

δAµ
. (34)
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The constitutive relations derived from the hydrostatic generating functional
manifest in a specific hydrodynamic frame known as the thermodynamic
frame. Unlike the Landau frame, (16), the thermodynamic frame implies
that the definitions of temperature, chemical potential, and fluid velocity are
maintained without modification on shell, relative to their equilibrium values
(32). It is important to clarify that while the term ‘thermodynamic frame’
is commonly used, it does not denote a true frame but rather a category of
frames. This is because the thermodynamic frame prescribes how to handle
the hydrostatic sector of the constitutive relations, but it does not address
the dissipative components, which require additional frame-fixing conditions.

One might also inquire about the fate of the entropy current within the
hydrostatic sector. The hydrostatic solutions are inherently non-dissipative,
thus ensuring ∂µS

µ = 0; however, achieving this outcome requires a mod-
ification of the entropy current itself compared to its canonical form. The
total entropy current is

Sµ = Sµ
can + Sµ

non−can , (35)

where the first and second terms are the canonical and non-canonical en-
tropy currents, respectively. The latter is to ensure that the entropy is not
produced due to hydrostatic derivative corrections [149, 150].

3.6.1. Hydrostatic conditions

For the fluid to be in hydrostatic flows, its hydrodynamic variables must
satisfy specific conditions that essentially define equilibrium. These con-
straints are derived by demanding that the Lie derivatives of the sources
and the thermodynamic quantities (32) with respect to V µ are zero. To
move forward, we first decompose the U(1) electromagnetic field strength
tensor by projecting parallel to the fluid flow velocity

Eµ = Fµνuν , Bµ =
1

2
ϵµνρσuνFρσ , (36)

where Eµ is the electric field and Bµ is the magnetic field as seen by the
fluid. These projections allow us to express the field strength tensor Fµν in
terms of Eµ and Bµ as follows:

Fµν = uµEν − uνEµ + ϵµνρσuρBσ . (37)

This decomposition is useful for analyzing the equilibrium conditions in the
presence of an electromagnetic field, as it separates the contributions parallel
and perpendicular to the fluid flow.
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Demanding LV T = LV µ = 0 leads to the first two hydrostatic con-
straints [126]. These constraints ensure that the temperature T and chemi-
cal potential µ are constant along the flow defined by the Killing vector V µ.
Formally, this can be expressed as

V µ∂µT = 0 , V µ∂µµ = 0 . (38)

These conditions imply that both the temperature and the chemical po-
tential remain unchanged in the direction of V µ, which characterizes the
equilibrium flow of the fluid

∂µT = −Taµ , (39)
∂µµ = Eµ − µaµ , (40)

where aµ = u · ∇uµ is the acceleration. Note that the above equations can
be directly derived from the definitions in (32) and the properties of Lie
derivatives.

The other constraints can be obtained from the Lie derivative of the fluid
flow velocity, for which we notice that the fluid which is in equilibrium should
have zero expansion and shear tensor. Specifically, requiring that LV u

µ = 0
implies that the fluid velocity uµ is aligned with the Killing vector V µ.

In formal terms, this means that the expansion θ and the shear tensor
σµν must both vanish

θ = ∇µu
µ = 0 , (41)

σµν = ∆µα∆νβ

(
∇αuβ +∇βuα − 2

d
ηαβ∇γu

γ

)
= 0 . (42)

These conditions ensure that the fluid flow is purely along the direction of
V µ without any expansion or distortion, which is characteristic of a fluid in
hydrostatic equilibrium. Finally, we have the Bianchi identity of the gauge
field, εµναβ∇νFαβ = 0.

These are equality-type constraints that the fluid variables must satisfy
to maintain equilibrium when external sources are present. Any dissipative
correction to the constitutive relations must be viewed as deviations from
these constraints. For instance, in equilibrium, the fluid must have vanishing
expansion θ = 0, consistent with the fact that bulk viscosity is a dissipative
transport coefficient, and the fluid generates entropy when expansion is non-
zero.

For the vector sector, the second law of thermodynamics indicates that
the two constraints (39) lead to a single dissipative transverse vector

Eµ −∆µν∂ν
µ

T
= 0 , (43)
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that arises in the constitutive relation of the current (67). Note that the
reverse is not true: there are transport coefficients that are non-dissipative
(they cancel out when calculating the positivity of entropy production), yet
they disappear in hydrostatic flows. These are referred to as non-dissipative
non-hydrostatic terms and can be derived from a generalization of the above
generating functional [60].

4. Linear response theory

Hydrodynamics being a non-linear theory depicts that different initial
conditions can give rise to different fluid dynamics evolution. This makes
hydrodynamical non-linear equations notoriously difficult to solve.

The difficulty that arise in hydrodynamics are often related to extending
the theory beyond its regime of validity. Being a low-energy effective field
theory, hydrodynamics is valid when ω and k are small. However, if one
wanted to use hydrodynamic equations as a system of non-linear partial
differential equations with predictability, one would have to evaluate those
equations at high values of k, where hydrodynamics is expected to fail.

Focusing on linearized hydrodynamics provides a more controlled ap-
proach [151–154]. This entails trusting the theory within its valid domain:
we examine a uniform global thermodynamic equilibrium state character-
ized by constant temperature T = const., chemical potential µ = const.,
and in the rest frame of the fluid uµ = (1, 0, 0, 0). We study small fluctua-
tions around this equilibrium, particularly focusing on the expansion involv-
ing small wave-vectors and frequencies, where hydrodynamics is expected
to be applicable. Linearized hydrodynamics remains informative in several
respects:

— It allows for access to retarded correlators, which can be compared with
two-point functions obtained from other methods (such as holography,
kinetic theory, QFT, etc.), leading to the Kubo formulae.

— These correlators provide physical insights into the transport proper-
ties of the system, such as thermoelectric conductivities.

— It enables the discovery of new constraints on the constitutive relations
arising from microscopic discrete symmetries.

— It offers insights into the stability of the theory against small pertur-
bations and fluctuations.

In the following, rather than using T , µ, and uµ, we will work with their
thermodynamic conjugate quantities as independent variables: specifically,
energy, charge, and momentum density. The rationale behind this is that
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these quantities have a microscopic definition through the operators T̂ 0µ

and Ĵ0, enabling us to examine their role in the Hamiltonian and derive the
correlators linked to these charges.

4.1. Martin–Kadanoff method

Here, we will briefly recap the motivation behind linear response theory,
which aims to study the response of a system in thermal equilibrium to small
deviations [155]. Let us consider a collection of hydrodynamic fields ϕa(t,x)
which are microscopically well-defined. Then they are coupled to their weak,
slowly-varying sources λa(t,x). The sources are switched on at t = −∞ and
let increase adiabatically; at t = 0, they are switched off, and the system
is allowed to evolve freely. In linearized hydrodynamics, the classical fields
ϕa are governed by a set of linear equations which, in momentum space, are
expressed as

∂tϕa(t,k) +Mab(k)ϕb(t,k) = 0 , (44)

where ϕa are, strictly speaking, δϕa, which represents the deviation from
equilibrium δϕa(t,x) = ϕa(t,x) − ϕa. Here, Mab is a matrix computed by
the hydrodynamic conservation laws and the constitutive relations. This
system of equations applies in the hydrodynamic regime, characterized by
long wavelengths (k → 0) and small frequencies (ω → 0), governing the
free evolution of the fields at t > 0. To analyze the solutions, we employ
a Laplace transform in time

ϕa(z,k) =

∞∫
0

dt eiztϕa(t,k) , (45)

with z lying on the upper half complex plane. This makes the integral
converge and we find

(−izδab +Mab)ϕb(z,k) = ϕ0
a(k) , (46)

where ϕ0
a(k) = ϕa(t = 0,k) is the initial value. For small fluctuations, one

writes
ϕ0
a(k → 0) = χabλ

0
b(k → 0) =⇒ χab =

(
∂ϕa

∂λb

)
, (47)

with χab being the static thermodynamic susceptibility. Using the above
definition, we can solve the hydrodynamic equations in terms of the initial
conditions

ϕa(z,k) =
(
K−1

)
ab
χbcλ

0
c(k) , (48)

where Kab = −izδab +Mab(k).
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We now aim to connect the average values of the hydrodynamic fields
to the system’s correlation functions. Suppose, we perturb the fields us-
ing slowly-varying sources that are adiabatically switched on at t = −∞
and then turned off at t = 0. For instance, let us consider λ(t,x) =
eεtλ0(x)θ(−t), where ε > 0 is a small adiabatic parameter with θ(t) be-
ing the step function. We then relate the system’s evolution at t > 0 to
Eq. (48). To achieve this, we introduce a perturbation to the Hamiltonian
that couples the hydrodynamic fields with their respective sources

δĤ(t) = −
∫

ddx λa(t,x)ϕ̂a(t,x) . (49)

From the time-dependent perturbation theory of first order, we can deter-
mine the operator ϕ̂a(t,x) response in the Heisenberg picture. If the system
possesses a time-independent Hamiltonian, and we introduce a small per-
turbation, the expected value of the observable is modified

δ
〈
ϕ̂a(t,x)

〉
= −i

t∫
−∞

dt′
〈[

ϕ̂a(t,x), δĤ
(
t′
)]〉

, (50)

where ⟨. . . ⟩ represents the thermal average ⟨Ô⟩ = Tr(ρ̂Ô), with ρ̂ as the
density matrix (in the grand canonical ensemble, the Heisenberg operators
are defined as Ĥ ′ = Ĥ − µN̂ , where µ is the chemical potential serving as
the Lagrange multiplier of the charge number operator N̂). Combining these
two equations yields

δ
〈
ϕ̂a(t,x)

〉
= −

∞∫
−∞

dt′
∫

ddx′ GR
ab

(
t− t′,x− x′)λb(t,x) , (51)

with GR
ab, retarded response function, expressed as

GR
ab

(
t− t′,x− x′) = −iθ

(
t− t′

) 〈[
ϕ̂a(t,x), ϕ̂b

(
t′,x′)]〉 . (52)

In Fourier space, the average value simplifies, and the convolution becomes

δ
〈
ϕ̂a(ω,k)

〉
= −GR

ab(ω,k)λb(ω,k) . (53)

We begin by evaluating the Fourier transform in space

〈
ϕ̂a(t,k)

〉
= −

0∫
−∞

dt′ eεt
′
GR

ab

(
t− t′,k

)
λ0
b(k) . (54)
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Having Fourier transformed the retarded function in time, we obtain

GR
(
t− t′,k

)
=

∞∫
−∞

dω

2π
GR(ω,k) e−iω(t−t′) . (55)

Due of the step function in GR(t,k), this function is vanishing for t < 0.
This depicts that GR(ω,k) proved to be analytic in the upper half complex
plane ω allowing us to analytically continue GR(ω,k) to the whole complex
plane. We then evaluate t′ integral leading to〈

ϕ̂a(t,k)
〉
= −λ0

b(k)

∫
dω

2π
GR

ab(ω,k)
e−iωt

iω + ε
, (56)

where ε is required for the integral convergence. We now multiply both
sides by eizt (ensuring Im(z) > 0 for convergence) and integrate over t from
0 to ∞ (effectively applying the Laplace transform as done previously to our
linearized hydrodynamic equations) [102]〈

ϕ̂a(z,k)
〉
= −λ0

b(k)

∫
dω

2π

GR
ab(ω,k)

(iω + ε)(i(ω − z) + ε)
. (57)

As previously noted, GR(ω) is analytic in the upper half-plane, enabling us
to integrate by closing the contour with Im(ω) > 0. Inside this contour,
there are two poles: one at ω = iε and another at ω = z + iε. According to
the residue theorem, we obtain〈

ϕ̂a(z,k)
〉
= −λ0

b(k)
GR

ab(z,k)−GR
ab(z = 0,k)

iz
, (58)

where the parameter z = 0 is understood to be slightly above the real axis.
To determine GR(z = 0,k), we examine equation (54) evaluated at t = 0.
The integral’s argument represents the Laplace transform evaluated at z = 0
(slightly above the real axis, starting from z = iε)〈

ϕ̂a(t = 0,k)
〉
= −

∞∫
0

dt′ e−εt′GR
ab

(
t′,k

)
λ0
b(k) = −GR

ab(z = 0,k)λ0
b(k) .

(59)
From this equation, we deduce that in the long-wavelength limit, GR(z =
0,k) corresponds to the negative of the static susceptibility χ(k) defined
earlier (see equation (47)), thus GR(z = 0,k) = −χ(k).

We can now compare this result with our previous expression from lin-
earized hydrodynamics, yielding

− 1

iz

(
GR

ab(z,k) + χab(k)
)
λ0
b(k) =

(
K−1

)
ac
χcbλ

0
b(k) , (60)
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and we obtain for the retarded response function matrix as

GR
ab(z,k) = −

(
δac + iz

(
K−1

)
ac

)
χcb , (61)

which is analytic in the upper half-plane of the complex variable z, enabling
us to extend GR(ω,k) to the entire complex plane as the analytic contin-
uation of GR(z,k) from the upper half-plane. Given the various analytic
properties of GR, it may also relate to the symmetric and advanced Green
functions [102]. Therefore, it can be demonstrated that

−Im GR
aa(ω,k) ≥ 0 for ω ≥ 0 , (62)

which, when applied to the hydrodynamic response functions, indicates that
all the transport coefficients are positive definite σ ≥ 0, ζ ≥ 0, and η ≥ 0.

4.2. Variational method

In the previous section, we outlined the classical method of calculating
the retarded Green functions from hydrodynamics using the linear response
theory. This approach introduces sources corresponding to the conserved
charge densities derived from equilibrium thermodynamics, offering clarity
from a physical standpoint. However, it has limitations, particularly in its
inability to capture all correlators associated with the currents [92, 102].

Another approach to derive the same quantities from a field theory per-
spective involves introducing sources that directly couple to the covariant
forms of Tµν and Jµ. In any generic theory, external sources such as a curved
metric gµν and a gauge field Aµ can be added. Consequently, a generating
functional W [A, g] can be formally constructed, whose variations provide all
the connected n-point functions of the theory.

By varying W with respect to the gµν or Aµ, one obtains the one-point
functions corresponding to the current and stress-energy tensor

δW [A, g] =

∫
dx

√
−g (Tµνδgµν + JµδAµ) . (63)

Moreover, when variations of the metric and gauge fields are linked to diffeo-
morphism or gauge symmetry, the invariance of W [A, g] under these trans-
formations yields the conservation equations of hydrodynamics (assuming
no anomalies)

∇µT
µν = F νλJλ , (64a)

∇µJ
µ = 0 , (64b)

which are the generalization of Eqs. (3) and (4) when we take into account
external curvature and electromagnetic fields.
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Although we lack access to a microscopic generating functional for the
complete dissipative theory in hydrodynamics, we can still formulate the
generators of the retarded Green functions in the presence of background
sources as

T µν [A, g] =
√
−g

〈
T̂µν

〉
, J µ[A, g] =

√
−g

〈
Ĵµ

〉
, (65)

with ⟨T̂µν⟩ and ⟨Ĵµ⟩ being the solutions of the hydrodynamical equations
of motion in the presence of Aµ and gµν . The equilibrium correlators in the
absence of sources can be calculated as

GR
JµJν (x) = −δJ µ(x)

δAν(0)

∣∣∣∣
A=h=0

, GR
TµνJσ(x)=−δT µν(x)

δAσ(0)

∣∣∣∣
A=h=0

, (66a)

GR
JσTµν (x) = −2

δJ σ(x)

δhµν(0)

∣∣∣∣
A=h=0

, GR
TµνTσρ(x)=−2

δT µν(x)

δhρσ(0)

∣∣∣∣
A=h=0

, (66b)

where the metric fluctuation is hµν = gµν − ηµν .
The procedure to compute these quantities involves obtaining the consti-

tutive relations in the Landau frame in the presence of background sources,
at first order in derivatives, expressed as

Tµν = ϵuµuν + P∆µν

−2η∆µα∆νβ

(
∇αuβ +∇βuα − 2

d
gαβ∇λu

λ

)
− ζ∆µν∇λu

λ ,

Jµ = nuµ + σ
(
Eµ − T∆µν∇ν

µ

T

)
, (67)

where Eµ = Fµνu
ν represents the covariant electric field, arising naturally

from the entropy current in the presence of sources. Subsequently, we solve
the hydrodynamic equations in Fourier space, linearizing around global ther-
modynamic equilibrium with constant temperature, chemical potential, and
fluid velocity in the presence of small fluctuating sources δAµ and δhµν . In-
serting the resulting solution into the generators (65) and computing the
functional derivatives (66) grants access to all the Green functions. The
Green functions acquired through this method might exhibit discrepancies
compared to those obtained via the Martin–Kadanoff approach due to con-
tact terms arising from the

√
−g term in the generators (65), as discussed

in [156].

4.3. Discrete symmetries: Onsager relations

The retarded functions must adhere to the symmetries, with time-reversal
symmetry imposing stringent constraints on the transport coefficients. Con-
sider a Hermitian field ϕ̂a(t,x) transforming under time reversal as
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Θ̂ϕ̂a(t,x)Θ̂
−1 = ηaϕ̂a(−t,x), where Θ̂ represents the anti-unitary time-

reversal operator and ηa = ±1 denotes the eigenvalue of ϕ̂a. In a sce-
nario where the microscopic system preserves time-reversal symmetry, i.e.,
[H, Θ̂] = 0, the retarded response functions must satisfy

GR
ab(t,x) = GR

ba(t,−x)ηaηb . (68)

However, if time reversal is not a symmetry of the microscopic system, such
as in the presence of an external magnetic field B breaking the symmetry,
the Hamiltonian is subject to Θ̂Ĥ(B)Θ̂−1 = Ĥ(−B). Consequently, the
aforementioned equation transforms to

GR
ab(ω,k;B) = ηaηbG

R
ba(ω,−k;−B) . (69)

This equation lies at the heart of the Onsager reciprocal relations [157,
158], although older works approach it through thermodynamics and the
relationships between fluxes and forces.

The requirement imposed by time reversal on GR is not automatically
fulfilled by linearized hydrodynamics. Instead, it should be depicted as
a constraint in the constitutive relations. When k → 0 and ω = 0, this
condition means that χT = 0 in first-order hydrodynamics (20). This serves
as another method to constrain the transport coefficients without relying on
the entropy current.

From (61) and (69), it follows that the matrix Mab must adhere to

χ(B)SMT(−k;−B) = M(k;B)χ(B)S . (70)

In this equation, S = diag (η1, η2, . . . ) represents the matrix of time-reversal
eigenvalues, and the susceptibilities adhere to the condition

Sχ(B)S = χT(−B) . (71)

One could apply a similar procedure to other discrete symmetries, such as
parity. However, in these cases, the procedure is not as beneficial as it is
typically sufficient to monitor the parity-breaking parameters of the theory.
This observation stems from the fact that only time-reversal symmetry is
linked with an anti-unitary operator [159].

4.4. Thermoelectric transport

We aim to explore the thermoelectric transport coefficients within the
framework of the linear response theory. Typically, the charge and heat
currents couple with the electric field and a temperature gradient, respec-
tively. However, there are thermoelectric effects where the sources lead to
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mixed responses described by the complete thermoelectric matrix. In linear
response, we have (

δJi
δQi

)
=

(
σij αij

T ᾱij κ̄ij

)(
δEj

−∂jδT

)
, (72)

with σ as the electrical conductivity tensor, κ̄ as the thermal conductivity
tensor, and α and ᾱ as the thermoelectric tensors.

It is important to distinguish σ from σij : σ is a transport coefficient
determined by the microscopic theory, whereas σij characterizes the macro-
scopic response of the current to an external electric field and includes a con-
tribution from σ.

It is noteworthy that κ̄ differs from the conventional thermal conduc-
tivity measured in experiments. Laboratory measurements of thermal con-
ductivity typically assume J = 0 as the boundary condition, whereas the
above definition adopts E = 0 as the boundary condition. The relationship
between κij and κ̄ij is given by

κij = κ̄ij − T ᾱikσ
−1
kl αlj . (73)

Transport coefficients must adhere to the Onsager relations, which implies
that the matrices αij and ᾱij are connected as αij(B) = ᾱij(B), where B
represents an external magnetic field that breaks time-reversal symmetry [7].

Our goal is to perturb the system with a small electric field and tempera-
ture gradient, and then determine how the electric and heat currents respond
to these perturbations. To achieve this, we must first identify the appropri-
ate sources. For instance, the electric current does not directly couple to the
electric field in the Hamiltonian; instead, it couples to Aµ.

A temperature perturbation, however, does couple to the Hamiltonian.
Since we are operating within the grand canonical ensemble, we find

δH = −
∫

ddx

(
δT (t,x)

T
(ϵ(t,x)− µn(t,x)) + δAµ(t,x)Jµ(t,x)

)
. (74)

We can set the gauge by defining the electric field as the negative gradient
of A0, Ei = −∂iA

0, allowing us to neglect the δAiJi terms and concentrate
on δA0n

δH = −
∫

ddx

(
δT (t,x)

T
(ϵ(t,x)− µn(t,x)) + δA0(t,x)n(t,x)

)
. (75)

In classical thermodynamics, the heat current is typically defined as JQ =
TJS = JU − µJN , where JS represents the entropy current, while JU and
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JN denote the energy and charge currents, respectively. In the relativistic
context, the heat current, in linear response theory, is

δQi = δT 0i − µδJ i . (76)

Alternatively, the same result can be derived from a variational perspective
by examining temperature fluctuations as alterations in the Euclidean time
component of the metric. This approach, employed in [156, 160], yields the
canonical heat current form without relying on thermodynamics.

The Kubo formulae for the conductivities are expressed as

σij(ω) = −
GR

JiJj
(ω)−GR

JiJj
(0)

iω
, (77a)

αij(ω) = −
GR

JiQj
(ω)−GR

JiQj
(0)

iωT
, (77b)

ᾱij(ω) = −
GR

QiJj
(ω)−GR

QiJj
(0)

iωT
, (77c)

κ̄ij(ω) = −
GR

QiQj
(ω)−GR

QiQj
(0)

iωT
. (77d)

From a practical standpoint, if our focus lies on the conductivities, we can
simply introduce linear sources to perturb the system

T → T + δT − Txiδζi , F 0i → δEi . (78)

Here, ζi = ∂iT/T represents the heat source. By solving the hydrodynamic
equations in the Laplace–Fourier space at k = 0, we can obtain (58), from
which we can extract the conductivities (77).

Here are the optical conductivities in first-order hydrodynamics without
a background magnetic field

σ(ω) = σ +
in2

ω(ϵ+ P )
, (79a)

α(ω) = −µ

T
σ +

ins

ω(ϵ+ P )
, (79b)

κ̄(ω) =
µ2

T
σ +

is2T

ω(ϵ+ P )
. (79c)

The Onsager relations impose the constraint ᾱ = α. It is noteworthy that
the conductivities diverge as ω approaches zero; notably, the imaginary part
exhibits a pole. Therefore, according to the Kramers–Kronig relations, the
real part features a delta function at ω = 0 [22]. This divergence occurs
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because momentum serves as a conserved operator, implying that in the
presence of a constant background electric field, a charged fluid accelerates
infinitely. Lastly, the Green functions of conserved quantities adhere to the
specific Ward identities [102, 156], which manifest in relations between the
conductivities. In this scenario, it is straightforward to verify that

α(ω) = −µ

T
σ(ω) +

in

Tω
, (80a)

κ̄(ω) =
µ2

T
σ(ω) +

i (ϵ+ P − 2µn)

Tω
. (80b)

Interestingly, in the presence of an external magnetic field B, these relations
imply the existence of incoherent Hall conductivities [161].

4.5. Modes and linear stability

The first and most straightforward task in a hydrodynamic theory is to
compute the modes. These modes provide insights into how small collective
fluctuations near thermal equilibrium propagate within the fluid and offer
crucial information about the theory’s stability.

In a formal sense, the modes ω(k) represent the eigen-frequencies of the
linearized equations of motion. Beginning with conservation laws and con-
stitutive relations, we explore fluctuations around a global thermodynamic
equilibrium state, characterized by

ϕa(t,x) = eiωt−ik·xϕa . (81)

The hydrodynamics equations can be expressed in Fourier space as

Mab(k)ϕb = ωϕa , (82)

which have non-trivial solutions only if det(M − 1ω) = 0. From this deter-
minant condition, we obtain the system’s modes.

The causality requires that the imaginary part of the modes must be
negative. This relates to the analyticity of the retarded correlators GR

discussed in Section 4.1, as the poles of the Green functions correspond
to the modes themselves. This can be seen by noting that obtaining the
Green functions involves inverting the hydrodynamic matrix, resulting in
the determinant of M − 1ω in the denominator, with the poles residing in
the lower half of the complex ω plane.

Hydrodynamic modes are expected to satisfy ω(k = 0) = 0; however, in
the presence of impurities, magnetic fields, or other slow variables influencing
the hydrodynamic regime, this condition may not hold true [63]. Therefore,
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it is customary to classify a mode as hydrodynamic based on being the lowest-
lying mode (closest to the real axis at k = 0), regardless of its specific value,
as long as non-hydrodynamic modes are sufficiently deep in the lower half
of the complex plane.

5. Summary

In this review we have presented various approaches to relativistic hy-
drodynamics, which finds several applications in high-energy physics, con-
densed matter, and astrophysics. Particularly, we have analyzed in depth
the canonical approach, focusing on the symmetries, thermodynamics, and
physical content. Finally, we have discussed thoroughly what happens when
we restrict the dynamics to linearized perturbations, explaining how to ob-
tain analytical expressions for the retarded correlators and thermoelectric
transport using linear response theory.

Relaxed hydrodynamics, or quasihydrodynamics, acknowledges that real
systems are rarely perfectly closed and free of impurities. Consequently, the
hydrodynamic conservation laws are only approximate, typically broken by
effective relaxation terms described by Γ ∼ 1/τ1, dictating the damping of
perturbations towards the state of equilibrium [79].

For hydrodynamics to remain valid, these corrections to the equations
of conservation laws must be sufficiently small in magnitude, implying that
whatever is disrupting exact conservation operates on scales much larger
than the microscopic mean free path and the scale of thermalization (non-
hydrodynamic modes). This allows for a separation of scales to persist.

In nuclear physics or astrophysics, systems like the quark–gluon plasma
formed in heavy-ion collisions may approximate perfect fluids with few im-
purities, limiting the applicability of quasihydrodynamics. However, con-
densed matter systems are more complex, with electrons interacting with a
background lattice and phonons, and experiencing impurities and umklapp
scatterings that can disrupt their flow. Additionally, boundaries and lay-
ers contribute to losses of conserved charges, and approximate symmetries
in condensed matter systems lead to explicitly weakly broken conservation
equations [162].

There are two main approaches to handle these corrections:

1. Including a Dynamical Mode: This approach assumes an extra mode
that is very light and dynamical, quickly thermalizing. This extends
the regime of validity of hydrodynamics to include this mode.

2. Integrating Out the Mode: Here, the related microscopic non-hydro-
dynamical mode is integrated out, and its effect is represented by mod-
ifying the conservation law with a relaxation term.
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Another viewpoint, as proposed in [63], is that hydrodynamics operates on
scales which are significantly larger than the microscopic mean free path l
and microscopic time τ . While non-hydrodynamic operators typically decay
quickly, there may be some operator with a parametrically slower decay rate.
This allows for the inclusion of this operator as a quasi-conserved quantity
with an effective decay time τ1, valid as long as τ2∂t ≪ 1.

In summary, relaxed hydrodynamics recognizes the limits of perfect con-
servation in real systems and seeks to accommodate these deviations from
exact conservation within the framework of hydrodynamics.

In this paper, we concerned ourselves only with standard hydrodynam-
ics, however there are many possible extensions that expand its regime of
applicability to various different situations (e.g., dynamical magnetic fields,
superfluid phases, quantum anomalies, spin polarization, etc.). Of particular
interest are quasihydrodynamics [79, 163] and spin magneto-hydrodynamics
[164, 165].
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