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One method for deriving a factorization for QCD processes is to use suc-
cessive integration over fields in the functional integral. In this approach,
we separate the fields into two categories: dynamical fields with momenta
above a relevant cutoff, and background fields with momenta below the cut-
off. The dynamical fields are then integrated out in the background of the
low-momentum background fields. This strategy works well at tree level,
allowing us to quickly derive QCD factorization formulas at leading order.
However, to extend the approach to higher loops, it is necessary to rigor-
ously define the functional integral over dynamical fields in an arbitrary
background field. This framework was carefully developed for the calcula-
tion of the effective action in a background field at the two-loop level in
the classic paper by Abbott «The Background Field Method Beyond One
Loop», Nucl. Phys. B 185, 189 (1981). Building on this work, I specify
the renormalized background-field Lagrangian and define the notion of the
quantum average of an operator in a background field, consistent with the
“separation of scales” scheme mentioned earlier. As examples, I discuss the
evolution of the twist-2 gluon light-ray operator and the one-loop gluon
propagator in a background field near the light cone.
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1. Reminiscences

Unfortunately, I never met Maxim in person; I only knew his works. On
the contrary, I was fortunate to spend years with Vitya and Mitya at the
LNPI theory group and learned a lot from them. Mitya was always like my
“big brother”, and Vitya was a peer whom I always looked up to. Let me
start with my recollections about Vitya.

I met Vitya in 1970 when we were part of the Leningrad team at the
all-Soviet physics Olympiad. A couple of years later, we ended up at the
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Leningrad University in a small group of students studying “elementary par-
ticle physics”. This was in 1973 when QCD was being formulated, but we
only heard about it a couple of years later when Prof. Gribov gave lectures
on the theory of strong interactions.

After graduating from the university, Vitya and I became “aspirants” —
graduate students at the Leningrad Nuclear Physics Institute. This period
was very exciting; QCD was rapidly developing, and the “Leningrad group”
was one of the best places in the world to study QCD from such experts as
Gribov and Lipatov. Vitya was working on his Ph.D. on a different topic —
Schwinger’s model of confinement — which provided him with a broader un-
derstanding of how quantum field theory operates beyond the calculation of
Feynman diagrams. I believe that knowledge helped him and Mitya develop
an “instanton liquid” model of the QCD vacuum a few years later.

I must admit that, at first, I did not know much beyond Feynman dia-
grams, so I often asked Vitya about various problems outside perturbation
theory. Needless to say, he was always willing to help. While we were not
close friends, we were definitely close peers — we spent 15 years at LNPI
in contact. Even after I left for the U.S., we always met whenever I visited
St. Petersburg.

As T mentioned, if Vitya was my peer, Mitya was like a “big brother”.
During the relatively short time, we worked on QCD sum rules in relation
to exotic mesons, I learned a great deal from him, not only how to derive
formulas but also how to navigate the sometimes uncertain waters of theo-
retical physics. I remember he said that to become well known, one must
study a topic a little bit before the whole community becomes interested in
it. If you study this subject five years before or five years later, you waste
your time — nobody will notice. He once joked that he was probably get-
ting older since he no longer jumped to investigate every new idea coming
from the outside world. This was a completely new perspective for me, as
the culture of the LNPI theoretical department was to study one’s subject
deeper and deeper, without paying attention to events happening in the
outside world. Of course, that approach resulted in having the best experts
in perturbative QCD, but “our vices are the continuation of our virtues” —
we missed out on some important theoretical developments, supersymmetry
being one of them. Mitya was different; after working on pQCD (the famous
DDT paper), he switched to non-perturbative physics and, along with Vitya,
developed the instanton liquid vacuum model.

In the years to come, I always remembered Mitya’s imperative: “Always
be on alert for new ideas floating around”, though I must confess that I did
not follow his advice with enough zeal. Needless to say, we kept in touch
after I left Leningrad, especially when Mitya spent almost a year working at
JLab on pentaquark physics.
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In conclusion, I believe there is no need to praise Mitya’s and Vitya’s
work here — for instance, the instanton liquid is now a well-established
model of the QCD vacuum. I just want to emphasize that they were not
only exceptional physicists but also very good people, and we miss them.

2. Introduction

The background-field technique was invented by Schwinger many decades
ago and since then was extensively used in gauge and gravitational theories,
especially for the calculation of the effective action introduced in the papers
[1-4]. The effective action approach turned out to be very convenient for the
studies of gauge theories with symmetry breaking in the early years of the
Standard Model [5, 6]. In recent years, the effective action was extensively
used for research on the correspondence between BSM models and the so-
called SMEFT — low-energy effective field theory studying possible effects of
addition of higher-dimension operators to SM Lagrangian, see e.g. Ref. [7].

In contrast, in QCD, the background-field method has been applied be-
yond the effective action, primarily to derive factorization formulas for QCD
processes by using successive integration over fields in the functional inte-
gral. The classical example is the QCD sum rules [8], where at first, we
integrate over quark and gluon fields with hard momenta and get perturba-
tive diagrams for coefficient functions in front of the local operators with soft
momenta (vacuum condensates). At this step, it is convenient to treat soft
fields as background fields and use the background-field method. Technical
aspects of using the background-field approach for the QCD sum rules were
discussed in Ref. [9].

Another application of the background-field method is the study of deep
inelastic scattering (DIS) using the light-cone expansion in light-ray opera-
tors [10]. Similar to the approach in QCD sum rules, we begin by integrating
over quark and gluon fields with transverse momenta k; greater than some
factorization scale . This step yields coefficient functions that multiply the
light-ray operators with transverse momenta up to u. At this stage, it is
again convenient to treat fields with k; < p as background fields and use
the expansion of propagators in the background-field gauge near the light
cone [10]. Recently, this technique has been employed to derive matching re-
lations between lattice calculations of gluon pseudo-PDFs and conventional
light-cone gluon PDFs [11-13].

The background-field method was also used to study the rapidity fac-
torization for high-energy scattering. To understand the high-energy be-
havior of a QCD amplitude, one integrates over fields with rapidity greater
than some “rapidity divide” 7, yielding impact factors — coefficient func-
tions multiplying Wilson-line operators with rapidity smaller than n [14]. In
this case, for the purpose of calculating impact factors, gluons (and quarks)
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with rapidity Y < n are treated as background fields. More recently, the
background-field technique has been applied to derive evolution equations
and power corrections to TMD factorization [15-19].

Remarkably, in all these cases, the naive picture of separation between
dynamical fields with momenta above some cutoff and background fields
with momenta below the cutoff works pretty well at the tree level enabling
us to quickly get QCD factorization formulas at the leading order. However,
to get to higher loops, one needs to rigorously define the functional integral
over dynamical fields in an arbitrary background field.

This program was carefully implemented for the calculation of the effec-
tive action in a background field at the two-loop level in the classical paper
[20]. As demonstrated there, if one uses a background-field gauge which
preserves the gauge invariance, one can renormalize only background fields
and leave the quantum dynamical fields inside the loops unrenormalized.

However, to go beyond the effective action and to calculate, for example,
the light-cone expansion of a one-loop propagator in the background field,
one needs to take into account also the renormalization of quantum fields.
In this paper, I specify the renormalized Lagrangian in the background field
and define the notion of quantum average of an operator in the background
field consistent with a naive “separation of scales” scheme. As examples,
I consider the evolution of the twist-2 gluon light-ray operator and the one-
loop gluon propagator near the light cone.

The paper is organized as follows. In Section 3, I define the renormal-
ized Lagrangian in the gluon background field and in Section 4, I illustrate
diagrams which ensure the requirement that a single quantum field cannot
turn to background field(s) in accordance with naive factorization setup.
The evolution of the twist-2 gluon light-ray operator is discussed in Sec-
tion 5 and the one-loop gluon propagator near the light cone in Section 6.
The appendices contain necessary technical details.

3. Renormalized Lagrangian in a background field

First, let us briefly remind how to get an effective action in the back-
ground-Feynman gauge following Abbott’s approach [20, 21]. One defines
the generating functional in the background-Feynman (bF) gauge by the
expression

Z (1, A) = W (hA) = / DADEDDIDY o4 LA A+ 5 (D) A ']
(1)

where A is the background field, L is the QCD Lagrangian including ghosts
corresponding to the bF gauge-fixing term %(DMAz)Q. We use standard

notation D, A% = 9,A% +g fabcf_lZAf, for the covariant derivative.
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The effective action is defined as a Legendre transform of W (.J, A)

r (A,A) —W (J5,A) - /dz: A, (2)

where the source J AAls that which produces field A
~ 5W J,A 7 z A 1P a 2— PO
Al (x) = WA / DA, (x) I LA+ D)3 (DuAz) =0T ] (s
Hereafter, we denote DA, De ’DCDlE’D@_U by D@ for brevity. As demonstrated
in Ref. [20], the effective action I'(0, A ) defined as
I'(A)=T(0,4) =W (Jo,A) (4)
with a source Jy 5 = Jo(A) producing zero field A

0= / DA, (z) oI LA+ +5(Dua) a3 75+ (A)] (5)

describes a sum of one particle irreducible (1PI) diagrams with A fields as
external legs and quantum A fields inside loops.

Similarly to Eq. (4), I define the vacuum average of operator O in the
background field A in the background-Feynman gauge by the formula'

(0(a+4) >A
DB O (A+ A,4) I* [L(A+A.c)+5(DuAn) AL J5" (4)]

D@ o[ HArAve)+h(Duty) =555 (4)]

(6)

The linear term A% Jg"*(A) in the exponent yields

<A>_ —0, (7)

see Eq. (5). As in the case of effective action (4), this equation ensures that
there is no transition of quantum field A to the background field A. This
property is in accordance with the naive factorization requirement that the
“dynamical” field with relevant component of the momentum above some
cutoff cannot go to the “background” field(s) with the momentum below the
cutoff.

! For simplicity, we do not consider background quark or ghost fields.
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In the leading order, J§** = Do F®»* so the exponent in Eq. (6) takes
the form (for ny flavors of massless quarks)

_ 1 _ o
L(A+A)+ 5 (DuA;)” = ADF™
1, - 1 _ _ _
— Fo)’ + S A (D?gu — 2igF,, )" A" — D" (D, —iguA,)™ ¢
_ _ 2 2 _
+ > Dy — gD, ALAL AT — <f“bcAﬁA5) +9) Ay (8)
f f
which leads to “bare” propagators in background fields

<AZ(3¢)A£’,(@/)>A = /D@ AZ(Q;)AZ(y) eifdz[L(AJFA)J“%(D#AZ)QfA,,DuF””]
ab

)
uv

<é“( é /D@ c® ifdz[L(A'*‘A)+%(DHAZ)2—A,,DHFW]

ab
- ( ’P2+ze y) ’

<@/3(x)¢(y)>A = /Dqs b(x)d(y) o Sz [L(A+A)+ 1 (DuAz) A D P |

= (x’},i% y) = < ‘PW y>, 9)

where oF = agann = %[’7.57%7]}75”- Here, we use Schwinger’s notations
(zly) = 6(z — y), (x|puly) = izZz0*(x — y), and (z|A,ly) = Au(2)8(z — y).
The operator P, is defined by P;fb = iDZb = i@uéab — igfabcAfL and the RHS
of the first equation of (9) is understood as

—1
- (‘T‘P? ¥ 2igF + ie

1 _ g,uy . . 2 1 — 1 75
(f’f’w‘y> = <~”” P2~ 20 twips 49 patue o I
a1l = 1 -1
+8ig P FOL R 4 ‘y> o)

Next, let us discuss renormalization. Without an external field, the MS-
renormalized QCD Lagrangian in the Feynman gauge has the form
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0 As)”

1 Z 2
F _ beZ1 4b
L., = —ZZ;), [auAﬁ—uHu%—guaf“CZSAuAi] — 5

ren

~ ab
. 7 - zF
~Z3e 0" | 0y — gt = Ay | P+ 22 0 (iéﬁ’ + g/flA) v, (1)
Z3 7 Zy

where p is the normalization point and € = 2 — %. Note that % = % = g—lz
due to the Ward identities, see e.g. the textbook [22].

In the absence of a background field, the counterterms Z; regularize
all UV divergencies in Feynman diagrams. However, in the case of the
background field, these counterterms are not sufficient to make all Green
functions (6) UV finite. For example, let us consider v.e.v. of integral (6)

with O = 1. In the first order in g2, one obtains (see e.g. the textbook [22])
/D@ eiS(AJrA)Jr%(DNAZ)Qfsource term

~ /D@ eif[dZ%Aa”(DQQW—iQF#V)abAb”+5abibcuﬁ(i‘%g/‘)w]

. 2b _ B

= exp {(Zr)gs/dx F/‘\Ip(x)Fa’Ap(x) + UV-finite terms} ) (12)

where by = LN, — %nf. Thus, to ensure the UV finiteness of Eq. (12),

we need to add counterterm — (Zgj)bfa [dx F’/{‘p(x)Fa’Ap(w) to the Lagrangian,
— — 2

which means renormalization A©) = (1 + $0Z)A with 62 = 1%:55. In

general, the background field flu is renormalized by the factor Z = Zg’Zl_ 2
such that Ag = Z %A B B
90AY = guFA

so that the covariant derivative Du =0y — igusfiu remains gauge-invariant

after renormalization (recall that gy = g(p)u*Z 7%) For this reason, it is
convenient to define

K=o dy. Ty = anFl = 0,40 0.AL+ UMLAL(13)

so that the background field A, does not depend on the renormalization
point and may be chosen, for example, as ef;(k) e to compare with con-
ventional calculations involving matrix elements between gluon states. Also,

note that [D,,, D,] = —iF,,,.



3-A20.8 I. BALITSKY

Thus, the renormalized Lagrangian in the background field A has the
form

L (A + A, c, ¢) — linear source term
2

1 1 = 1 _ Zl 1 = 2
=1 |23 F + 23 (DpA% — p <+ v) + g fabC;AZAf,) -5 (D.A%)
3

~ ab
- _ f_ , 7 s VA3 wlx
—Zze"DH (Du_ZQMSZ;A;) &+ Zy Z¢ (Z@ + QMaZ;A) ¥ —ALJ (A)
f

Z a 2 Z3 a . T ab by abc 7 a oAb gc
-7 (Fe)™ + A " (D29 — 2iF )" A" — Ziguf f**°D WALADAS
92M2€ 27—1 be 4b 2 5 > A Zl " b, Z3—1

~Hziz; (reabag)” — Zge D Dy —igf 2 Ay | &+ 7
3

r 1L _

x (DAY’ +22 > <z'12>+gu5?2A> 1,!)+A“[ Z2 73D, F* — 5" (A)].
f

(14)

With one-loop accuracy, it can be rewritten as

L(A+A4c, ¢) AoV (4)
1
4

_ _ 2 _
_’_Zwiﬁw_gusfabcD AZAZAZC/ g /‘ (fabcAbAli) +9M€¢AT/J

Foy2 g Lgan D2y 0iF VP A _cepr (D, —igufA,)™ ¢
pv 2 H I H H

17 (F) 4 5625 A% (DPgp — 2iFy, — DuDy)" A

_ - - ab
e D" (823D, — ign*6Z1 Ay ) ¢!

_ 2,2 2 _
—§Z1g° f° D, AL AL A — Y Z (2021 —62) ( f“bCAZA,C,) 102,y biby
+6 77 gue Z VA + AY [ (8Z +6Z3) D —48Jy ”} : (15)

where

2 2
@ (5. 2 @ (2. 2
0Z3 = 7NC Y p 071 = 7NC Y )
57 T6n% (3 3”f> L7 Tor2e (3 3"
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2 2 2
g° NZ-1 g 11 2
0Ly = — 87 = —N._Z
2 1672¢ 2N, 167r25<3 ¢T3 )
2 2 2
7 ~ g Nc F g Nc -1

673 = —67) = 2 =¢ Y ——— (16
s "7 16n2e 2 ! 16w25< T R

Also, in this order

2
" g°N. (8 2

as we will demonstrate below.

4. First perturbative diagrams for the source

It is instructive to see how the linear term in Eq. (15) (the last line in the
RHS) ensures the condition (4,) 5 = 0. At the g* level, only the first three
diagrams in Fig. 1 contribute. The result of the calculation of the gluon loop
in the diagram in Fig. 1 (a) is

dp 1 bF
£ Lwa(,q—p) TP (p,q —
/% ey el AP q =), (0, g —p)
rz-49 <d d ) 2
= B(=,=-1]5 - : 18
a2\ (¢* 970 — 020p) (18)

where

L0, —p) = (20 — Q) pGuv + (=0 — D)v9up + (20 — D) u9vp (19)

is (proportional to) the tree-gluon vertex, while
s a—p) = (2p— q)pgu +2(¢"g" — ¢"g"") (20)

is a similar vertex for the emission of a background field A by two quantum
gluons which can be read off the term %A““([ﬁgm, — 2i.7?ul,)“bAb” in the
Lagrangian (15). (The full list of Feynman rules in the background-Feynman
gauge is presented in Ref. [20]).

The ghost contribution in Fig. 1 (b) is proportional to

_/d“p P+(2p — ),
i (p?+ie) [(q — p)* + ie]

d
r2=5) p(dd |\ ow—0a (21)
(4m)8 (2?72 \22 i1
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el O O =T =]
(b) () (@)

(a) (e)
meé g ?mwm me@mx wmnéx S%m +... o+ RO )
U] (9) (h) ()

Fig.1. Quantum field in A background. Tails with crosses denote background
fields, black circle denotes the source.

and the quark one in Fig. 1 (c) to

~ /dp Tr {pa(p — 4)7, )

i (p? +ie)[(q —p)? +ie]

_d
= —8 (ng)\p _ Q)\Qp) B <C2Z’ ;Z> (47r];(21(?_q22))2_g . (22)

The sum of these contributions with corresponding color and flavor factors is

(970 — 1r20) B (;l g _ 1) r (2 ~ 62i> )t ()
X[Sd—él 2(d — 2) ]

i1 e o
1 2] (8 2
2
= ( Irp — q/\Qp) L +1n qQ] <3Nc - 3nf> +0(e), (23)
so we get
; Fig. 1(a)—(©) 9% Gxdp — C9rp [1 1?8 2 .
G L N s AR
<A“(q)>A 1672 q> € 1 | \3 3" (@)
2 2
g 8 2 1 /"[/ A 14
— m <3NC — 3nf> [6 +1In qz] [82A#(q) -0 8MAZ,(q)] (24)

which corresponds to
- Fig.1(a)—(c) ¢°> (8 2
Ay()) @ °N, - =
< w(2)) 4 1672 (3 ¢~ 3"

11 MT
p2 |:E pz

z) (0% A4,,(2) — 0”0, AL(2)] . (25)
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Now, to get the full expression for (4,(x)) 5 in the g* order, we need to
take into account the contribution of the linear term in Eq. (15)

- Fig.1(1) 0Z 4+ 6Z. 1 _ .=
(Auw) "I (4| L) DR )

2 P
_12;2 <§Nc — gnf) /dz (x % [1 +1In “j] z) [024,,(2) — 078, A,(2)] -
(26)

p L€ p
It is easy to see that % term exactly cancels the UV contribution in
Eq. (25). As to the finite term in Eq. (25), the finite source 0.J was cho-
sen to exactly cancel it. Thus, with the definition (6), we get (A) 7 = 0 at
the g2 level in the first order in the background field. As demonstrated in
Appendix A, the second line in Eq. (26) is generalized to a gauge-invariant
expression if all orders in the background field are taken into account at
the g2 level, and after that, the first line in Eq. (26) is canceled exactly. In
higher orders in g, the source should be chosen in a way to ensure (A) 1 =0
property at every order. Note, however, that by gauge invariance the only
UV-divergent linear term should be proportional to DHF i AYY (see Ap-

pendix A) which means that Jy(A) is UV-finite. i
Looking at the diagrams in Fig. 1, we see that Jo(A) differs from M;% by
replacement one of the bF vertices (20) with the usual three-gluon vertex (19).

It is worth noting that in, say, scalar theory Jo(¢) = M;E;)

cation in our case is due to the fact that J, in Eq. (3) depends both on A
and A.

and the compli-

5. Renormalization of twist-2 gluon light-ray operator

As an example, let us consider the twist-2 gluon LR operator in pure
gluodynamics X X .
Or = g*Fg,(n)[n, 0] F5(0), (27)
where n? = 0. Here, we use standard notations n,V* =V, and
1

[z, y] = Pexp ig/du (x —y)lAy(ux + uy)
0
for the straight-line ordered gauge link between points x and y. Hereafter,
u=1-—u.
As is well known, the counterterms in the Lagrangian (11) are not suf-
ficient to regularize matrix elements of the operator (27) so one needs to
regularize this operator with extra counterterms. To find those, instead of
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considering matrix elements of our LR operator between gluon states, we will
consider the matrix element of the operator O in the background field A
defined by Eq. (6)

(Or (a+4)) =0p (4)
g2 F, Om) (ALO)A5(0)) + g (ALOm) AL (Am) ) F6,(0)

+ <(D§A;§ - DnAg) (An) (D$AS — D, A% (0)> E

A
_ . _ . o ab
+ig? <<D£A% - DnAg) /du <[)\n, un] A, (un)[un, 0]) > F&h(0)
0 A
; b
+ig? F&e(An) </du <[An,un]fln(un) [un, 0]) <D5A2 - anllg)> +...,
0
(28)
where A% = (T™)%®A™ in the adjoint representation ((77)% = —jfmab).
The dots stand for higher-order terms in the expansion in quantum field A.
Note that in the RHS of Eq. (28), we omitted terms F (An)((Da A5 —
D, A%) ; and ((Da A% — D, A%) 1F,(0) because they vanish due to Eq. (7).
The four terms in the RHS of this equation are shown in Fig. 2. These
diagrams were calculated in Ref. [10] and the result has the form

<@F (A +A )>
_ 92#25 ! B
=O0p (A) + /du dv K (u,v)Op (u,v; A) + UV-finite terms, (29)

1672
0

where B - B
Or (un,vn; A) = F&, (un)[An, 0]*°F% (vn) (30)

and the gauge link is also made from A fields. The gluon-gluon kernel has

the form L

K(u,v) = —4(1 —u — v+ 3uv)f(u —v) — i(u —+5 dv'
o
u? ; u'?
~50) |~ s(a) / au ™| 4 35(a)o (), (31)
0

1
where the convention [dzd(z) =1 is assumed.
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X

Xmij
mx

(a) (b)

XQQ00000000, >

(d) (e)
Fig.2. Gluon light-ray operator at one loop.

The corresponding counterterm must subtract the UV divergence from
Eq. (29) so the renormalized LR operator O (n, A) has the form

1

2

S (7 3

Oh = OF — 167(r2<)€ /du dv K(u,v)Op(u,v), (32)
0

where Op(u,v) = g2ﬁ’gn(un) [un, vn]® S (vn) in accordance with Eqs. (27)
and (30). By differentiating with respect to u, one obtains (recall that

dln
dlrgl(:) = —¢ — 14zbo)
d 2,2 ;
» g .
M@O’} =— 167r2€/du dv K (u,v)O%(u,v) (33)
0

which corresponds to the well-known result

d a ab pa i
M@ [Fom(n)[nv 0] Fn(o)]
1
2
_ 9N dudv [K(u,v) bo

2N,

I

472
0

6(u)5(v)} [an (un)[un, vn]®F (vn)
(34)

6. Light-cone expansion of one-loop propagator
in a background field

As was mentioned above, the Lagrangian (14) is relevant for the cal-
culation of diagrams with quantum fields beyond the tree approximation.
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For example, for the calculation of the one-loop gluon propagator in the
background field, one needs the counterterm

1 a = . = = \ab py
f@Mw@fmm—mm)N (35)

to cancel the corresponding UV divergence in the loop. This was checked by
explicit calculation of the quark-loop contribution to the gluon propagator
in Ref. [23].
The quark-loop contribution to the gluon propagator in the bF (back-
ground-Feynman) gauge has the form
am
21>

A% () A = [dxnd —_—
< M(.%‘) V(y)>quark loop / A1 ez (1’ PQQMQ + 2ifua
1 1 nb
@-(W

1
"4 (zl z2> t"v3 (zz — z1> (22

P2gg, + 2iFp,
To get the argument of coupling constant for the rapidity evolution of gluon
TMD by BLM procedure [24], one needs to calculate it near the light cone
(r — y)? = 0 in the background field with the only component F~%(xT)
with one-F accuracy. The relevant diagrams for the gluon propagator are
shown in Fig. 3. The UV parts of diagrams in Fig. 3 (b), (c) are canceled by
50625 A (9% g, — 0,0,)™ AP part of the counterterm (35) which is present

1

in the usual QCD Lagrangian (here (5Z3F = 25’42 5~ is the quark part of
0Z3). On the contrary, the UV divergence in Fig. 3 (a ) diagram requires full
Eq. (35) contribution, and the calculation of that diagram provides a check

of the explicit form of counterterm (35).

~O= 0= =0

(©
Fig. 3. Quark loop correction to gluon propagator in the background field.

000

(o0l0]

After some simple but lengthy calculations, one obtains [23]

22> tb’}/g <zz 21>

¢*Tr %4 <21

1 1
P P

1043 , = - b
-;w@rmm—@mfmm
1
iq? ~2 ~2 '
= 49? JaB (zl P?ln _’upz 22> - <21 P,In _'U—P2P/3 22> —}—zg/du
0
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*))

3

x [u (]:af(zu) <21 %

3

22>> Ps —Pa <afﬁ£(zu) <21 %

2 2

~2
i )
+ (21 21n_—p2 — 5 ZQ) faﬂ(zu)
3
+2iuu (zl % 22) (DaFpe(2zu) + o 5)] } ; (37)

where i = ﬂ12\/[s€5/ 3. This form is very convenient for light-cone expansion
since any function of P2 can be rewritten in terms of the integral of a heat
kernel (the light-cone expansion of heat kernels is presented in Appendix B).
Substituting this expression to Eq. (36) and expanding near the light cone,
we obtain after some algebra [23]

~2 ~2
> z g;w? _p,upupT yl + ST2AZ

quark loop - 2472

_ﬁ2A2 !
X [ln Y 1+ 27] /du[w,u:c] (AL Fua(zy) — uAuFoa(zy)) [uz, 0]
0

1

i o
—M/du[az ux] (wlnud, Fua(z,) — ulnud,Foa(zy)))uz, 0]

1
d ~2 A2
5 2 A
+ (2 - )d /du:cu:c<——l +1/)<—1)—7E
327?2 — 520 d—4

+6 —4lnau+ulnu+alnﬁ}fw(xu)

2 — 12 A? d
+[d_4+ln M4 ?l)<—1>—2+7E}5U[Du}_m(%)+#<—>’/]

ab
— [u2 InuD,Fya(zy,) + @’ n Q_LDV.FMA<$H)] >[ux,0]} +0 (D“}"W,]:Q) ,

(38)

where A =z — vy, x, = ux + uy, ¥ is the logarithmic derivative of gamma-
function, and g is the Euler constant. The gluon-loop contribution to the
gluon propagator in the background field can be obtained in a similar way,
although the calculations are expected to be much more involved.
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7. Conclusions

As outlined in Introduction, the background-field method is commonly
employed to derive a factorization for certain processes by applying succes-
sive integration over fields in the functional integral. In this framework,
fields with momenta above a relevant cutoff (such as transverse momentum
in collinear factorization or longitudinal momentum in rapidity factoriza-
tion) are treated as quantum fields, while those with momenta below the
cutoff are treated as background fields. A fundamental requirement is that
quantum field cannot turn into background field(s).

At the one-loop level, this distinction is clear and unambiguous. How-
ever, at higher loops, this requirement becomes less well-defined. In this
context, the Lagrangian (14) formalizes the condition that quantum fields
cannot be transformed into “classical” background fields.

As previously noted, calculating the effective action does not require
the renormalization of quantum fields or the inclusion of counterterms for
both background and quantum fields in the Lagrangian. However, to extend
beyond the effective action and, for instance, compute one-loop propagators
in background fields near the light cone, it is necessary to account for the
full set of counterterms as outlined in Eq. (15).

The author is grateful to V. Braun and A. Vladimirov for valuable dis-
cussions. This work is supported by D.O.E. contract DE-AC05-060R23177
and by grant DE-FG02-97TER41028. This work is also supported by the U.S.
Department of Energy, Office of Science, Office of Nuclear Physics, within
the framework of the Saturated Glue (SURGE) Topical Theory Collabora-
tion.

Appendix A

The source Jo(A) at one-loop level in all orders in the background field

In this section, we calculate the explicit form of the source 6.Jo(A) in the
leading order in g2 but in all orders in the background field. The quantum
field in the A background is given by diagrams in Fig. 3 and the source d.Jy
should be chosen such that (A) 7 = 0.

Let us first calculate contribution of the diagram in Fig. 4 (a). We get

(ate)), "2 (st exp { i [[aspmidpay (i)'} )

= igus frnt / dz (A4 (@) A7 (2) ) <A;}(z) (DMAV(z))Z e y>

A
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i mn, 1a AV ! Am An
—gorm [a: <Aa<x> (Dav(2) = oo > (An()An:))

—ig [z (Ao dm)) (D13 AL)
2 <DVAg(z)Af,(z)>

1 1
() P
el (P2+2¢I>W v (P2+2i}">w ?

Let us find the UV-divergent part of this contribution. Using formulas (B.7)
and (B.8), one easily obtains

o ()\VY Fied@) ig?Ne 5 8 (A () DEFD
<Aa(a:)>A = /dz<Aa(x)A (z)>D FI(z)  (A2)

in accordance with Eq. (18). Note that due to explicit gauge invariance
of Eq. (B.7), we obtain the above result in the gauge-invariant form. In
particular, this means that the UV parts of diagrams in Fig. 1(d), (e), and
(h) are given by the non-Abelian terms in DgFH(z).

)in.uméj:g XWO XWQ + ... + Xw
(@) (b) ()

(d)

Fig.4. Quantum field in A background. The lines are propagators in the back-
ground field given by Eq. (9).

Similarly, one gets for the ghost diagram in Fig. 4 (b)

A ig. £ n = .
<Ag(x)> _ Fiedl) e / dz <Ag(;p)cm D Agmc"(z)>

A

1

P“ﬁ

g / dz <Ag(x)AT(z)> (Z z) : (A.3)

and the UV part according to Eq. (B.8) has the form

Aa uv Fig. 4 (b) _ig2Nc 1 1a A, AE Tm
<Aa(a;)> e / dz <Aa(x)A (z)>D F(z). (A4)
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For the quark contribution in diagram Fig. 4 (c), one obtains

</A13(x)>ﬁ Fig. 4 (c) Z-gﬂs/dz <Ag(;,;){; Aw%(z)%
o [ty n{er (o] } oo

and the UV-divergent part is

g UV Fig. -4(c) ig? 2 ~a o ~¢ =m
<Aa(x)>A o dz<A (z)A (z)>D FI(z)  (A6)

due to Eq. (B.10).
Adding these contributions, we obtain

(Aa()) 1

Fig. 4 (a)-(c) o . be 1
g4y g/f/dz <Aa(x)Ab’”(z)>A [sz d <z -P, (W)

cd
1 1 1
() P pr—
* ”<P2+2¢I>W "(P2+2@'}")W+ P2 Z)

+nyTr {tb ’ (z P z) }] (A.7)

and the UV-divergent part is

. uv
<Aa(x)>g
Fes@©) _ 19" 18y 2 / dz (A% (@) A™4(2) ) DEFE(2) . (A)

1672 |3 3¢ « o

1
P2 + %0']?

Finally, we need to add contribution of the last term in Eq. (15) schematically
shown in Fig. 4 (d).

</Ala(x)>g Fig 4{d) / dz <Ag(x)flb’”(z)>A [ (67 + 623) D, o — 5% ] .
(A.9)
From Eq. (16) we see that 3(6Z+023) = 6 228(§NC— 2ny) so the UV part of

the contribution of dlagrams Fig. 3 (a)—(c) is canceled by the contribution of
the counterterm 3(6Z + §Z3). The remaining final part should be canceled
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1
p ("
“<P2+2i]-'>w
1 1 1
op, (= ) —p (-t ) s+prl
* V<P2+2z']-">m, ”<P2+2z'f> LR

—igpungTr {tb # <z

Note that the first term of the expansion of the RHS in powers of A agrees
with Eq. (17). However, the full expression (A.10) is gauge invariant.

by 6Jy, so we get

) = au (5

y

z) } — UV pole. (A.10)

1

PPQ + %0.7:“

Appendix B

Heat kernel expansions

To obtain the expansion of propagators (9) near z = 0, it is convenient
to use the representation in terms of the integrals of corresponding “heat
kernels”. Let us start with a scalar propagator

0).

(v |5 o) - _izds (s 6 o) :O]Ods (-]
(B.1)

Expanding the is({pA}+A) iy powers of the proper time s and using for-
mulas from Ref. [10], one obtains

(v )

= (;1; eis(pQ_WQ)
u

1
—I—ZZs/du/dv av(z, uzx)r, F* (ur) [uz, ve]z” Fe(ve) vz, O]

is(p?+{p,A}+A2)

eis(P2 —m2)

1
O) [x,0] + s/du tulz, ux] D' F,a” (uz) [uz, O]
0

u

0
1
2/du/d T, ux] (uv]:gn( Vuz, ve]) F& (v) + ao?
0 0

xx\2” Dy F (u)[uz, vx]]__)”}:pg(v)> [vz, 0]} +0 (Dgﬁgnﬁw,ﬁ?’) . (B.2)



3-A20.20 I. BALITSKY

We also need a heat kernel for gluon operator

)
ap

1
0) {[m,()] + sgag/du tulz, ux] D'y (ux) [uz, 0]
0

ois(P?+2iF—m?)

u

1
+2isga5/du/dv av(z, uz) F,* (uz)[uz, vx) Fue (va)[va, 0]
0

0
1

—2s/du [z, ux] Fop(uzx)uz, 0]

[e=]
—

+52/du [x,ux]{QiﬂuDQfag(ux)[ux,O]

0
u

—i—/dv [4fa§(u:v)[ux, Ua:]]:'gﬂ(vx) — daw (Dﬁj‘aﬁ(uw)[ux, Ux]]j—& (vz)
0
—i—]:"gx(ua:)[ux, vx]Dgﬁaﬁ(vx)) + 2903 (avﬁgn(u) [ux,vx]]-_“f"(v)

V2D, T () u, v D" e (v) )| [v, 0]}
1w
—4is 3/d / o[z, ux] |a*v? (D"Dg]?a/g(uw)[ux,Ux]an"xg(Ux)
0 0
+Dy,Fy (ux)[um,vx]Danfag(vxD

—2av D Fpe (uz) [ux,vx]DA]:"Bf(vx)} [vx,O]} +0 (fognfuy,ﬁ?’) , (B.3)

so the gluon propagator (with IR regulator m) has the form

(el - ol o

+ (m ) { / du [z, uz] (gagtiuD" Fyp (uz) fu, 0]
0

1
P2+ 2iF —m?2

2 — m?2

l

(p% — m2)?
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—2Fop(uz) [uz, 0] + 2iga5/dv ﬂv]:"f(ux)[ux,vx]f}g(vx)[v:c, 0]) }

(s |

u

—I-/dv [4fa§(u:r)[ux, U."L‘]fgﬁ(vl‘) — 4uvx” (Dgfa/g(ux)[u:x, va] Fep(v)

0)) -

+Fey(uz) [uwvvw]fﬁfaﬁ(vx)) + 2903 (mﬁgn(u) [uz, vz] FE(v)
(B.4)

9
(p2 — m2)®

0) /1 du [z, uz] {2iﬂuD2]}a/3(um) [uz, 0]
0

+a202 Dy, (u)[uz, vr D" Foe(v) ) |fo, 01} + O <<”” (> —m?)!

For the calculation of contribution of UV-divergent parts of Fig. 3 diagrams
we need a UV part of (0|P, Using formula

1
P2ga5+2i]‘7—a57m2 |O)

[uz,vz] = iuAd,(uz)uz,vz] — [uz, valivd,(ve)

O

u

—i/dt tluz, tx]al Fyp(to)[te, vzl , (B.5)

v

one quickly realizes that the UV part of lim, q(x|P,
come only from

1
<0 ‘(222)2 0) hi% (i6i‘+AM> {/du[:v, ux] (ga/g’l_j,uDs]:gm(Ul') [uz, 0]
p?—m @
0

—Qﬁag(uac)[ux, 0] + 2iga5/dv uvff(ux)[ux,vx]ﬁxg(vx)[vx,0]> }

Prrair oz 0as can

0

—(o|— 1 D, F _ 908 pe £

- (0 ’ (p? — m2)2 0) [Du]:aﬁ(o) 6 D fEu(O)] . (B.6)
Thus,

i SR — ' [D,F.s(0) — T8 pe

) <:C P pr i 0) 5 1677 |DuFas0) D*Feu(0)] +
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Looking at terms ~ g,3 one quickly gets the UV-divergent part of
limxﬁo(x\ﬁm)

ab 1 ba
] (x fupr e 0> = (f'f Pz 0)
I
= ——— D' FE0) + ... B.8
1672¢ 6 £u( )+ ( )
For quark contribution, we need also
1 1 1- - A
20 <x " P2 i Fug—m? 0) 1672z [4 woF(0) = g D* 5“(0)] +

(B.9)
The structure in the LHS is the same as in Eq. (B.7) so we just replaced
2iF a3 by %a]: . Multiplying by v*, we get the UV part of O(g?) quark
contribution in the form

~ 1672 3

1 T 1 -,=
. ZDs -fini
i% (;1: ‘PPQ Y- O) D*F¢y(0)yy, + UV-finite terms.
(B.10)
For many flavors of massless quarks this expression should be multiplied

by ny.
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