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We consider N Dirac fermions on a 4-dimensional Euclidean space with
a quadratic interaction given by arbitrary external Clifford-valued fields.
The divergence of the axial current satisfies on the classical level a rela-
tion that is violated after quantization. Using the Pauli–Villars method to
regularize the fields, we find the conditions that guarantee the finiteness of
the anomaly. We also find this anomaly. Our result generalizes the well-
known computation of axial anomaly of Dirac fermions interacting with an
external Yang–Mills field.
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1. Introduction

We shall consider a set of classical anti-commuting Dirac spinor fields
ψI , ψ̄I , I = 1, . . . , N , in a 4-dimensional Euclidean space (with positive
signature). We also introduce a quadratic Hermitian action for these fields
of the form

S[ψ] =
∫

d4x
∑
IJ

ψ̄I(x)
(
(γµ∂µ +m) δIJ + ΦIJ(x)

)
ψJ(x) . (1)

Thus, all fields have the same mass m and are coupled to external Clifford-
algebra-valued fields ΦIJ(x).

Conserved or approximately conserved currents play an important role
in QFT. For instance, the vector current

J µ(x) :=
∑
I

ψ̄I(x)γ
µψI(x) (2)
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satisfies formally
∂µJ µ(x) = 0 . (3)

Relation (3) is true also inside correlation functions

⟨∂µJ µ(x)⟩ = 0 . (4)

To be precise, (3) is not fully rigorous, since it involves putting two
fields at coinciding points. Relation (4) is exact, since we only consider such
regularizations that keep this condition true.

Let us also introduce the following currents:

J 5µ(x) =
∑
I

ψ̄I(x)γ
5γµψI(x) , J 5(x) =

∑
I

ψ̄I(x)γ
5ψI(x) . (5)

If the Dirac field is coupled only to an external Yang–Mills field, that is, the
field Φ has just one component Φ(x) = iAµ(x)γ

µ(x), and fields ψ satisfy the
classical equations of motion, then formally on the classical level, (5) satisfy
the equality

∂µJ 5µ(x) + 2mJ 5(x) = 0 . (6)

However, on the quantum level, after appropriate renormalization, we get〈
∂µJ 5µ(x)⟩ren + 2m⟨J 5(x)

〉
ren

=
1

16π2
Tr (ϵµνρσAµν(x)Aρσ(x)) =: A(x) ,

(7)
where Aµν = ∂µAν−∂νAµ+i[Aµ, Aν ] and Tr denotes the trace over the space
enumerating different fields ψI . A(x) is called the axial anomaly. This is
described in essentially every modern textbook on Quantum Field Theory
such as [1, 2], see also [3, 4] for a more specialized treatment.

For more general external fields, the classical relation analogous to (6) is

∂µJ 5µ(x) + 2mJ 5(x) +
∑
IJ

ψ̄I(x)
(
γ5ΦIJ(x) + ΦIJ(x)γ5

)
ψJ(x) = 0 , (8)

which holds if the fields ψ satisfy the classical equations of motion. Since
this is a generalization of the simpler case, we still expect an anomaly to be
present on the quantum level〈

∂µJ 5µ(x)
〉
ren

+ 2m
〈
J 5(x)

〉
ren

+
∑
IJ

⟨ψ̄I(x)
(
γ5ΦIJ(x) + ΦIJ(x)γ5

)
ψJ(x)⟩ren =: A(x) . (9)
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As in the case of the vector current, J 5µ(x) and equation (9) are prob-
lematic because they involve two fields at coinciding points. In order to
give sense to them, we shall use the Pauli–Villars regularization. We will
show that with this regularization the renormalized vector current J µ(x)
is conserved. We will find conditions on the external fields ΦIJ(x) which
guarantee that the axial anomaly is finite. These conditions say that cer-
tain local polynomials in external fields and their derivatives vanish. There
are three such conditions: one involves a polynomial of degree 1, another of
degree 2, and the third of degree 3. We will compute the anomaly — again,
given by a local polynomial in external fields. This is a rather complicated
polynomial of degree four. One should note that there are no anomalies of
degree five and more.

Lagrangians of the form (1) may appear in phenomenological description
of various physical systems. Our results show that the usual approximate
conservation of the axial current can often be generalized to a more general
setting.

2. Euclidean Dirac field

Consider the Clifford algebra generated by matrices γµ such that

{γµ, γν} = γµγν + γνγµ = 2gµν , γ†µ = γµ , µ, ν = 1, . . . , 4 , (10)

where gµν is the Euclidean metric tensor g = diag(1, 1, 1, 1). We will use
the conventions γ5 = γ1γ2γ3γ4, γµν := 1

2(γµγν − γνγµ), and ψ̄I = (ψI)
†γ5.

Thus (10) can be extended to µ, ν = 5, and γµν = −γ†µν = −γνµ for µ, ν =
1, . . . , 5. Still, whenever contraction of such indices appears in the text, the
summation it denotes is only over the range {1 . . . 4}.

The action of (1) can be written as

S[ψ] =
∫

d4x
∑
IJ

ψ̄I(x)D(m,Φ)IJψJ(x) , (11)

where

D(m,Φ)IJ = (γµ∂µ +m)δIJ + ΦIJ = D0(m)δIJ + ΦIJ . (12)

With the chosen conventions, the free part of the action is Hermitian. For
the whole action to be Hermitian, we need(

ΦIJ
)†

= γ5ΦJIγ5 . (13)

Note that with this assumption, γ5D(m,Φ) is a Hermitian operator.
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It can be noted that a rotation of fields ψI(x) → U IJ(x)ψJ(x), with U
being unitary matrices, is equivalent to an appropriate transformation of the
external fields Φ

S[Uψ] =

∫
d4x

∑
IJ

ψ̄I(x)
(
U−1D(m,Φ)U

)IJ
ψJ(x) , (14)

U−1D(m,Φ)U = D
(
m,U−1ΦU + γµU−1(∂µU)

)
. (15)

Given a basis of the Clifford algebra, the external fields ΦIJ can be
decomposed in this basis. We will use a specific basis

Γ a ∈
(
1, iγµ, iγµν , γµγ5, γ5

)
(16)

and introduce varying symbols for different components of ΦIJ

ΦIJ = ΦIJa Γ
a = κIJ1+ iAIJµ γ

µ + iBIJ
µνγ

µν + CIJµ γµγ5 + λIJγ5 . (17)

In some formulas, we will also use B̃µν = 1
2ϵµνρσB

ρσ. With this choice,
(Γ a)† = γ5Γ aγ5, which further implies that the interaction part of the action
S is Hermitian iff every component field ΦIJa (x) is a Hermitian N×N matrix.

Treating ψI(x) and ψ̄J(y) as (independent) Grassmann variables, and
using the Berezin integral

∫
D[ψ], we can compute correlation functions of

the fields from the formula〈
ψI1(x1) · · ·ψIn(xn)ψ̄Jm(ym) · · · ψ̄J1(y1)

〉
:=

1

Z

∫
e−S[ψ]ψI1(x1) · · ·ψIn(xn)ψ̄Jm(ym) · · · ψ̄J1(y1)D[ψ] , (18)

where
Z =

∫
e−S[ψ]D[ψ] (19)

is the normalization factor. Since these integrals tend to be infinite, some
regularization is usually necessary to obtain physically meaningful results.
Since the integrals are Gaussian (in the Grassmannian sense), all correlation
functions can be reduced to the correlation function for a pair of fields〈

ψI(x)ψ̄J(y)
〉
= −

(
D−1

)
IJ

(x, y;m,Φ) , (20)

where D−1(x, y;m,Φ) is the integral kernel of the inverse of the operator
D(m,Φ). Note the identity〈

ψ̄I(x)Γ
aψJ(y)

〉
= tr

(
Γ a
(
D−1

)
JI

(y, x;m,Φ)
)
, (21)

where the symbol tr denotes the trace over the spinor indices only, and the
minus sign from (20) has disappeared due to the anticommution relations of
Grassmann variables.
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3. Axial anomaly

In Introduction, we presented the vector current J µ(x), and also the
axial currents J 5(x) and J 5µ(x). Furthermore, we defined the anomaly
A(x).

We have (naively)

〈
∂µJ 5µ(x)

〉
=
∑
I

tr

(
γ5γµ

∂
(
D−1

)
II
(x, x;m,Φ)

∂xµ

)
, (22)

〈
J 5(x)

〉
=
∑
I

tr
(
γ5
(
D−1

)
II
(x, x;m,Φ)

)
, (23)〈

ψ̄I(x)Γ
aψJ(x)

〉
= tr

(
Γ a
(
D−1

)
JI

(x, x;m,Φ)
)
. (24)

These expressions however have a problem because the integral kernel
D−1(x, y;m) is divergent for y = x.

To resolve this problem, we shall use the Pauli–Villars regularization.
Namely, we define regularized propagators (free and full) as(

D−1
0

)
Λ
(x, y) =

∑
i

CiD−1
0 (x, y;Mi(Λ)) , (25)

(
D−1

)
Λ
(x, y;Φ) =

∑
i

CiD−1(x, y;Mi(Λ), Φ) , (26)

where Λ is a regularization parameter (eventually Λ→ +∞), masses Mi(Λ)
and coefficients Ci are chosen such that

C0 = 1 , M0(Λ) = m, lim
Λ→+∞

Mi(Λ) = +∞ for i ̸= 0 ,

and (D−1
0 )Λ(x, y) has no divergence for y → x. These conditions mean that

the integral (
D−1

0

)
Λ
(x, x) =

∫
d4p

(2π)4

∑
i

Ci
−ip/+Mi

p2 +M2
i

(27)

has to be finite. By (A.5) and (A.6), this is guaranteed by the conditions∑
i

Ci = 0 ,
∑
i

CiMi = 0 ,
∑
i

CiM2
i = 0 ,

∑
i

CiM3
i = 0 . (28)
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A possible set of solutions for these equations is

i ∈ {0, . . . n}, n ≥ 4 , Ci = (−1)i
(
n

i

)
, Mi = m+ iΛ . (29)

A proof that this is indeed a solution is given in Appendix B. Other solutions
can be created by linear combinations of these solutions.

Using this regularized propagator, we define

⟨∂µJµ(x)⟩Λ =
∑
I

tr

(
γµ
∂
(
D−1

)
II,Λ

(x, x;Φ)

∂xµ

)
, (30)

〈
∂µJ

5µ(x)
〉
Λ

=
∑
I

tr

(
γ5γµ

∂
(
D−1

)
II,Λ

(x, x;Φ)

∂xµ

)
, (31)

〈
J5(x)

〉
Λ

=
∑
I

tr
(
γ5
(
D−1

)
II,Λ

(x, x;Φ)
)
, (32)

〈
ψ̄I(x)Γ aψJ(x)

〉
Λ

= tr
(
Γ a
(
D−1

)
JI,Λ

(x, x;Φ)
)
, (33)

and

AΛ(x;Φ) =
〈
∂µJ

5µ(x)
〉
Λ
+ 2m

〈
J5(x)

〉
Λ

+
∑
IJ

〈
ψ̄I(x)

(
γ5ΦIJ(x) + ΦIJ(x)γ5

)
ψJ(x)

〉
Λ
. (34)

We shall see that this regularization keeps the vector current conserved
on the quantum level, i.e.

lim
Λ→∞

⟨∂µJµ(x)⟩Λ = 0 . (35)

This relation is actually satisfied even without the limit. We shall also see
that the axial currents, in general, produce infinite axial anomalies linear,
quadratic, and cubic in fields Φ. If the anomaly has a finite limit for Λ→∞,
it is okay; it is analogous to the standard textbook axial anomaly. However,
if in this limit it diverges, we find it problematic. We consider the disap-
pearance of these infinite anomalies a necessary condition for the consistency
of the quantization; for that to happen, fields Φ need to satisfy some spe-
cific conditions, which we will derive in this paper. Under these conditions,
we also compute the resulting anomaly. Our result can be summarized as
follows.
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Theorem 3.1. Suppose that the following conditions are fullfilled:

Trλ = 0 , (36)

Tr
(
∂µC

µ + 2κλ+ 2BµνB̃µν

)
= 0 , (37)

Tr
(
−κ2λ+ iκ[Aµ, Cµ] + 2κBµνB̃µν − i[Aµ, Aν ]B̃µν

+iB̃µν [C
µ, Cν ] + 2BµνBµνλ+ 2CµCµλ+ λ3

)
= 0 . (38)

Then there exists the limit

A(x) := lim
Λ→∞

AΛ(x) , (39)

the relation in (9) is satisfied, and the renormalized anomaly is

A = A(1) +A(2) +A(3) +A(4) , (40)

where

A(1) =
1

12π2
Tr (∂µ∂µ∂νC

ν) , (41)

A(2) =
1

12π2
Tr
(
4κ∂µ∂µλ+ 6∂µκ∂

µλ

+3ϵµναβ∂µAν∂αAβ + 2Aν∂
µ∂µC

ν − 2Cν∂µ∂µAν

+4B̃ρσ∂µ∂µBρσ + 8B̃ρµ∂µ∂
νBρν − 8Bρµ∂µ∂

νB̃ρν

+6gµν∂µB̃
ρσ∂νBρσ + 4∂µB̃

ρµ∂νBρν − 4∂µB̃ρν∂νBρµ

−12 ∂µBµν∂νλ+ ϵµανβ∂µCα∂νCβ

)
, (42)

A(3) =
1

12π2
Tr

(
(∂µκ)

(
10{κ,Cµ}+ 4i[λ,Aµ] + 4

{
Aν , B̃

µν
})

+(∂µAν)
(
2igµν [κ, λ] + 3iϵµναβ [Aα, Aβ]− 3iϵµναβ [Cα, Cβ]

+4{Aµ, Cν} − 4{Aν , Cµ} − 2gµν{Aα, Cα}

+12
{
κ, B̃µν

}
− 12{λ,Bµν} − 12igαβ

(
BµαB̃νβ −BνβB̃µα

))
+(∂µBαβ)

(
3ϵµναβ{κ,Aν} − 4igµβ[κ,Cα] + 4iϵµναβ [λ,Cν ]

−12igµβ
[
Aν , B̃

αν
]
− 12i

[
Aα, B̃µβ

]
+ 4i

[
Aµ, B̃αβ

]
+16gµβ{Cν , Bαν}+ 8

{
Cα, Bµβ

}
− 4

{
Cµ, Bαβ

})
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+(∂µCν)
(
10gµνκ2 − 6gµνλ2

−4gµνAαAα − 2AµAν − 2AνAµ

−8gµνCαCα − 2CµCν − 2CνCµ

+4i[κ,Bµν ]− 4i
[
λ, B̃µν

]
− 4gµνBρσBρσ

)
+(∂µλ)

(
−6i[κ,Aµ]− 12i

[
B̃µν , Cν

]))
, (43)

A(4) =
1

96π2
Tr
(
− 32κ3λ+ 32iκ2[Aµ, Cµ] + 16[Aα, κ][Aα, λ]

+48iλ2[Aµ, Cµ] + 48CαCα(κλ+ λκ) + 96κCµλCµ

+64κ2BµνB̃µν + 32κBµνκB̃µν

+48BαβBαβ(κλ+ λκ) + 64κBµνλBµν

−192λ2BµνB̃µν − 96λBµνλB̃µν

−48i
(
B̃µνκ+ κB̃µν

)
[Aµ, Aν ] + 48i(Bµνλ+ λBµν)[A

µ, Aν ]

+16i
(
B̃µνκ+ κB̃µν

)
[Cµ, Cν ] + 128iB̃µνC

µκCν

−16i(Bµνλ+ λBµν)[C
µ, Cν ]− 96iBµνC

µλCν

+32(Bµνκ+ κBµν)[A
µ, Cν ] + 32

(
B̃µνλ+ λB̃µν

)
[Aµ, Cν ]

−64Bµν(AµκCν + CνκAµ)− 64B̃µν(λA
µCν + CνAµλ)

+64B̃µν(A
µλCν + CνλAµ) + 64B̃µν(λC

νAµ +AµCνλ)

−256igµνκBµαB̃αβB
βν − 512igµνλB

µαBαβB
βν

−6ϵµναβ [Aµ, Aν ][Aα, Aβ] + 2ϵµναβ [Cµ, Cν ][Cα, Cβ]

−4ϵµναβ [Aµ, Aν ][Cα, Cβ] + 8ϵµναβ [Aµ, Cν ][Aα, Cβ]

−16i[Aµ, Aν ][Aµ, Cν ] + 32iAµAµ[A
ν , Cν ]

+32AαAαB
µνB̃µν − 32AαBµνAαB̃µν − 128gαβB

µαB̃νβ [Aµ, Aν ]

−96CαCαBµνB̃µν + 32CαBµνCαB̃µν + 64igαβB
µαB̃νβ [Cµ, Cν ]

+192i(AµBναC
νBµα −AµBµαCνBνα) + 64iBαβBαβ[A

µ, Cµ]

+64i(AµC
νBναB

µα −AµBµαBναC
ν)

−64BαβBαβB
µνB̃µν + 64[Bαµ, Bβµ]

[
Bαν , B̃

βν
] )

. (44)
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Among many terms in the above theorem, we can find the terms that
reproduce the standard axial anomaly of the Yang–Mills field

A(x)κ,B,C,λ=0 =
1

4π2
ϵµναβ Tr (∂µAν∂αAβ) +

i

2π2
ϵµναβ Tr (∂µAνAαAβ)

+
1

16π2
ϵµναβ Tr ([Aµ, Aν ][Aα, Aβ])

=
1

16π2
ϵµναβ Tr (AµνAαβ) , (45)

where Aµν = ∂µAν − ∂νAµ + i[Aµ, Aν ].
Another part that we can extract from the full result are the terms that

depend only on scalar fields κ and λ, that is when Aµ = 0, Bµν = 0, Cµ = 0

A(x)A,B,C=0 =
1

12π2
Tr
(
4κ∂µ∂µλ+ 6∂µκ∂µλ− 4κ3λ

)
, (46)

with the conditions for the vanishing of divergent part being

tr(λ) = 0 , (47)
tr(κλ) = 0 , (48)

tr
(
−κ2λ+ λ3

)
= 0 . (49)

One more special case would be when the configuration of external fields
has Aµ = 0, Bµν = 0, λ = 0

A(x)A,B,λ=0 =
1

12π2
Tr
(
ϵµνρσ∂µCν∂ρCσ + 10∂µ

(
κ2Cµ

))
=

1

12π2
∂µTr

(
ϵµνρσCν∂ρCσ + 10κ2Cµ

)
, (50)

with the only condition for the vanishing of the divergent part being

tr(∂µC
µ) = 0 . (51)

4. First steps of proof

The remainder of the paper is devoted to a proof of the above theorem.
From the definition of D−1(x, y;M,Φ), we have(

γµ
∂

∂xµ
+M + Φ(x)

)
D−1(x, y;M,Φ) = δ4(x− y) , (52)

D−1(x, y;M,Φ)

(
−γµ

←−
∂

∂yµ
+M + Φ(y)

)
= δ4(x− y) , (53)
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therefore,

(γµ∂µ +m+ Φ(x))
(
D−1

)
Λ
(x, y;Φ)

=
∑
i

Ci (γµ∂µ +m+ Φ(x))D−1(x, y;Mi(Λ), Φ)

=
∑
iJ

Ci
(
(m−Mi(Λ))D

−1(x, y;Mi(Λ), Φ) + δ4(x− y)
)

=
∑
i

Ci (m−Mi(Λ))D
−1(x, y;Mi(Λ), Φ) . (54)

Let us first check the conservation of the vector current

⟨∂µJµ(x)⟩Λ

= lim
y→x

Tr tr

(
γµ

∂

∂xµ
(
D−1

)
Λ
(x, y;Φ) +

(
D−1

)
Λ
(x, y;Φ)γµ

←−
∂

∂yµ

)

= lim
y→x

(
Tr tr

(∑
i

Ci (−Mi(Λ)− Φ(x))D−1(x, y;Mi(Λ), Φ) + δ4(x− y)

)

+Tr tr

(∑
i

CiD−1(x, y;Mi(Λ), Φ) (Mi(Λ) + Φ(y))− δ4(x− y)

))
= 0 . (55)

We can express the regularized anomaly as

AΛ(x;Φ) = lim
y→x

Tr tr

(
γ5
(
γµ

∂

∂xµ
+m+ Φ(x)

)(
D−1

)
Λ
(x, y;Φ)

)
+tr

(
γ5
(
D−1

)
Λ
(x, y;Φ)

(
−γµ

←−
∂

∂yµ
+m

)
+ Φ(y)

)
= lim

y→x

∑
i

2Ci (m−Mi(Λ)) Tr tr
(
γ5D−1(x, y;Mi(Λ), Φ)

)
. (56)

Let us interrupt for a moment the proof of Theorem 3.1 to comment
on whether the anomalies we compute are gauge invariant. Unfortunately,
while operator D(m,Φ) satisfies relation (15), and thus we have also

U−1D−1(Mi(Λ), Φ)U = D
(
Mi(Λ), U

−1ΦU + γµU−1(∂µU)
)
, (57)

U−1
(
D−1

)
Λ
(Φ)U =

(
D−1

)
Λ

(
U−1ΦU + γµU−1(∂µU)

)
, (58)

no similar relation will be satisfied by AΛ(x;Φ) as we defined it.
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In fact, from (56) we have

AΛ
(
x;U−1ΦU + γµU−1(∂µU)

)
= lim

y→x

∑
i

2Ci (m−Mi(Λ))

×Tr tr
(
γ5D−1(x, y;Mi(Λ), U

−1ΦU + γµU−1(∂µU))
)

= lim
y→x

∑
i

2Ci (m−Mi(Λ)) Tr tr
(
γ5U−1(x)D−1(x, y;Mi(Λ), Φ)U(y)

)
= lim

y→x

∑
i

2Ci (m−Mi(Λ)) Tr tr
(
γ5U(y)U−1(x)D−1(x, y;Mi(Λ), Φ)

)
(59)

which means that

AΛ
(
x;U−1ΦU + γµU−1(∂µU)

)
−AΛ(x;Φ)

= lim
y→x

Tr tr

(
γ5
(
U(y)U−1(x)−1

)∑
i

2Ci (m−Mi(Λ))D
−1(x, y;Mi(Λ), Φ)

)
.

(60)

While combination
∑

i CiD−1(x, y;Mi(Λ), Φ) has no divergence for y → x
(with appropriately chosen coefficient Ci), it is not necessarily true for∑

i CiMiD
−1(x, y;Mi(Λ), Φ). Due to that divergence, the limit in the ex-

pression above does not vanish, and it contains terms dependent on U .
Let us go back to the proof of Theorem 3.1. Expanding D−1(M) =

(D0(M) + Φ)−1 into a series with regard to the powers of Φ

D−1(M) = D−1
0 (M)−D−1

0 (M)ΦD−1
0 (M)

+D−1
0 (M)ΦD−1

0 (M)ΦD−1
0 (M) + . . . , (61)

we obtain the expansion of Areg(x;Λ) into a series

AΛ(x) = A(0)
Λ (x) +A(1)

Λ (x) +A(2)
Λ (x) + . . . (62)

in which A(n)
Λ is a homogeneous polynomial of nth order in fields Φ.

5. Zeroth-order term

Using (A.5) and (A.6), we obtain

A(0)
Λ (x) = lim

y→x

∑
i

2Ci(m−Mi) Tr tr
(
γ5D−1

0 (x, y;Mi)
)

= N

∫
d4p

(2π)4

∑
i

2Ci(m−Mi) tr

(
γ5
−ip/+Mi

p2 +M2
i

)
= 0 . (63)
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6. First-order term

A(1)
Λ (x) =

= lim
y→x

(−1)
∑
i

2Ci(m−Mi) Tr tr

(
γ5
∫

d4zD−1
0 (x, z;Mi)Φ(z)D

−1
0 (z, y;Mi)

)
= −

∫
d4p

(2π)4

∫
d4q

(2π)4
eipx

∑
i

2Ci(m−Mi)

×Tr tr

(
(−iq/+Mi)γ

5(−i(q/+ p/) +Mi)(
(q + p)2 +M2

i

) (
q2 +M2

i

) Φ(p)

)
. (64)

To calculate this expression, we will use identity (A.1) and then (A.5),
(A.9), (A.10). We get

A(1)
Λ (x) = −

∫
d4p

(2π)4
eipx

(
1

(4π)2

∑
i

2Ci(m−Mi)M
2
i log

(
M2
i

)
Tr tr

(
γ5Φ(p)

)
+
−ipµ
(4π)2

(∑
i

2Ci(m−Mi)Mi log(Mi)
2 +

1

3
p2 +O

(
Λ−1

))
Tr tr

(
γµγ5Φ(p)

)
+

p2

(4π)2

(
1

2

∑
i

2Ci(m−Mi) log
(
M2
i

)
+O

(
Λ−1

))
Tr tr

(
γ5Φ(p)

))

=
−1
2π2

Tr(λ(x))
∑
i

Ci(m−Mi)M
2
i log

(
M2
i

)
+
−1
2π2

Tr (∂µC
µ(x))

∑
i

Ci(m−Mi)Mi log
(
M2
i

)
+

1

4π2
Tr (∂µ∂µλ(x))

∑
i

Ci(m−Mi) log
(
M2
i

)
+

1

12π2
Tr (∂µ∂µ∂νC

ν(x)) +O
(
Λ−1

)
. (65)

We see that some terms are divergent with Λ. For now, we will just keep
them in mind, as similar divergent terms may arise in terms of higher order
in Φ. The finite term will be denoted A(1), and matches the formula given
in (41).
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7. Second-order term

A(2)
Λ (x) = lim

y→x

∑
i

2Ci(m−Mi)

∫
d4z1

∫
d4z2

×Tr tr
(
γ5D−1

0 (x, z1;Mi)Φ(z1)D
−1
0 (z1, z2;Mi)Φ(z2)D

−1
0 (z2, y;Mi)

)
=

∫∫
d4pd4k

(2π)8
ei(p+k)x

∫
d4q

(2π)4

∑
i

Ci2(m−Mi)

×Tr tr
(
Φ(p)D−1

0 (q;Mi)Φ(k)D
−1
0 (q − k;Mi)γ

5D−1
0 (q + p;Mi)

)
. (66)

Using identity (A.1) and then (A.9)–(A.11), we get

A(2)
Λ (x) =

∫∫
d4pd4k

(2π)8
ei(p+k)x

×

(
i

(4π)2

∑
i

Ci2(m−Mi) log
(
M2
i

)
×
(
−1

2
Tr tr

(
Φ(p)p/Φ(k)γ5

)
+

1

4
Tr tr

(
Φ(p)γµΦ(k)γ

µ(p/+ k/)γ5
))

+
−1

(4π)2

(∑
i

Ci2(m−Mi)Mi log
(
M2
i

))
Tr tr

(
Φ(p)Φ(k)γ5

)
+

1

3(4π)2
p2Tr tr

(
Φ(p)Φ(k)γ5

)
+

1

3(4π)2
Tr tr

(
Φ(p)Φ(k)(−2k/− p/)(p/+ k/)γ5

)
+

1

3(4π)2
Tr tr

(
Φ(p)(k/− p/)Φ(k)(p/+ k/)γ5

)
+
−im
2(4π)2

Tr tr
(
Φ(p)Φ(k)(p/+ k/)γ5

))
+O

(
Λ−1

)
. (67)

Calculating the traces, we obtain

A(2)
Λ (x) =

−1
π2

Tr
(
κ(x)λ(x) +Bµν(x)B̃µν(x)

)∑
i

Ci(m−Mi)Mi log
(
M2
i

)
+A(2) +O

(
Λ−1

)
, (68)

where A(2), the finite part, is given by Eq. (43).
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Again, we can see a problematic term divergent when Λ → ∞. It has
the same kind of divergence as one of the terms that appeared in the linear
order, and they will need to be considered together, leading to the con-
dition (37). Among the many finite terms, there is one proportional to
Tr(ϵµναβ∂µAν(x)∂αAβ(x)), which leads to the standard, well-known axial
anomaly in the presence of vector field.

8. Third-order term

A(3)
Λ (x) = lim

y→x
(−1)

∑
i

2Ci(m−Mi)

∫
d4z1

∫
d4z2

∫
d4z3

×Tr
(
γ5D−1

0 (x, z1;Mi)Φ(z1)D
−1
0 (z1, z2;Mi)Φ(z2)

×D−1
0 (z2, z3;Mi)Φ(z3)D

−1
0 (z3, y;Mi)

)
= −

∫∫∫
d4p1d

4p2d
4p3

(2π)12
ei(p1+p2+p3)x

×
∫

d4q

(2π)4

∑
i ̸=0

Ci2(m−Mi)tr
(
Φ(p1)D

−1
0 (q;Mi)Φ(p2)

×D−1
0 (q − p2;Mi)Φ(p3)D

−1
0 (q − p2 − p3;Mi)γ

5D−1
0 (q + p1;Mi)

)
. (69)

Using identity (A.1) we get

D−1
0 (q − p2 − p3;Mi)γ

5D−1
0 (q + p1;Mi)

=
1

(q + p1)2 +M2
i

(
1 +D−1

0 (q − p2 − p3;Mi)i(p/1 + p/2 + p/3)
)
γ5 . (70)

The second term in this expression leads to the integrals which are con-
vergent even without the sum

∑
i Ci2(m −Mi). The leading term in those

integrals is proportional to 1/Mi, which makes them O(Λ−1) for i ̸= 0. That
means that only the first term from the expression above can lead to a term
that is divergent in the limit Λ → ∞. The second term can still give a
finite contribution, thanks to the factor (m −Mi), and simple dimensional
analysis tells us that in the part of integral over q that contains this second
term, we can omit all momenta pi except for the factor i(p/1+p/2+p/2) — all
terms coming from these omitted momenta would be at least of the order of
(m−Mi)/M

2
i , which means they would vanish in the limit of Λ→∞
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A(3)
Λ (x) = −

∫∫∫
d4p1d

4p2d
4p3

(2π)12
ei(p1+p2+p3)x

×
(∫

d4q

(2π)4

∑
i

Ci2(m−Mi)
1

(q + p1)2 +M2
i

×tr
(
Φ(p1)D

−1
0 (q;Mi)Φ(p2)D

−1
0 (q − p2;Mi)Φ(p3)γ

5
)

+

∫
d4q

(2π)4

∑
i

Ci2(m−Mi)
i(p1 + p2 + p3)µ
(q + p1)2 +M2

i

×tr
(
Φ(p1)D

−1
0 (q;Mi)Φ(p2)D

−1
0 (q − p2;Mi)

×Φ(p3)D−1
0 (q − p2 − p3;Mi)γ

µγ5
))

= −
∫∫∫

d4p1d
4p2d

4p3
(2π)12

ei(p1+p2+p3)x
∫

d4q

(2π)4

∑
i

Ci2(m−Mi)

×

(
−qν(q − p2)µ(

(q + p1)2 +M2
i

) (
q2 +M2

i

) (
(q − p2)2 +M2

i

)
×tr

(
Φ(p1)γ

νΦ(p2)γ
µΦ(p3)γ

5
)

+
−iqµMi(

(q + p1)2 +M2
i

) (
q2 +M2

i

) (
(q − p2)2 +M2

i

)
×tr

(
Φ(p1)γ

µΦ(p2)Φ(p3)γ
5
)

+
−i(q − p2)µMi(

(q + p1)2 +M2
i

) (
q2 +M2

i

) (
(q − p2)2 +M2

i

)
×tr

(
Φ(p1)Φ(p2)γ

µΦ(p3)γ
5
)

+
M2
i(

(q + p1)2 +M2
i

) (
q2 +M2

i

) (
(q − p2)2 +M2

i

)
×tr

(
Φ(p1)Φ(p2)Φ(p3)γ

5
)

+i(p1 + p2 + p3)α

(
−qµqνMi(
q2 +M2

i

)4 + (terms with pj)

)
×tr

(
Φ(p1) (γ

µΦ(p2)Φ(p3)γ
ν + γµΦ(p2)γ

νΦ(p3) + Φ(p2)γ
µΦ(p3)γ

ν) γαγ5
)

+i(p1 + p2 + p3)α

(
M3
i(

q2 +M2
i

)4 + (terms with pj)

)

×tr
(
Φ(p1)Φ(p2)Φ(p3)γ

αγ5
))

. (71)
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Using identities (A.11), (A.13), (A.14), (A.15), (A.17), and (A.18), we
get

A(3)
Λ (x) = −

∫∫∫
d4p1d

4p2d
4p3

(2π)12
ei(p1+p2+p3)x

∑
i ̸=0

Ci2(m−Mi)

×
((

gµν
(4π)2

log
(
M2
i

)
+O

(
Λ−2

))
Tr
(
Φ(p1)γ

µΦ(p2)γ
νΦ(p3)γ

5
)

+

(
−i

6(4π)2
(p2 − p3)µ

Mi
+O

(
Λ−3

))
Tr
(
Φ(p1)γ

µΦ(p2)Φ(p3)γ
5
)

+

(
−i

6(4π)2
(−2p2 − p3)µ

Mi
+O

(
Λ−3

))
Tr
(
Φ(p1)Φ(p2)γ

µΦ(p3)γ
5
)

+

(
1

2(4π)2
+O

(
Λ−2

))
Tr
(
Φ(p1)Φ(p2)Φ(p3)γ

5
)

+i(p1 + p2 + p3)α

(
−gµν

12(4π)2Mi
+O

(
Λ−3

))
×Tr

(
Φ(p1) (γ

µΦ(p2)Φ(p3)γ
ν+γµΦ(p2)γ

νΦ(p3)+Φ(p2)γ
µΦ(p3)γ

ν) γαγ5
)

+i(p1 + p2 + p3)α

(
1

6(4π)2Mi
+O

(
Λ−3

))
×Tr

(
Φ(p1)Φ(p2)Φ(p3)γ

αγ5
))

= − 1

4(4π)2

∑
i

Ci2(m−Mi) log
(
M2
i

)
Tr
(
ΦγµΦγµΦγ

5
)

+
−1

3(4π)2
Tr
(
Φ (γµ∂µΦΦ− γµΦ∂µΦ− 2∂µΦγ

µΦ− Φγµ∂µΦ) γ5
)

+
1

6(4π)2
∂µTr

(
Φ
(
2Φ2 − γνΦ2γν − γνΦγνΦ− ΦγνΦγν

)
γµγ5

)
+O

(
Λ−1

)
, (72)

where in the last expression, Φ means Φ(x) and ∂µ means ∂
∂xµ . After calcu-

lating the traces, we get

A(3)
Λ (x) =

(∑
i

Ci2(m−Mi) log
(
M2
i

))

× −1
4π2

Tr
(
κ2λ− iκ[Aµ, Cµ]− 2κBµνB̃µν + i[Aµ, Aν ]B̃µν+

−iB̃µν [Cµ, Cν ]−BµνBµνλ− 2CµCµλ− λ3
)
+A(3) +O

(
Λ−1

)
,

(73)
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where A(3), the finite part, is given by Eq. (43), and the divergent part
contributes to the condition (38).

9. Fourth-order term

A(4)
Λ (x) = lim

y→x

∑
i

2Ci(m−Mi)

∫
d4z1

∫
d4z2

∫
d4z3

∫
d4z4

×Tr tr
(
γ5D−1

0 (x, z1;Mi)Φ(z1)D
−1
0 (z1, z2;Mi)Φ(z2)

×D−1
0 (z2, z3;Mi)Φ(z3)D

−1
0 (z3, z4;Mi)Φ(z4)D

−1
0 (z4, y;Mi)

)
=

∫∫∫∫
d4p1d

4p2d
4p3d

4p4
(2π)16

ei(p1+p2+p3+p4)x
∫

d4q

(2π)4

∑
i

Ci2(m−Mi)

×Tr tr
(
D−1

0 (q + p1 + p2 + p3 + p4;Mi)Φ(p1)D
−1
0 (q + p2 + p3 + p4;Mi)

×Φ(p2)D−1
0 (q + p3 + p4;Mi)Φ(p3)D

−1
0 (q + p4;Mi)Φ(p4)D

−1
0 (q;Mi)γ

5
)
.

(74)

Using identity (A.1), we get

D−1
0 (q;Mi)γ

5D−1
0 (q + p1 + p2 + p3 + p4;Mi)

=

(
1

(q+p1+p2+p3+p4)2+M2
i

+
(−iq/+Mi)i(p/1+p/2+p/3+p/4)(

q2+M2
i

)(
(q+p1+p2+p3+p4)2+M2

i

)) γ5 .
(75)

Using dimensional analysis, we can see that the second term will only
produce contributions that vanish in the limit of Λ → ∞. The first term
may produce a finite contribution, but this contribution will be independent
of pi

A(4)
Λ (x) =

∫∫∫∫
d4p1d

4p2d
4p3d

4p4
(2π)16

ei(p1+p2+p3+p4)x

×
∫

d4q

(2π)4

∑
i

Ci2(m−Mi)
1

q2 +M2
i

×Tr tr
(
Φ(p1)D

−1
0 (q;Mi)Φ(p2)D

−1
0 (q;Mi)

×Φ(p3)D−1
0 (q;Mi)Φ(p4)γ

5
)
+O

(
Λ−1

)
=

∫
d4q

(2π)4

∑
i

Ci2(m−Mi)

(
M3
i(

q2 +M2
i

)4 Tr tr (Φ4γ5
)

+
−qµqνMi(
q2 +M2

i

)4 Tr tr (Φ (γµΦγνΦ+ γµΦ2γν + ΦγµΦγν
)
Φγ5

))
+O

(
Λ−1

)
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=
∑
i ̸=0

Ci2(m−Mi)

(
1

6(4π)2Mi
Tr tr

(
Φ4γ5

)
+

−gµν
12(4π)2Mi

Tr tr
(
Φ
(
γµΦγνΦ+ γµΦ2γν + ΦγµΦγν

)
Φγ5

))
+O

(
Λ−1

)
=

1

6(4π)2
Tr tr

(
Φ
(
2Φ2 − γµΦγµΦ− γµΦ2γµ − ΦγµΦγµ

)
Φγ5

)
+O

(
Λ−1

)
=

1

6(4π)2
Tr
(
− 32κ3λ+ 32iκ2[Aµ, Cµ]− 16AαAα(κλ+ λκ) + 32AακAαλ

+48iλ2[Aµ, Cµ] + 48CαCα(κλ+ λκ) + 96κCµκCµ

+64κ2BµνB̃µν + 32κBµνκB̃µν

+24BαβBαβ(κλ+ λκ) + 64κBµνλBµν

−192λ2BµνB̃µν − 96λBµνλB̃µν

−48i
(
B̃µνκ+ κB̃µν

)
[Aµ, Aν ] + 48i(Bµνλ+ λBµν)[A

µ, Aν ]

+16i
(
B̃µνκ+ κB̃µν

)
[Cµ, Cν ] + 128iB̃µνC

µκCν

−16i(Bµνλ+ λBµν)[C
µ, Cν ]− 96iBµνC

µλCν

+32(Bµνκ+ κBµν)[A
µ, Cν ] + 32

(
B̃µνλ+ λB̃µν

)
[Aµ, Cν ]

−64Bµν(AµκCν + CνκAµ)

−64B̃µν(λAµCν + CνAµλ)

+64B̃µν(A
µλCν + CνλAµ)

+64B̃µν(λC
νAµ +AµCνλ)

−256igµνκBµαB̃αβB
βν − 512igµνλB

µαBαβB
βν

+32iAαAα[A
µ, Cµ]

+32AαAαB
µνB̃µν − 32AαBµνAαB̃µν

+40iBαβBαβ[A
µ, Cµ]− 16BαβBαβB

µνB̃µν

−96CαCαBµνB̃µν + 32CαBµνCαB̃µν

+192i(AµBναC
νBµα −AµBµαCνBνα)

+64i(AµC
νBναB

µα −AµBµαBναC
ν)

−6ϵµναβ [Aµ, Aν ][Aα, Aβ]
−16i[Aµ, Aν ][Aµ, Cν ]
−4ϵµναβ [Aµ, Aν ][Cα, Cβ]
+8ϵµναβ [Aµ, Cν ][Aα, Cβ]
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+2ϵµναβ [Cµ, Cν ][Cα, Cβ]

−128gαβBµαB̃νβ [Aµ, Aν ]

+64igαβB
µαB̃νβ [Cµ, Cν ]

+64[Bαµ, Bβµ]
[
Bαν , B̃

βν
] )

+O
(
Λ−1

)
, (76)

where fields without an argument mean fields at a point x.

10. Summary

Higher-order integrals include at least six propagators D−1
0 (p,M), so

even with the factor (m −Mi), they will not produce terms divergent or
finite in the limit Λ → ∞. The only divergent terms come from the terms
up to the 3rd order in Φ, and the finite terms are up to the 4th order in Φ,
which we calculated above. Writing all of them together, we have

AΛ(x) =

(∑
i

Ci (m−Mi)M
2
i log

(
M2
i

)) −1
2π2

Tr(λ)

+

(∑
i

Ci(m−Mi)Mi log
(
M2
i

))

×
(
−1
2π2

Tr(∂µC
µ) +

−1
π2

Tr
(
κλ+BµνB̃µν

))
+

(∑
i

Ci2(m−Mi) log
(
M2
i

))(∑
I

1

4π2
Tr(2λ)

+
−1
4π2

Tr
(
κ2λ− iκ[Aµ, Cµ]− 2κBµνB̃µν + i[Aµ, Aν ]B̃µν

−iB̃µν [Cµ, Cν ]− 2BµνBµνλ− 2CµCµλ− λ3
))

+O
(
Λ0
)
. (77)

For the divergent terms to vanish, we need then

tr(λ) = 0 , (78)

tr
(
∂µC

µ + 2κλ+ 2BµνB̃µν

)
= 0 , (79)

tr
(
∂µ∂µλ− κ2λ+ iκ[Aµ, Cµ] + 2κBµνB̃µν − i[Aµ, Aν ]B̃µν

+iB̃µν [C
µ, Cν ] + 2BµνBµνλ+ 2CµCµλ+ λ3

)
= 0 . (80)

We require these conditions to be satisfied everywhere in the whole space.
From the first condition, it follows then that tr(∂µ∂µλ) = 0 and this term
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can be omitted from the third condition, leaving us with

tr
(
−κ2λ+ iκ[Aµ, Cµ] + 2κBµνB̃µν − i[Aµ, Aν ]B̃µν

+iB̃µν [C
µ, Cν ] + 2BµνBµνλ+ 2CµCµλ+ λ3

)
= 0 . (81)

Optionally, we can also use the second condition to obtain the identity

A(1) =
1

12π2
Tr (∂µ∂µ∂νC

ν) =
1

12π2
∂µ∂µTr

(
−2κλ− 2BρσB̃ρσ

)
. (82)

This way, we can get rid of the term A(1) completely, adding additional
terms to A(2) instead. Whether it is worth it, may be situational.

If these conditions are fulfilled, the regularized anomaly has a finite limit
for Λ→∞, which contains terms from the first to the fourth order in fields

A(x) = lim
Λ→∞

AΛ(x) = A(1)(x) +A(2)(x) +A(3)(x) +A(4)(x) . (83)

Appendix A

Formula library

In this appendix, we collect various formulas useful in the proof of The-
orem 3.1. We start with the elementary identity

−ip/2 +Mi

p22 +M2
i

γ5
−ip/1 +Mi

p21 +M2
i

=

(
1

p21 +M2
i

+
(−ip/2 +Mi)i(p/1 − p/2)(
p22 +M2

i

) (
p21 +M2

i

) ) γ5 .
(A.1)

The following family of identities is very useful when we consider the
so-called Feynman parameters

∞∫
0

dρ
∑
i

Ai e
−ρBi =

∑
i

Ai
Bi

. (A.2)

Assuming
∑

iAi = 0,
∞∫
0

dρ ρ−1
∑
i

Ai e
−ρBi = −

∑
i

Ai logBi . (A.3)

Assuming
∑

iAi = 0,
∑

iAiBi = 0,
∞∫
0

dρ ρ−2
∑
i

Ai e
−ρBi =

∑
i

AiBi logBi . (A.4)



Axial Anomaly in the Presence of Arbitrary Spinor Interactions 2-A2.21

Let us formulate the remaining identities as lemmas. Note that all inte-
grands in the following integrals are in L1.

Lemma A.1. Assuming
∑

iAi = 0,
∑

iAiM
2
i = 0,∫

d4q

(2π)4

∑
i

Ai
1

q2 +M2
i

, =
1

(4π)2

∑
i

AiM
2
i log

(
M2
i

)
, (A.5)∫

d4q

(2π)4

∑
i

Ai
qµ

q2 +M2
i

= 0 . (A.6)

Proof. The integrability of the integrand of (A.5) follows from:

∑
i

Ai
1

q2 +M2
i

=
∑
i

Ai

(
1

q2 +M2
i

− 1

q2 +m2
+

M2
i −m2

(q2 +m2)2

)

=
∑
i

Ai

(
m2 −M2

i

)2(
q2 +M2

i

)
(q2 +m2)2

. (A.7)

To obtain (A.5), we first introduce the so-called Feynman representation,
then we evaluate the Gaussian integral, and finally we apply (A.4)

∫
d4q

(2π)4

∑
i

Ai
1

q2 +M2
i

=

∞∫
0

dρ

∫
d4q

(2π)4

∑
i

Ai e
−(q2+M2

i )ρ

=

∞∫
0

dρ
1

(4π)2

∑
i

Ai
ρ2

e−M
2
i ρ =

1

(4π)2

∑
i

AiM
2
i log

(
M2
i

)
. (A.8)

A proof of (A.6) is left to the reader.
We also skip the proofs of the following identities:

Lemma A.2. Assuming
∑

iAi = 0,∫
d4q

(2π)4

∑
i

Ai
1(

(q + p)2 +M2
i

) (
q2 +M2

i

)
=
−1

(4π)2

1∫
0

dβ1

1∫
0

dβ2 δ(1− β1 − β2)
∑
i

Ai log
(
β1β2p

2 +M2
i

)
, (A.9)
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d4q

(2π)4

∑
i

Ai
qµ(

(q + p)2 +M2
i

)
(q2 +M2

i )

=
pµ

(4π)2

1∫
0

dβ1

1∫
0

dβ2 δ(1− β1 − β2)
∑
i

Aiβ1 log
(
β1β2p

2 +M2
i

)
, (A.10)

∫
d4q

(2π)4

∑
i

Ai
qν(q − k)µ(

q2 +M2
i

) (
(q − k)2 +M2

i

) (
(q + p)2 +M2

i

)
=

1

(4π)2

1∫
0

dβ1

1∫
0

dβ2

1∫
0

dβ3 δ(1− β1 − β2 − β3)

×

(∑
i

Ai
(β2k − β3p)ν(β3(−k − p)− β1k)µ

β1β2k2 + β1β3p2 + β2β3(k + p)2 +M2
i

−gµν
2

∑
i

Ai log
(
β1β2k

2 + β1β3p
2 + β2β3(k + p)2 +M2

i

))
, (A.11)∫

d4q

(2π)4

∑
i

Ai
qµqν(

q2 +M2
i

)3 =
−gµν
4(4π)2

∑
i

Ai log
(
M2
i

)
. (A.12)

Lemma A.3.∫
d4q

(2π)4
1(

q2 +M2
i

) (
(q − k)2 +M2

i

) (
(q + p)2 +M2

i

)
=

1

(4π)2

1∫
0

dβ1

1∫
0

dβ2

1∫
0

dβ3 δ(1− β1 − β2 − β3)

× 1

β1β2k2 + β1β3p2 + β2β3(k + p)2 +M2
i

, (A.13)

∫
d4q

(2π)4
qµ(

q2 +M2
i

) (
(q − k)2 +M2

i

) (
(q + p)2 +M2

i

)
=

1

(4π)2

1∫
0

dβ1

1∫
0

dβ2

1∫
0

dβ3 δ(1− β1 − β2 − β3)

× (β2k − β3p)µ
β1β2k2 + β1β3p2 + β2β3(k + p)2 +M2

i

, (A.14)
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d4q

(2π)4
(q − k)µ(

q2 +M2
i

) (
(q − k)2 +M2

i

) (
(q + p)2 +M2

i

)
=

1

(4π)2

1∫
0

dβ1

1∫
0

dβ2

1∫
0

dβ3 δ(1− β1 − β2 − β3)

× (β3(−k − p)− β1k)µ
β1β2k2 + β1β3p2 + β2β3(k + p)2 +M2

i

, (A.15)

∫
d4q

(2π)4
1(

q2 +M2
i

)3 =
1

2(4π)2M2
i

, (A.16)

∫
d4q

(2π)4
1(

q2 +M2
i

)4 =
1

6(4π)2M4
i

, (A.17)

∫
d4q

(2π)4
qµqν(

q2 +M2
i

)4 =
gµν

12(4π)2M2
i

. (A.18)

Appendix B

Identity for Pauli–Villars regularization

A proof that (29) is a solution of (28):
Using (29), we have

∑
i

CiMk
i =

n∑
i=0

(−1)i
(
n

i

)
(m+ iΛ)k

=
k∑
p=0

(
k

p

)
mk−pΛp

n∑
i=0

(−1)i
(
n

i

)
ip . (B.1)

We have then

n∑
i=0

(−1)i
(
n

i

)
ip

=

(
n∑
i=0

(−1)i
(
n

i

)
ipxi

)∣∣∣∣∣
x=1

=

((
x
d

dx

)p n∑
i=0

(−1)i
(
n

i

)
xi

)∣∣∣∣∣
x=1
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=

((
x
d

dx

)p
(1− x)n

) ∣∣∣∣∣
x=1

. (B.2)

Since x = 1 is a nth order zero of function (1−x)n, then even after applying
the operator x d

dx less than n times, it will still be a zero of the resulting
function; therefore, we get

n∑
i=0

(−1)i
(
n

i

)
ip = 0 , for p < n ; (B.3)∑

i

CiMk
i = 0 , for k < n . (B.4)
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