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1. Introduction

In paper [1], we have announced the following:

Theorem. Let U\Hn be the restriction of the unitary representation U of

SL(2,C) in the Hilbert space of the quantum phase field S to the invariant
eigenspace H,, of the total charge operator Q) corresponding to the eigenvalue
ne for some integer n. Then, for all n such that

In| > /&,

the representations U|Hn are unitarily equivalent
U\Hn = U|Hn/ , whenever In| > /%, n'| > /%
If the two integers n,n’ have different absolute values |n| # |n’| and
n| <&, IWI<VE,

(6-A3.1)
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then the representations U]Hn and U/, | are inequivalent. Fach representa-

tion U|Hn contains a unique discrete supplementary component if and only if

In| </,
and the supplementary components contained in U\Hn with different values
of |n| fulfilling the last inequality are inequivalent.

We have based the proof on the false lemma asserting that the repre-
sentation U|,, of G = SL(2,C) acting in the eigenspace H,, corresponding
to the eigenvaﬁlue ne of the total charge @ has the tensor product structure,
U, =U|,® U\HO, where U], is the cyclic subrepresentation with the

cyclic spherically symmetric vector |u) = e=™9®)|0). However, this (false)
lemma was inferred from calculations containing a computational error, as
was recognized only after publication and announced in [2]. In this paper,
we give a proof of the above theorem going along a different line. The gen-
eral idea of the proof consists in decomposition of the cyclic representations
with cyclic vectors

r=cl ...c:[qe_ms(“)]()) €My, qg=1,2,... (1)

(63}

and then by recovering inclusion relations between the cyclic representations,
where c;ri are the creation operators of the transversal infrared photons, and
S(u) is the phase operator of [3], all computed in the reference frame with
the time-like unit versor uw. For the construction of decompositions of the
cyclic representations, we generalize the method of [4]. Contrary to the cyclic
state |u) of the cyclic representation investigated in [4], which is spherically
symmetric, our cyclic states are not spherically symmetric. Therefore, the
reproducing kernel Hilbert spaces, corresponding to our cyclic representa-
tions must necessarily be constructed on the whole group SL(2,C), and not
just on the Lobachevsky space SL(2,C)/SU(2,C). Except for this difference,
our method of constructing decomposition of the cyclic representation is the
same as that of [4]. The lack of tensor product structure is compensated for
by the analyticity of the Fourier transform of the kernels, induced by the
cyclic representations with the cyclic vectors (1). The basic properties of
decomposition may be read off from the orthogonality relations of the ma-
trix elements of the unitary irreducible representations and properties of the
poles of the Fourier transforms of the positive definite functions associated
with the cyclic representations. The orthogonality and analyticity are also
used to investigate the mutual inclusion relations of the cyclic representa-
tions. We obtain results going further than is asserted by the above theorem.
In particular, we obtain a complete description of the representation U, as
well as the action of the operators ¢, S(u) on the subspaces invariant for U.
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For example, let (I, 1) be the unitary irreducible representations of [5], then
we show that

+0o0
Ub, =@ [ osip)vip. 1o @r) o =0.1-2), 2=, (2)
lo€Z 7

where for each z > 0, the weight v(p, z) is almost everywhere > 0 and with
a positive weight v(z) of the supplementary component (ly,l1) = (0,1 — 2),
nonzero if and only if 0 < z < 1. From (2) the theorem follows. Decompo-
sition (2) can be also used to solve the problems concerning U and raised
in [2].

In [6], we have given a proof that the invariant kernel

<u|v> — <O|einS(u)efinS(v) ’0>

on the Lobachevsky space is positive definite, independently of the theory
of the quantum Coulomb field [3]. In paper [6], we have written one sen-
tence (repeated twice) that the proof presented there “gives us a proof of
(relative) consistency of the theory [3|”. This sentence was based on the
above-mentioned false lemma. Therefore, in Subsection 2.1, we are giving a
constructive consistency proof of the axioms, finishing a proof initiated in the
works [3, 4, 7, 8], by adding one last step: we compute explicitly the vector-
valued function B on G, which respect, together with the matrix-valued
function A (both introduced in [7]), the requirements formulated in [4, 7, 8].
Another, more general, consistency proof was given in [2], including a proof
of existence, indecomposability and positivity of a one-parameter family of
states of the C*-algebra A of 2], with unitarily implementable Lorentz auto-
morphisms, among them, the state giving the theory [3], which is the subject
of our paper.

Section 2 has preparatory character, and gives all ingredients, which are
then used in the proof. In Subsection 2.1, we define A, B. In Subsection 2.2,
we are giving explicit formulas for A, B. In Subsection 2.3, we give explicit
formulas for the matrix elements of all unitary irreducible representations
(lp,11) of G, and point out the properties of these matrices, which we then
use in the proof. In Subsection 2.4, we give general formulas for the Fourier
transforms of the positive definite functions canonically associated with the
cyclic representations with cyclic vectors (1), and construct their analytic
continuations. We give there decomposition of these cyclic representations.
In Section 3, we give the method for investigation of the inclusion relation
of the cyclic subspaces. This method is then applied in Sections 4 and 5, in
which a complete description of U ‘Hn is given.
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Summing up, in this paper, we present a constructive consistency proof
of the axioms of [3], then give a proof of (2), and the theorem as a corollary
of (2).

Contribution of the second-named author is the derivation of the series
expansion (74) of the Fourier transforms, valid for the whole class of the
Fourier transforms of the positive definite functions on SL(2,C), which are
defined by the cyclic representations with cyclic vectors (1).

2. Cyclic subrepresentations

In the sequel H be the Hilbert space of the operators S, Q,cq,ct, a =
(I,m), 1 =1,2,..., =l < m <[, introduced in [3|. Let for n € Z,n # 0,
H,, be the eigenspace of the total charge ) corresponding to the eigenvalue
ne. We will use the notation of [4, 7-9]. Let G = SL(2,C) and let U be the
unitary representation of GG acting in H. We consider cyclic subrepresenta-
tion of U, with the invariant subspace H, C H, generated by a single cyclic
x € Hp, i.e., with H, spanned by Lorentz transforms |g) = U(g)z € Hy,
g € G. Below, we consider special z of the form (1) or z = e~™5®)]|0) = |u),
with a; = (l;,m), i,0 = 1,2,..., —=l; < m; <1I;. With this convention, = will
sometimes be denoted by x = U(e)z = |e). In what follows e stands for the
basis of natural logarithms or the unit element in G, and ¢? in z = n%e? /7
stands for the square of the elementary charge, the experimental value of
which is approximately equal to 1/137 in units in which A =c¢ = 1.

To compute the decomposition of the cyclic subrepresentation with cyclic
vector (1), we consider the corresponding invariant subspace H, as the re-
producing kernel Hilbert space with the corresponding left-invariant kernel

{glh) = (U(g)x|U(h)z)

on G. Next, we use the Fourier transform (Gelfand—Neumark—Plancherel
formula on G, [10]) and compute the Fourier transform of the corresponding
left-invariant kernel.

Let U"" be the irreducible unitary representation (lo,11) of G |5, 10],
with [y any half-integer or integer, and l; = ip, p € R (principal series)
or lp = 0,01 € (—1,1) (supplementary series). The representations (lo, 1),
(—lp, —11) are not only equivalent, but the matrices of these representations,
found in [5, 10|, are identical. Recall that the representation of the sub-
group SU(2,C) C G, defined by restriction of Ul o SU(2,C), is equal to
the dierct sum of the standard irreducible representations with the weight
I =|lol,]lo] +1,..., each entering with multiplicity one, and with |ly| being
the lowest weight. We have the following range of the matrix component
indices o = (I,m): 1 € {|lo|, [lo] +1,...}, < =1 < m <[ of the representa-
tions (lg,l1). Thus, the only irreducible unitary representations containing
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nonzero SU(2, C)-invariant state are those with [y = 0, and are called spher-
ical. Representations of the principal and supplementary series exhaust all
equivalence classes of unitary irreducible representations of G [10]. Repre-
sentations (lp,l; = ip), p > 0, exhaust all equivalence classes of the principal
series. Equivalently, we will also use (lp, {1 = ip), with Iy > 0, p € R or with
lp =0, p > 0, as the representants of the principal series. We found the
following coordinate system (6,,p,, 9,7, ¢, A) on G useful. Let g € G. Let
Jo3(A) € G be the (matrix representing) hyperbolic rotation along the 03
plane with the hyperbolic angle X\. Let g, (6), for i,k € {1,2,3}, be the
(matrix representing) spatial rotation along the ik plane with the rotation
angle . Then each g € G can be uniquely decomposed as follows:

9 = 912 (01 )913 (901 )912 (191 )912 (_19)913 (_@)903 (>\)913 (50)912 (19)
= al(eu ®., %, )*QQ (197 90)*903 ()‘)G’Q (6‘7 90) (3)

with the invariant measure on GG

dg = g sinp,df, dp, d9, w*sinh®Asin pdAddde
= da, m%sinh®\ sin pdAdddyp (4)

normalized as in [10], where da, is the invariant measure on SU(2,C) nor-
malized to unity. Here,

0<p,p<m, 0<49,,9<2m, 0< A< .

2.1. Definition of A and B. Consistency

Before we continue, let us introduce the basic quantities A, B used in the
proof and give a constructive consistency proof of the axioms of [3]. Consis-
tency, for each ¢? > 0, has in principle been almost completely shown already
in works [3, 7, 8]. We finish the proof initiated there. As remarked in [3], in
a concrete Lorentz frame with the time-like unit versor u = (1,0,0,0), the
operators Sy = S(u), Q, ca, ¢t can be constructed on the Hilbert space ten-
sor product H = L*(S') ® I'(H, ;) of the Hilbert space L*(S,d¢) of square
summable functions on the unit circle with the standard invariant measure
d¢, with the bosonic Fock space I'(H,,) over the single-particle Hilbert
space H, , of infrared electric-type transversal states, putting, respectively,

So=5,01,Q=Q' @1, ¢co =10, ¢t =1 Here, H, , is the Hilbert
space of the unitary irreducible representation (lp,l;) = (1,0) of SL(2,C).
Q' is the self-adjoint extension of the operator ie(% on L%(S!). S is the op-

- . . . +
erator of multiplication by the (periodic) angle ¢ acting on L?(S!). ¢, c/o

are the standard annihilation-creation operators in the Fock space I'(H, ,),
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of the single-particle states £, « = (I,m), which are the normalized eigen-
states of the operators A = M2 + M2 + ]\41227 M,: AL, = 11+1)E,.,
My¢,, =mg, le{l=11+1= 2 L <m <L 0) = v, @ =1,
\ﬁ 1, € L%(S') is the normalized

constant function equal to \/%—W for each angle in S'. For a rigorous con-

where v, is the vacuum in I'(H, ;) and

struction of the Fock space with the creation—annihilation operators, com-
pare e.g. [11]. In the construction of [11|, we are using the single-particle
Gelfand triple £ C H, , C E*, determined by the standard operator A on
H, ,, and its Fock lifting (E) C I'(H,,) C (E)*, determined by the stan-
dard operator I'(A) on I'(H, ,). For details, we refer to [11]. For the dense
nuclear domain (€) of the operators @, cq,cl, we are using the (unique)
tensor product of the Hida test space (E) C I'(H,,), with the dense nu-
clear subspace €>°(St) = QNDom Q™ C L*(SY). S(u) being bounded has
n

the whole Hilbert space H as its domain. By construction, |0) € (£). The
operators e (v Q,ca,c transform continuously (£) into itself with re-
spect to the nuclear countably normed topology, making (£) a standard
countably Hilbert nuclear space [11]. Thus, the existence of the operators
So = S(u),Q, cq, ¢t fulfilling the commutation rules, with a cyclic vacuum
in their Hilbert space, is clear. Let us mention that irreducibility of the
algebra generated by Sy = S(u), Q, ca, ¢t is an almost immediate corollary
of the irreducibility theorem, i.e. Corollary 4.7 of [12], and the construction
of So = S(u),Q, ca,cl given here.

As shown in [7], any representation U of SL(2,C), giving transformation
rule S(u) = US(u)U™1,Q = UQU™' = Q,...,d}Y = UcU™!, of the

operators S(u), Q, ca, ¢, preserving the commutation rules
[@Q,S(u)] = de, [Q,ca] =[S(u),ca] =0, [ca,c;] = 471'62(50 PN )
cal0) = (0]cs = Q[0) = (0]Q =0 (6)
of the theory [3], necessary has the general form
Zcﬁ st B.Q, S(u) = S(u) — 4712.2 Z [c A, B — c+AaBBB] ,

a76
(7)
where A is a unitary matrix-valued function, and B vector-valued function
on G preserving the conditions

(I) A(gh) = A(g)A(h),
() B(gh) = B(g)A(h) + B(h), g,h € G,
(III) B(g) =0, g € SU(2,C) C G,
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with the products understood as the ordinary matrix products of a matrix A
with a vector B. Conditions (I)—(II) immediately follow from the assumed
representation (or homomorphism) property of U, for (III), compare [8].
(Here, we are using the convention with right multiplication by A in (II), in
order to keep the ordinary representation property of A. In the convention
used in [7], A is a representation of the group opposite to G.) The second
formula in (7) holds for S(u) = U(g)S(u)U(g)~! with g € G only if g ¢
SU(2,C). Next, we observe that preservation of the commutation rules by U
implies preservation of the orthogonality of the complete system of vectors(1)
and of their norms, and thus implies unitarity of U. It was shown in [§]

that 4 = U~ is the matrix of the irreducible unitary representation
(lp = 1,11 = 0) of [5]. It remains to determine B. Consistency will be
proved if we construct explicitly B on G, which together with A preserves
conditions (I)—(III). The equation

B =0)=¢\/36,6,,, (®)
for B(A\) = B(g,4(\)) was found in [8], with the initial conditions
B, (A=0)=0, 1=1,2,..., —l<m<lI, 9)
and the square

|B(g)|I?> = Z|B 8e?(AcothA — 1) (10)

of the norm of B, computed in [3], for hyperbolic rotation g with hyperbolic
angle A\. To continue our proof, and for the further part of the paper, we
need the formulas (I,I' € {lp=1,lp0+1,...}, -1 <m <[, =I' <m/ <)

(Ip=1,11=0)
Alm U'm/! (903 ()‘)) = Alm U'm/ ()‘) = Uh:l,m/l (903 ()‘))

1
(I+1D)(21+1)(I—m U+1)(I'—m")! tanh(
:5m,m/\/( e v /Pz,m(y)Pu,m/ (m) (1)
21

e U (@)=5 ,T (a) for acSU@2C). (12)
U W :
Here
min{l—m,l—m'}
T, (@) = GO R

a=max{0,—m—m'}

» [(Zfoln’) (liﬂria) (all)a(a12)l—m—o¢(a21)l—m’—a(a22)m+m’+a} :
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for each fixed [, are the standard matrices of irreducible representations
of weight [ of SU(2,C), [5, 10]. Formula (11) uses the realization o
f(A(a)~tp) of the representation (Ip = 1,I; = 0) in the space of classes
modulo constant, homogeneous of degree zero functions f, on the cone
p-p=0,pg > 0, thus living effectively on the unit S? sphere in the cone,
with the standard homomorphism « — A(«) into the Lorentz group acting

in R*, with the orthonormal basis given by the representants léH)Ylm,
[=1,2,..., =1 <m <, and with the Lorentz invariant inner product
_/fASZg dlL[/52
s2

with an ordinary Laplace operator and SU(2,C)-invariant measure on S2.
A coincides with the matrix of (lp = 1,13 = 0), which can be checked by
comparing with the matrix of (lp = 1,i1 = 0), given in [5, 10]. In the
sequel, we are using the orthogonality properties of the matrix elements
T; _, regarded as functions on SU(2, C) (Peter-Weyl theorem). Integration
of (II) along the one-parameter subgroup g,,(A) of hyperbolic rotations,
using (8) and the initial condition (9) gives B along this subgroup. Ile.,
writing B(gy; (X)) = B())

B (N4 = ZB S AN+ BN

lm

Differentiating dy at X' = 0 and using (8) we obtain

dB m()\) .
léb\ = Ze\/gALo I,m ()‘) ’

which, together with the initial conditions (9), determines B(\) uniquely.
Similarly, using (IIT), we have the trivial zero for B along any one-parameter
subgroup of unitary elements of G. Using decomposition (3), we immediately
see that conditions (I)—(III) imply the value of B at a general element (3)
to be equal to

B,.(9) = BieW Ay 1 (95(0)9:(9)) = (BOA(a2)), . (13)
Bl,m( ) ( 1) ( ) 10 I,m (913(90)912("9)912(_191)913(_Q01)g12(_91))
— (B(-NA ), (14)

A
B, (9(N) = B ) = (-'B, (-0 =iey/§ [, 004X, (5)
0
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Note that B, , (A) = 0 for m # 0, by the property
A ()‘) = 6m0 Al/ )‘)

1,01l,m ,Ol,m(

of the matrix A(\). Here, P, are the associated Legendre “polynomials”

l
m m 2 thl -m
‘Pl,m(y):( 1) 2l / Z = m)l % )yk
k=m

with the generalized binomial symbol

w w(w—1)(w—2 w—k+1
(1) = Ble=D2tokt) e R peN.

To finish the proof, we have to show that A, B given by formulas (11), (13),
(15) respect conditions (I)—(III). (I) and (III) are trivially fulfilled. In order
1,00,0 (=A)= (71)1—” Al,Dl’,O (A) of
the matrix A(A) for the hyperbolic rotations parallel to the 03 hyperplane.
This parity property can be easily seen by the exponentiation of the gener-
ator M, of the representation (lyp = 1,13 = 0) given explicitly in [5, 10|, and
which immediately gives the series expansion at A =0

to show (II), we note the parity property A

— - 1=U'|4+2 1—1U'|+4
Al’,O l,O(A) = l’ L 0)\' | =+ CL )\l ‘ + al’,l,4>\| | + .. . (16)
_ (fl)l‘l'l T [ — i), ] 4=i)=1 I <1 17
Qo = Ta=T H ()] A0=5)2=1 | <, (17)
§=0
az,l’,r = (_1)l+l al,l’yr'

The explicit value of the coefficients (17), will be used only in the further
part of the paper. Using the parity property of A(A) and representation
property of A, we can easily see that for any g € G of the form (3) and for
B(g) given by (13) and (15),

B(9)A(g7") = —B(-A)A(aga}) = -B(g7") . (18)

From (18), it follows that condition (II) is fulfilled with A of the form g~ 'k,
for any g,k € G, and for B(g) defined by (13), (15), because the right-hand
side of (II) for h = g~ 'k is equal to

B(g)A(g7'k) + B (97") A(k) + B(k) = B(k)

by (18), and thus equal to the left-hand side of (II). Putting k& = gh, we get
(IT) for all g, h € G, which proves the consistency of the theory. For another
consistency proof, compare |2, 13].
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From the general formulas (11), (15), it follows formula (10) and
<u‘u/> _ <u’gu> _ <0‘ein5(u)e—in5(gu)‘0> _ e—z()\coth)\—l) 7 (19)

for general g of the form (3). Of course, the consistency of the theory,
implying unitarity of U, implies also positive definiteness of the kernel (g|h)
associated to the cyclic representation associated with any cyclic vector, in
particular with the cyclic vector of the form (1).

2.2. Explicit formulas for A,B

For further purposes, we give explicit forms of B, ()) and AL z/,m()‘)‘
In what follows, we are using the convention that the sum > ... is zero
whenever the upper summation limit is less than the lower summation limit,
and analogously for the product TI(...), which by definition is equal to 1,
whenever the upper product limit is less than the lower product limit. The
integral (11) representing A, ; , ;(\) can be explicitly computed in terms of
the functions @, (—1/t), t = tanh), closely related to the Legendre functions
of the second kind. Namely, we use the identity

1
/1+txpl( )d :_%Ql(_%)a _1<t<17 <20)
-1
where
l
Qi(z) = P(z)3logi] — Z% 2)P_g(x) = Pi(x)3logs — Wi (x),
k=1

which can be proved using Bonnet’s recursion formula for the Legendre poly-
nomials P, = P, ;. @ are closely related to the Legendre functions of the

second kind! which can be obtained from @; by replacing the argument of
log with (z +1)/(1 — ) in @ [14], 8.831. From Bonnet’s recursion formula

(20 + DaPi(x) — (I + 1) Py (@) — LPis(2) = 0

for P, it follows that @; and W;_; respect the same Bonnet’s recurrence [15]

1 'We should note that there are two versions of the Legendre functions of the second
kind which are in use. In fact, our @), constitute one of these versions and are called
Legendre functions of degree 1 of the second kind, e.g., in [15], p. 316, and are also
named Legendre functions of the second kind in [16], cited below by us, and denoted
there by @,. Unfortunately, these versions are sometimes mixed, e.g. the formula
8.825 of [14] is in agreement with our @,, and with that used in [15, 16], but the
formula 8.827 of [14] gives the other version of the Legendre functions of the second
kind, with the other form of the argument in log.
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2+ DzQi(z) — (I + 1)Q41(z) = 1Q1—1(z) = 0,
(20 + 1) Wi (2) — (1+ Wilz) — Wi () = 0.

Let us compute B, ,(A) explicitly. Applying (20) and Bonnet’s recursion
for P, to (11), and then Bonnet’s recursion for Q;, we get

AZO 10()\)
= cl2[-Q, (1) + %( %)cm Y+ g ()@ (1)
=2l (1-$) @ (-} = -V 2 - @ (H), @

where c[l] =/ 21(1+1)(2l+1). Performing the integration (15) with Al oA
= (—1)”‘114170 10(A), we obtain

A
By = iR [, (0N =100 + 300,

0
10) = ie/5-0" 4, . (22)

Comparing (21) and (22), we can see that the computation of the indefi-
nite integral I(A) is reduced to the computation of the indefinite integrals
Ilk,\] = [t7*dX and J[k,A] = [t *Ad)\. Then we compute the limit of B
at infinity, which determines the integration constant b[l]. We use the vari-
able u = e~2* in all the indefinite integrals. The last two indefinite integrals
can be rewritten as I[k,\| = —3F, (u), J[k,A] = 3G, (u), where u = e=2A
and

F, (u) = (glfuu)):u du, G, (u) = / ((11_—:;)& logudu .

Using the following identities
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and integration by parts in case G, (u), we compute the indefinite integrals

k

W)k
F,(u) = / (glju))kudu = sil) (l,ul)s—l
s=2
k—1j5— 1
+ (k: s— 1) (17u)1’€*3*1
7j=1 s:0
k—2
+3 (N oy ameer + (51 = (<181 log(1 — w) + log
5=0

= Flk,u] + ((—1) — (—l)k_l) log(1 —u) + logu,

_.
w0
I
=
3
I
[\

s=0 r=2

+((=1) = (=1)* ) log(1 — u) logu + 1 log? u
—F[k](log(1 —u) —logu) + ((—1) — (=1)* 1) Li,u

= Glk,u] + ((-1) — (—1)k_1) log(1 — u)logu + %logZU

—F[k](log(1 — u) —logu) + ((—1) — (=1)*"!)Li,u,

where Fk] = —F[k,u = 0].

Let us introduce the coefficients p,, and w of the polynomials

-1,k
l -1
Pl(x> = Pl,O (x) = Zpl,kxk7 I/Vlfl(x) = Zwl—l,kxk'
k=0 k=0
We have the following identity:
l
> by (F[K] = F[k+2]) =0. (23)
k=0

To prove (23), we notice that F[k|, defined as above, can be simplified to
the following form:

Lk/2]

Flk) = -2 (1+ (-1F) 3 54 (24)
j=1
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To prove (24) we apply to F'[k] the following standard identities. First, the

standard identity
> (NSE = Zl

coming from the Stern series for the digamma function and the relation
of digamma to the harmonic numbers, we apply to the last sum in F[k],
converting it into the following form:

coming from the fact that the Lh.s. is equal to value —B(j,—k + 1) of
the Euler beta function B, we apply to the first summation of the double
summation contribution to F'[k], converting it into the following form:

The identity (23) and the fact that the polynomials (1 — 2?)P,(x), (1 —
22)W,_,(x) are zero at x = +1 imply that the total contribution to the
linear combination I(A) of the indefinite integrals, I[k,\] = F, (u) and
Jk,A] = G, (u) comes only from the parts F[k,u] and G[k,u| of the in-
definite itegrals F, (v) and G, (u), and the remaining terms of the indefinite
integrals F, (u), G, (u), not included in F'[k,u] or, respectively, in G[k,u],
drop out. Therefore, in our computation we may replace the indefinite in-
tegrals F, (u), G, (u), with F[k,u], G[k,u]. We thus obtain I(\) in terms of
Flk,u], G[k,u] and the coefficients of the polynomials P, W;_; entering Q;
n (21)

l
7 L(I+1)(2]1+1
B,,(\) = — /A DEE) [Zm (G, u] — Gk + 2, u])
k=0

—i—QZwl i Flk+2,u]) + V1] u=e2*. (25)
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To fix b'[l], we compute the limit

lim B, o(A) = H'I/Alo Lo
0

A—~+00

Inserting the last form of the integrand (21) and using the new variable z

we get

lim B, (A):z‘e2c[l]\/§(—1)”1 / Q,(z) dz = ie2y/ FEy

A——+00

where we have used the identity
1 141
/ Qi) dw = Gy

immediately following from formula (18), p. 324, of [16], and the parity
property Q,(—z) = (—1)"*1Q, (z).

In our proof, we use the fact that the limit of B(\) at A = 400 is nonzero,
but we do not need the explicit form of the constant b[l] or v'[[]. But,
concerning b'[l], let us note the following. We have the following identities:

-1 1
S w,, (FIK - Flk +2]) = (G020 (26)
k=0
and
Zm Gl +21) = G0N, (27)

with G[k] = Glk,u = 0], where G[k,u] = G[k,u] — F[k,u]logu is that part
of G[k,u] which does not contain the log u-factor. From (23), it follows at
once that the function

ZPM Flk +2,u])
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of u is of the order greater than zero at v = 0 in the variable u. From this
and by the L’Hopital rule, the limit © — 0 of

szk Flk+2,u])logu

is zero and, thus, the limit w — 0 of the first sum in (25) is equal to the
Lh.s. of (27). It is immediately seen that the limit « — 0 of the second sum
in (25) is equal to the L.h.s. of (26). Comparing with the limit of B()\) at
A = 400, obtained above, we finally get

l
7 [(1+1) (2141
B, (\) = —HDEEY [Zpl,k (Glk,u] — Glk + 2, u])

k=0
1 _
—i—QZwZ 1k [k+2 U]) l((l—i—l))] u=-e 2/\' (28)
Formula (28) can be rewritten in the following form
k k+1
Byo(N) = ey [AD bjcosh(25A) + > bryjsinh(2i0) |, (29)
| =0 j=1
[ k-1 ’ k .
Byo(N) = —dery [A D b jcosh A4+ "0, jsinh¥ TN | (30)
| =0 §=0
with nonzero constants (b, ..., borr1) and (b'g,...,b'9;). We have the ex-
pansion
BB,y (—A) = b A b A2 b A (31)

1
bl,O = Z47r\[ 1 1,0 (32)

following from (15), (16), and (17). Thus, B, ,()) is a function of the order

lin A at A = 0 and tends to a nonzero constant 2'b; = 22k+1b2k+1 or,
respectively, b’; = b'ox, at infinity

2lp,, if I is odd
AETOOB (A) = de2 l%llill) - {b’l ,l if [ is even (33)
Application of the identities
[n/2]
P, (y) = (1™ (1—y?) Sk g = Z P I P (4)

(34)
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to the integrand of (11), and formula (20), gives

RRUCE J 14 —[|m|—1]|—j
Al,m l’,m()\> = m Z a,sinh” Acosh A
0dd j=0
I+ —|m|-1 . ) .
+A Y asinh’cosh AL (35)
even j=0

if I +1'—||m|— 1] is odd, and the upper limits in the sums are exchanged
with each other, if [ + 1’ — ||m| — 1| is even. Thus, we have the asymptotic

v 1t (A) ™~ e~ (ImI=1+DXA at infinity. The constants a,, ..., Oyl BT€
nonzero. From (11), it follows that the matrix elements of A(\) are real,
and B(\) pure imaginary.

In what follows, regarding the constants a;, we use only the fact that the
constant ag is nonzero. To see it, let m > 0 in (11). Note that by performing
the integration (11), we get (1 —t2)™2[W(1/t)A\+ R(1/t)], t = tanh \, with
some polynomials W, R. The constant ag is the highest-degree coefficient of
the polynomial W, which is of degree [+’ +1. To show ag # 0, it is sufficient
to compute only the contribution proportional to (1 — #2)"/2)\/ '+ and
show that it is nonzero. Denoting the constant in front of the integral (11)
by ¢[l,I’;m], and using the first formula of (34), we see that (11) can be
rewritten as

Al,m ,m ()\) - (1 o tQ)m/2 ¢ [l’ ll? m] <}.'_f':lé’j> Pl(’m) (%) _F)l(m) (y)dy

m/2
= (=) e [utm] [ Gy, (38)

Lo L

where P(y) = pw,yl*l/ —|—pl+l,71yl+l’1 + ... is a polynomial of degree | + ',
with the coefficients p, being polynomials in ¢, and with the highest degree
coefficient equal

I'—m

B m. (M) (M) i
Dy = (71) Li—m pl’yjt !

J=0

)

where pl(,m) are the coefficients of P;,m)
»J

(m) T
})l’ (t) - Z pllyj t °
=0
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P can be represented as a linear combination of the Legendre polynomials,

P(y) = P (y)+..., (37)

pl+l’,l+l’

where dots denote the linear combination of the Legendre polynomials of
degree < [ +1’. Repeated differentiation of (20) with respect to ¢ gives

1

[t h@ e = gl B4 (20 (<) . 9

-1

The operator tQ%, acting on a polynomial function of the variable —1/t of

degree d, gives again a polynomial of —1/t of degree d — 1. Thus, applying
(38) to (36), we see that in order to obtain the contribution proportional
to (1 — t2)™/2)\/t!*V+1 with the highest possible degree (1/t)!"*¥+!, we can
discard not only the contributions to P denoted by dots in (37), but also all
contributions to the polynomial Py of ¢t which are of the positive order in
t, and compute only

L,m ' m

; m, (M) (m)
(A) = (1 — t2)m/2 cll ! m] (-1) pl»l*mpl’,l/—mPLH/ (y)+._.dy
s by : (1+ty)l/pl+l’,l+l’ )

discarding remaning terms, denoted by dots. Applying (38) we obtain

lma1, (M) (m)  (I'-1)
_ 20[l71’7m](—1) +m+ pz,z_mpl/,l/,m pl+l/,l+1 (1_t2)m/2>\

- V-1 HAUFT

o ,
LmU',m ‘pl+l’,l+l’

+ (=" Kamr+ (1-2)" RO/,

where K is a polynomial of degree < [ + 1" + 1, and R is a polynomial.
Therefore ,

r o1y imt1, (M) (m) -1
26[171 7m]( 1) pl,l*'mpl/’l’—m pl+l/,l+1 % O
-Dp,_, ’ ’
1+ 141

apg =

We obtain the same ag for 4, _ ~,  (A)=A4, , (N).

Taking into account ag # 0, we observe the following. Because the com-
ponents of A(\), B(\) are analytic also at A = 0 and we have denominators
that have zero of positive order at A = 0 in (35), (29), and (30), then it is
easily seen that the sums, say Fj(\), in the numerators in (35), (29), (30),
which are not multiplied by A, must be equal to zero at A = 0, and the sums,
say F,()\), in the numerators, which are multiplied by A, must be nonzero
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at A = 0, because the lower order terms in these numerators must drop out,
including the first-order term. Indeed, if we rewrite (28) (resp. (29), (30))
or (35) in the form

—JOA LN e~ J1A
QaFo VAL () _ g5 000

(1 e—2>\) (1_6—2>\)q )

(39)

with f,(\) = e ¥ F,()\), i = 0,1, denoting the corresponding sums, and
with a finite linear combination of exponents e/r?, Jp € N, in the numerator,

then
0) = Z Qo0 = 0, (40)
Jo
and
k k—1
f(0) = Zb] a4 #0, or f(0)= b/] a1]17é0
Jj=0 Ji j=0 Jo

f(0) = :Z Qo 5, #0, (41)
J1

respectively, for B and A. ¢ =1+ 1,1 +1' + 1, respectively, for B, A. (40)
is obvious. (41) is obvious for A, because ay # 0. For B, the statement
(41) can be seen by using (41) for A, ;| (\), and the fact that A, ;| ;(A) is,
up to a nonzero factor, equal to the derivative of B, (M) with respect to A.
Moreover, using this relation between A and B, we can easily see that

(1-1)/2 121
b; or, respectively, Z b;- = (—1)lie \/§l+100
(

= i 2(TPY )

=0

.

2[+1

where the coefficient ag refers to the matrix element A, ;| /(A). Because the
first-order terms drop out in the numerator of (39), then from (40) and (41)
we get

- Z a’O,jOjO = _f1 (0) ) (43)
Jo

so that f, is a zero-order function and f, is a first-order function at A = 0,
with f,(0) # 0, £, (0) # 0.

It is easily seen that the natural numbers jg,j1 in formula (39) repre-
senting B, /() are always even, independently of the parity of [, and have
the parlty the same as m, in formula (39) representing A, =, (). We will

'm
use these simple facts in Subsection 4.1.
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In order to prove our theorem, in addition to the above-mentioned prop-
erties of A, B, we need to know explicitly the coefficient

!

Uprol+2r / QI (U +1) (141 —1/2 z’—1 2 I+5+1
1) w2 (I+1)! ( l+l’/ )( / ) 2 l-i-]J +1 —0 (l +1' - 7’)

Cl():(—

(44)
for the matrix element A, , (A).

2.8. Explicit formulas for U( . ll) , (G5 (N)

,Mm

In what follows, we will use the formulas (let us recall that 1,1 € {lg, lo+
L...}), =l<m<I, =U'<m <)

U™ (9(N) = U () =6 5/ + 120+ 1)(coshA)# !

I,m l/'\m L,m U/, m/

1

<[t B WP () e @)

-1

Here, t = tanh\ and P!, (cos ) = eim‘z’T; (a)e™ i.e., Pl (cosyp) is given
by the above formula for T:ﬂ (@) in which we substitute cos(y/2) for a1
and ag and isin(p/2) for ajp and ag;. P, are closely related to the Ja-
cobi polynomials. These formulas are obtained by changing the coordinate
system on G in the corresponding formulas for U™ given in [10].
need an explicit form of the matrix elements (45) with the integer ly. Per-
forming integration (45) by parts and using recurrence rules for the Jacobi

polynomials, we get by induction

U(loﬁh:iﬂ) ()\)

I,m U',m
1+ =[[m|—]lo|| I iml it
— g L+ —[Jm|~tg||~3
=L |e p; sinh” Acosh DY
Q(p)sinh' TV 1A J
pQ(p =
I+ —|m|—]lo| ,
i .17 I+ =[Im[=lg[|—J
+ i g pjsmh Acosh N, (46)
=0

for non-negative m. In the formula for non-positive m, the upper summation
ranges are exchanged with each other. The matrix elements (46) with { =’
and opposite m are mutually complex conjugated. Here, p; p;r are polyno-
mials in p of degree j and parity coinciding with the parity of j, depending
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on lo, I, m. Thus, U1~ (1) ~ e=(Iml=lol+DX ot infinity. Q is a polyno-
mial depending only on [,1’. We use @ so normalized that the highest-degree
coefficient in @ is to equal one, i.e., our @ in (46) is monic

Q(p) = (—i+ p)(i + p)(=2i + p)(2i + p)(=3i +p) ...

with the number of factors equal to [ + I, and with the numbers —i, 1, —21,
21, ... in them increasing in absolute value but alternating in sign, except for
the last |I'—I| factors, in which these numbers continue to increase in absolute
value, but with the constant sign +, when [ > I’, or with the constant sign
—, when | < I’. For example for [ = 2,I'’ =5 and any —2 < m < 2, and any
integer I

Q(p) = (—i+p) (i + p) (=2i + p) (2i + p) (—=3i + p) (—4i + p) (=5i + p) .

With this normalization of ), we can fix the coefficients of the polyno-
mials P, pj. We need the highest-degree coefficient p;-'fj of the polynomials

+ + + £
p; (p) = DPjo +pj71 pt ... pj; P’
with maximal
J = Jmax = 1+ 1" = [Im| — |lo]|
for the matrix elements U """ (M) and U;lo:l’ip) (A). The compu-

l,m==%lg l’,m::l:lo m=0 l/,m=0
tation of the general formula for the term of the highest order in p can be
simplified. Indeed, from formula (46) it follows that this term determines
the leading contribution

F FipA p
pjmax,jmax € l (l()vlﬂ)
sinh A p’ for Ul,:i:lo I £l ()‘) ’ (47)
+ ipA - —ipA .
p]'max’]'max © pjmaxd’max € 1 (lOﬂP)
( sinhfo+1 ) + sinhlo+t1 )\ plo+1 ) fOI‘ UL,O .0 ()\) ’ (48)

to the asymptotics FZL2 of the matrix (46). It follows from (46) that

=0, if [m| = [lo| #0, m >0, and p; . =0, if |m| — [lo| # 0,

m < 0. Using the integral (45), we can compute the asymptotic et
expansion by application of the saddle point method. In fact, for Iy = 0, we
can use an integral involving only the associated Legendre polynomials

(0,ip)
Ul,m 'm ()\)

+
pjrnax ,jmax

1

1+ i p— ip— nh A
= (=)' Cul’mCOSth 1y / Pl,’m (y)(1 4 y tanh X\)*? 1le (ijtignh)\) dy

21
(49)
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with

_ @D @UAD)(I—m)('—m)!
Lm 2(l4+m)12(I'+m)! :
Formula (49) follows from the relation between the Jacobi and the associated
Legendre polynomials. Independently, (49) also follows from the realization
a +— f(A(a)"!p) of the representation (lg = 0,l; = ip) in the space of
homogeneous of degree ip — 1 functions f on the cone, thus living effectively
on the unit S? sphere in the cone, with the inner product

(f9) = /fg dp,

invariant under the action naturally induced by the Lorentz transforms in
the ambient Minkowski space, and with ordinary invariant measure p, on

S?, and the orthonormal basis Y, , I = 0,1,..., =1 < m < [, [17]. The

matrix (49) coincides with (45) for lp = 0. The integrals (45) and (49) can
be rewritten as

1
(1g,ip) ip In(cosh \) .
gl (\) = ceintomy / F(y)e?S®) dy

ILm U/ m

-1

with the phase, respectively, equal to S(y) = In(1 £y tanh ), with “+” sign
for (45) and “—” sign for (49), and with

DU T apl —tanh \ 1
f(y) - Pll()’m(y)‘PlO,m <1y—y?annh)\> 1—ytanh A

for (45), and

_ +tanh A 1
f(y) - P[Qm(y)Pl,m <1y+yt;nh/\) 1+ ytanh A

for (49). S'(y) # 0 for y € [—1,1], and the function f is analytic in an open
set containing the closed interval [—1,1]. This is evident if m,ly are of the
same parity in (45), or even m in (49), because in this case, each factor P in
f separately, is analytic. But it can be seen that this is generally the case, by
noticing that P, and, respectively, Pllol 0 Can be written as the product of

a polynomial and, eventually, the square root factor (1 —42)/2. Then, it is
easily seen that the square roots in the product f drop out. The polynomial
which arises after extracting the (eventual) square root (1 —2)"/? in Pll(; s

a Jacobi polynomial multiplied by a natural power of (1 — x) and a natural
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power of (1 + ). Thus, theorem 1, §44.1, p. 410 of [18] can be applied, and
gives the following asymptotic expansion:

+o00
(lo,ip) p—2Hoo ¢ —ipA ipA . N—n—1
Ul,m l’,m()\) “ CoshA Z (e i’ bn —e'” Qn (’L,O) 3
n=0
with

c=3J/@+1)Q2l+1) =¢c

1,0

for (45) or, respectively, ¢ = (—1)¢ L. for (49), and with

ap = (=1)"M" (écf(g)) vt b = (CDM <%>

respectively, in each case. In particular, for [y = m = 0, we get the leading
order term

_ 1 d
’ M_S’y)dy’

y=1

!/
(0,ip) ()\) Pjiof % ((_1)l+l’eip o e—iP 1
) =

1,0/, sinh A ip

For Iy > 0 and m = +ly, respectively, we get

(lg-ip) ( ) pf_i‘io ll’Oefzp 1
Lig Ul " sinh A wp

(19,ip) p—r+oo I+ S0 ip 1
1,—lg U,—1g (/\) - (_1) sinh A ip”

For [y =1 and m = 0, we get

(1,ip) p—r+o0 I+ V+1) o I+ ip —ipy 1
1,0 11,0 (A) '~ — 4 sinh? A ((_1) e —¢ ) P2
Comparing with (47) or, respectively, with (48), we see that
(-1, (Loip)
+ _ 1,1',0 . 058P
pjmax,jmax pl+l’ 1+ - i m Ul,—lo l/’_ZO (A) ? (50)
N _ _Gro . (lo»ip)
pjmaxdmax pl+l’ I+ 7 m Ul,lo .o ()\) ) (51)
(1) e, oD A+1) (Liip)
+ _ 1,0 : 2P
pjmax,jmax pl+l’ I+ -1 - 4 m U[y() 1,0 (A) ? (52)
_ B o VD) (Lip)
pjmax,jmax pl+l/ I+ -1 - 4 mn Ul,O 1,0 ()\) (53)

for the maximal degree coefficients of the maximal degree polynomials pj-[,
and

+ _ ot _ ey
pjmax,]’max pl+l’,l+l’ 1 ’
Vi1
(=1) C
— _ — _ 1,l",0
pjmax,jmax - pl+l’,l+l’ - ) (54)
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for the maximal degree coefficients of the maximal degree polynomials p}t

in U<0 w) ,(A). Note that the coefficients (50)-(53) are always nonzero, with

(50) and (51) purely imaginary and with (52) and (53) real. Using the sad-
dle point method, as above, one can easily compute the coefficients (48) for
lp > 1, and show that they are all nonzero, but in this paper, we do not
need the explicit values of these coefficients for lj > 1. We note here that
for fixed [,1’, all polynomials p;.—L in the matrix elements Ul((::j,)m()\) with
m # 0, have maximal degree | + I’ — |m|, which is less than the maximal
degree jmax = | + I’ of the polynomials pjtm in U (A\). More gener-

1,0 1,0

ally, for fixed [,1’, the matrix elements U (to-10) (M) are precisely these that

l,%lg i, +lg
contain the polynomial pj of the highest degree [ + [’ among all matrix ele-

ments U( o Zp)m (A), —min{/,'} <m < min{l,'}. All other matrix elements

Ul(l:; Z;)m ()\) contain polynomials in p of degree strictly smaller. We will use
these facts in Subsection 4.1.

Let us remark, that the higher-order terms in the asymptotic =t
expansion of the matrix elements (46) are determined by the lower-order
coefficients of the polynomials p;t of lower order, and can also be determined
by the saddle point method shown above.

The general formula for (46) with o = m =1 =0 and for any !

k+1

(0,ip) i V2IH1(—1)HH1 T k!
Uo,o 1,0 ()\) - L1 Zpl k Z (k—j+1)!
2 H( is+p)sinh* T\ j=1

s=0

x |sinh!*1=7 X(cosh A + sinh A/ ~* H(fis + p)etP

s=j

l
—sinh"" "I A(cosh A — sinh A) (= 1)F I T [ (—is + p)e | (55)
5=

can easily be computed on repeated application of integration by parts in
(49). Here p, , are the coefficients of the Legendre polynomial P, (Subsec-
tions 2.1 and 2.2).

(lg,ip)

If we write U, v ;. (A) in the form

L o
Yo o |al erePr 4 a e e sz}
1 521 J J

pQ(p) (T— ey |
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with polynomials a,j[ of p, then the natural numbers j have the parity the
same as the number —|m| — [lp| — 1.
In the sequel, we use the fact that the general matrix elements (46) are

quantities of the order of |l — | at A = 0, with the following expansion at
A=0

GO () I N (57
1)i- l'l ol
Uy = (l l’)' H Crjom» (58)
l—l’—l
u, = ﬁ H [Crvjsrm] . U>1, (59)
§=0
— 12—l2 l2_l2
Cim = lzzmQ ( 4052(—1 1)’ (60)

in which u, # 0 in the leading order terms. One can easily convince himself
of the validity of (57)—(60) by the exponentiation of the generator M, of
the representation (lp, ;) given in [5, 10].

. . . . . _ +
2.4. Decomposition of a cyclic representation. FExample with x = clﬁo\u)

Now we pass to the decomposition of the cyclic representation with the
cyclic vector (1), and thus to the Fourier analysis of the associated invariant
kernel (g|h), and thus, Fourier transform of the associated positive definite
function ¢(h) = (e|h) on G.

The effectiveness of the Fourier analysis comes from the fact that the
matrix elements Ullil; :> of the principal series, regarded as functions on

G, compose a complete system (in the generalized sense) of generalized func-
tions on G. In general, they are not square-summable on G. But by using
them, we can construct square summable functions on G with the required
support of their Fourier transform in the space of unitary irreducible equiv-

alence classes, represented by (lg,l1). In particular, integrating any matrix
function Ul( o ,1 ,Zp) (g) with respect to p over any interval I C Ry, we get

square summable function
(1g,i1) (19,11 =1ip)
U@ = [0 (0
I

on G (recall oscillatory character cos(p)),sin(pA) of matrix elements), with
the Fourier transform supported at (lg,l1) with [; € iI. Any two such square
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summable packets are orthogonal in L?(G) whenever the corresponding in-
tervals I have an empty intersection, or whenever the corresponding [y are
different. Moreover, even if the corresponding intervals I and [y coincide, the
packets remain orthogonal if any of their corresponding matrix coefficients
do not coincide

/UH()U(> (9)dg {c(lo,u’) B 1 0111 O O 0O i

Lo 1 11 1 111 .
Im U/m ! 1 m 07 lf ’ N .’/ @ .
G

(61)
Orthogonality of the matrix elements corresponding to non-equivalent repre-
sentations comes from the fact that they compose generalized eigenstates of
the two Casimir operators acting in L?(G), associated with different general-
ized eigenvalues. Orthogonality relations of the matrix functions correspond-
ing to the same representation classes cannot be justified in this manner. But
in this case, we use the coordinate system on G determined by (3), repre-
sentation property of U to- llllilp), and perform the integration iteratively, in
which the integration with re respect to p must necessarily be performed first.
Finally, using the orthogonality relations for the matrix elements Tm (a),
a € SU(2,C), we obtain the orthogonality relations (61), compare the ana-
logue orthogonality for the SL(2,R) in [19]. The supplementary series does
not enter the Plancherel formula for the group G, i.e. it is absent in the
decomposition of L?(G). Matrix elements Ul(:l:,i’llf:l_s)( ), 0 < s <1, of the
supplementary series decrease slower at infinity, e.g. UQ(O()Z; 01 S)()\) ~ e s\
at infinity, and are still not square integrable even after integration over an
interval in the real parameter s. But G = SL(2,C) is complex analytic,
and the matrix elements of the representations (lp,[;) are analytic, both as
functions of g € G and as functions of the continuous parameter Iy of both
series, principal and supplementary, with the matrix elements of the supple-
mentary series (lp = 0,s), —1 < s < 1, being the analytic continuations of
the corresponding matrix elements of the principal sieries (lp = 0,11 = ip).
We will use these facts in what follows.

For z = |e) = cte™™3W|0) = cF|u), we have

(glh) = 4me® | A, (¢7'h) + 21B, (g71h)1B, (h_lg)] e~ #AeothA=1) (g9

for g='h with decomposition (3), in which A can be interpreted as the hy-
perbolic angle between v and g~ 'hu.

Each of the invariant kernels (g|h), corresponding to cyclic vectors (1),
can be written in the form of a function depending only on g,h,z (up to
a constant factor depending on ¢). Each (g|h) depends on n only through
z = n?¢?/m, where ne is the eigenvalue of the total charge Q. We have
already seen the simplest examples (19) and (62) for z = |u), ¢ |u).
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The cases with cyclic x = |u), ¢t

o |u) are exceptional, so we will continu-
ously be giving explicit formulas for the concrete example of representation
with cyclic vector @ = ¢ |u). The exceptional case x = |u) was worked out
in [4].

The positive definite function k(h) = (e|h), corresponding to the left
invariant kernel {(g|h) on G, is in L?(G) only if z > 1, and only in this case,
we can use the Plancherel formula and the inverse Fourier transform formula
for G to decompose (g|h). In the case of 0 < z < 1, the decomposition will
additionally involve the supplementary component which cannot be inferred
immediately from the Plancherel formula. We use the method [4] of analytic
continuation to obtain the formula valid in the domain 0 < z < 1, which
is based on the fact that (g|h) is analytic in z. In the case of z > 1,
from Lebesgue’s dominated convergence principle, it easily follows that the
integrals

[K(lo,llzip;z)} :/(e|h> U " " (hydh,  z>1 (63)
By
G

are convergent and represent analytic functions of z, p. Here, in principle,
B,y € {(lo,mo), (I1,m1) = (lp + 1,m1),...}, =l; < m; < [; and all repre-
sentations of the principal series are considered in this integral. But for the
cyclic (1), the integral (63) is nonzero only for Iy < I(aq) + ...1(cy) by the
product formula and orthogonality relations of the matrix elements of the
standard unitary representations of SU(2, C) (Peter-Weyl theorem) and the
structure (12) of representations (lp,l1). For example, from formula (19),
it follows that (e|h) = (u|lhu) does not depend on the angle coordinates
(0,,¢,,9,,7,¢), thus, for the kernel (g|h) = (gu|hu) corresponding to the
cyclic vector |u) and z > 1, the Fourier transform (63) is nonzero only for

é’lgzo?(’fi:m, independent of the angle coordinates, by the structure (12) of
the restriction of the representations (l,l1) of G to SU(2,C) and orthogo-
nality relations (Peter—Weyl theorem for SU(2,C)). Since for general g € G
of the form (3)

(lg=0,11=ip) __ sin(p))
Uo,o 0,0 ( ) ~ psinh(A) ?

then for the kernel (g|h) = (gu|hu) corresponding to the cyclic vector |u)
and z > 1, the only nonzero matrix element of K(lp = 0,1; = ip;z) is the
diagonal element

400
- txter / sinh(X) sin(pA)e M dx | (64)
0

K(lo = 0,11 =ip; Z)]

0,0 0,0
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and K(lp,l1 = ip;z) = 0 for Iy # 0, which, up to the constant factor
72, agrees with the weight K of the cyclic representation with the cyclic
vector x = |u), found in [4]. (The various constant factors come from the
free choice in the normalization of the invariant measure on G and of the
induced invariant measure on the Lobachevsky space G/SU(2, C), irrelevant
in our analysis.) The only nonzero element of the matrix K for the kernel
(62) is the diagonal element

[K (lo,ip; Z)} =

a

—+00
l
2 vy (0si0) 2 (lgin)
(33) e [ | 3 A V0 + 21 EBL WP O )
n=-—I|
0
xe PO 2 26inh2 A dX, (65)

where ae = (I, m) is the same which is present in (g|h) in (62) and in = = |e)
defining (g|h), and is independent of the azimuthal number m. To see
it, let 8 = (L,M) and v = (L1, M), with L < L; in (63). We decom-
pose the general argument h € G of the integrand in (63) in the form
h = uwju3g,,(AN)ug, according to (3), where u; = g¢,,(01)9,5(¥1)g,,(V1) €
SU(2,C), uz = ¢,5(¢)g,,(¥) € SU(2,C). We use the homomorphism prop-
erty of the matrices of the representations (lg,l1), the property (12) of
their restriction to the subgroup SU(2,C), and formulas (13), (14), to com-

pute each of the terms of (e, h), given by (62), with ¢ = e in (62) and
(lg,l1=ip)
UL,M Lqi,My

ant measure (4), we get, by performing the integration du; over SU(2,(C)
first, and using the SU(2, C)-invariance of duy

Kyioonn, = 47re? Z / T ,(U1)TAL4M,(ul)du1

m m
—1<m/<l
Sy SU(2,C)

(h). Inserting the integrand computed in this way and the invari-

L

< [T G0N, (00192 (9) sinpdpdd

L,M' Ly,M’

S2
+o0o

x / A u e (A)eHAethATD 72 ginp2 ) d
0

—|—47re2(—1)l§ Z Tfn 0 (ul)T:I M, (ul) duy
—L=M'<SLgy(a,0)
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< [T (o0, (5()910(0) sin g

SQ

—+00

2. +(lg,ip) — — .

X / 11B,, (V)] UL’(;Wle’M,()\)e #AcothA=1) 72 6inh? A dA.
0

Now we use the first one of the following orthogonality relations:

™ (a)Tff2 ny (a)da L

= 201+171 1o 5m1 mo 6n1 ng )

7’L1 7L1
SU(2,0)
1 lo .
/ Tm1 ny (913 (90)912 (ﬁ))TmQ no (913 (90)912 (19)) sin (pd(pdﬁ
SU(2,C)/st
_ 4 lilo lily  hlg
- 2l17-l;—1 mimo ning’ mm 5 9 (66)
where
Llz 941 Sl /. ple . .
Im1m2 =2 /Pml1 . (cos gp) Pm2 n (co&, go) sin pdy .
0
We obtain

—1<m’<l
L .
X /T;/ m(913 (©)915 (ﬁ))ij My (913 (©)912 (19)) sin pdedd
S2
400

x / A VU (e # A AD 22 ginp? A dA

L,m/ Ll,m’
0

+6l L 5M m 4ﬂe2(_1)liﬁ

< [T (0D, (90(0)9,0(0) sinpdiodd

1,0 L1,0

S2
+oo

X / LB, (V2T (A)e#AohA=D) 72 6inp2 A d ).
0
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Using the second orthogonality relation (66) with m; = mg, we obtain

2
_ 4me z
KL,]\JLl,]wl - (21.1_1) 66 51\4 6 l(S]\/Ilm
(l 1ip) _
! § /Alm,lm YU, 77 (A)e # et A 2 sinh? A dA
(l 1ip) _
Z/}l lo lOUZZ(A)e zAcoth A QSlnh2>\d)\

i.e., (65) as the only nonzero coefficient of the matrix K. Moreover, from

Gosti=ie) o019 orthogonality properties of

the homomorphism property of U
T , it follows that (65) is nonzero for integer ly only, and (65) is zero for
|l6n| B l(a), where for a = (I,m), l(«) = [. In particular, for a with [(«a) = 1,
the only possible representations (lg,ip) for which (65) is nonzero, are the
representations (lp = 0,11 = ip) and (lp = +1,11 = ip) = (1, %ip), p > 0, of
the principal series.

The integral (65) is convergent for z > 0 if |ly| > 0. It follows from the
fact that B, ;(\) tends to a nonzero constant for A going to infinity, compare
(33), and by the asymptotic behavior U (ZO =0 e (ol DX o infinity. This

is generally true for the integral (63).

As we have already mentioned, K is nothing else but the Hermitian
conjugation of the Fourier transform of the complex conjugation k of the
positive definite function k(h) = (e|h) corresponding to the positive definite
kernel (g|h) on G. From the invariance it easily follows

/<g|h> U (h) dh = U”O’”()/<e|h> v (n)ydh, geaq.
G G

Let f € L?(G). We have the following Fourier transform and its inverse on
G |10]:

Fflloh = ip) = / HU"™" ™" (9)dg,

400 1

f(g) = Z /Tr []:f(lo,ll :ip)U(lo,h:ip)(g) [22:5 dp

ZOZ—OO 0
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+oo
- /Tr [ff(o,zl =ipu """ (9)] £ dp
0
N Z / [}_f lo)1y = i )U<lo,l1:ip) (g)] l();,: dp
lo>0 00

where only the representations of the principal series are present here (recall

glo =yt ll)). The star denotes the Hermitian conjugation. Due to
the last three formulas and because the integral (63) is convergent (z > 1),
changing the order of integration is legitimate in deriving the following for-
mula obtained by inserting the inverse Fourier formula:

I = / dg dh {glh)f(h)F(g)

GxG

_ i /”P dpTr

lo=—1

max ()

X []:f(lo, ll = Zp)K(lo, ll = ip; Z)]:f,(lo, ll = Zp)*] . (67)

As we will show, only the contribution lp = 0 is nonzero for the kernel (62)
with [(«) = 1. Formula (67), valid if z > 1, gives the decomposition of
the cyclic representation with the cyclic (1) into the direct integral of the
principal series representations (lp, [1), each entering with multiplicity equal
to the rank of K (ly,l; = ip;z), which in this case is equal to 1. This is the
case for cyclic (1) with ¢ = 1 and, generally for q > 1, it follows from the
relations between the cyclic spaces proved in Section 5. The multiplicity
of (lp,11), equal to the rank of K(lp,l1 = ip;z), is equal to 1, because the
corresponding representation is cyclic. Positivity of the operator matrix
K(lp,l; = ip;z) (for almost all p) follows from the positivity of the kernel
(glh).

In passing to the domain 0 < z < 1, we first observe that also in this
domain, formula (67) remains meaningful, except for the term with iy = 0,
as the integral (63) is convergent for |lp| > 0. The integral (63) with lp =0
becomes divergent for 0 < z < 1, and so the term with [y = 0in (67) becomes
divergent for 0 < z < 1. Using the symmetry o= = U(lozo’fll), the
contribution with Iy = 0 in (67) can be written as
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+oo
b [t [FI.ip) K(0sip: 217 (0sip)'

—00

+oo
= / dgdh {gl)f () f(9) § / dp e (U (0K (0,5 20" (9)] |

GXG —o0

where the last integral 1/2 [dp... = [dpF(p,z) is treated (compare [4])
as a contour integral in the complex p-plane. In passing to the domain 0 <
z < 1 we are using the analytic continuation in z of the [y = 0 contribution.
Its correct construction is summarized in the following prescription [4]: we
replace the contour dp integral with the dp-integral in which the integrand
F(p, z) is replaced by its analytic continuation in the variables p,z (i.e.
we replace K (0,l; = ip;z) with its analytic continuation), then add to it
the sum of all residues of the analytic continuation of F'(p, z) multiplied by
2mi, which crosses the contour going “top down” when z is passing from
the domain z > 1 to the domain 0 < z < 1, and finally subtract the sum
of all residues of the analytic continuation of F'(p,z) multiplied by 24,
which crosses the contour going “down top” when z is passing from the
domain z > 1 to the domain 0 < z < 1. For the general a = (I,my),
-1 <my <1I,1>1,in (62), the only residues in the complex p-plane of
F(p, z) crossing the contour are located at +i(1 — z). At the same time, the
only poles in the complex p-plane of the analytic continuation of K(0,l; =
ip; z) which crosses the contour, when z changes the domains z > 1 and
0 < z < 1, are the simple poles, i.e. the residues at +i(1 — z). This is
generally the case for the kernel (g|h) corresponding to the general cyclic
vector (1), and follows from the fact that the functions Ulllo(’:jo behave at

infinity as ~ e~(l*DA in the coordinates given by decomposition (3), so

that the integrands of the particular contributions to the matrix element
of K(lp,l1 = ip;z), in the d\-integral, behave as ~ e~ at infinity, with
s=1—z+|lo|,1—z+|lo|+1,1—2z+|lo|+2, ..., for the essential contribution
which does not contain the A-factors, and s = z, z+1, 2+2, . . ., for the part of
contributions containing A-factors, compare our discussion below. Taking
these circumstances into account, the analytic continuation of the lg = 0
contribution in (67) has the form

+oo

/ dp%Tr [Fflo=0,l1 =ip)K(0,ip; 2) Ff'(lo = 0,11 =ip)*]

0

+Tr [Ff(lo=0,l1 =1—2)r(2)Ff'(lo=0,ly =1 —2)"] , (68)

where the second term coming from the residues is present only if 0 < z < 1,
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and where K(0,ip; z) is the analytic continuation of K(ly = 0,ip;z) given
by (63) or, in more explicit form, by (65), etc. k is a finite dimensional
positive definite matrix #,  which, in the case of the kernel (62), has only
one nonzero matrix element x_ ., with o being the same as the « in the
definition of the cyclic vector z = ¢fe~™5(|0) and in the invariant kernel
(62). In general, we have (68) and

k(z) = %27Ti res, _._. [%K(O,ip; z)}
. 2 .
—32mi res, . _., {Z"?K(O,zp; z)} . (69)

In (68) and (69), we have used the fact that the only poles of K (0,11 = ip; z)
crossing the contour are the simple poles at p = Fi(1 — 2).

Concerning analytic continuation, we perhaps should make the following
remark: Suppose we have an analytic function f of complex z in a domain
D C C. Let 2 be an open, simply connected, subset of C with compact
closure {2 and with a regular boundary I' = 9f2. Let moreover I" be an ori-
ented cycle, inducing orientation on {2 through the Cauchy integral formula,
so that 2 U I" compose an oriented chain. Let W be an analytic function
of complex p,z € D, except for poles, which has no poles in the p-variable
which cross the closed contour I" when z varies within a subdomain D1 C D.
Suppose that for z € Dy, f has a contour integral form

F6) = g [ Wp2)dp = Y indosves, W, W) = Wi(p.2) (70
r

k3

equal, by the Cauchy theorem, to the sum of all residues in {2, counted with
the indices induced by the orientation of I" (with residues, which should be
understood as residues of the one-form W dp rather than of the function
W_, in order for this construction to make sense on any Riemann surface).
It is obvious that the same integral is in general not analytic in the whole D,
and cannot represent f in the whole domain D, as for z going outside Dy,
some residues of the one-form W _dp, will move outside I', and others will
move inside I', causing the jump precisely equal to the difference between the
sum of the residues going inside and the sum of residues, which goes outside.
By definition, p lies inside or outside I', iff p € 2 or p ¢ (2, respectively.
In order to restore the analytic continuation of f(z) for z outside D;, we
need to add to the integral (70) all residues that come out, and subtract all
that come in, of course, all weighted with one and the same index fixed by
the chosen (2 U I'-orientation. In this way, we recover the initial sum (70)
of residues, which represented the integral (70) for z inside Dj, but now
with the argument z placed outside D;. That this sum represents analytic
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continuation of f immediately follows from the fact that the residua are, by
assumption, analytic functions of z. These considerations are valid for any
Riemann surface, not just for C. Passing to our case, our contour can be
considered as a closed contour on the Riemann sphere C U co. Next, we use
the fact that only a finite number of poles cross our contour when z goes
outside the domain D : Rez > 1, —e < Im 2z < e. We separate our analytic
function F': p,z — F(p, z) into two analytic parts: F' = W; + W, with W
containing a finite number of poles, including all poles crossing the contour,
and Wi, subsuming the rest of poles. W can be chosen in the form of a finite
sum of rational functions of the variables p, z (the reader will find specific
formulas below). Finally, we observe that the integral

—+o0
[ wite.2

with the poles of Wi separated from our contour, represents an analytic
function of z in the full domain Rez > 0, —e < Im z < €. To the part

—+00
/ W(p,2)dp,

we apply the same reasoning as to (70), because W, being a rational function,
can be lifted to a meromorphic function on the Riemann sphere. As for the
rule of signs, they are determined by the orientation of our contour and by
the Cauchy theorem. In turn, the orientation of our contour follows from the
construction of the integral [ dpF(p,z) through a one-dimensional version
of Stokes’ theorem, in which dp becomes the one-form, determined by the
coordinate (or variable) p, on the one-dimensional cycle (after adjusting co)
with the orientation of the cycle directed from —oco to +o00. This fixes the
signs in the invariant form independent of the choice of the open set {2,
which, when regarded as a subset of the Riemann sphere C U oo, can be
chosen as the upper open hemisphere (with Im p > 0) or as the lower open
hemisphere (with Imp < 0). For the upper hemisphere 2, the residues
in {2 get the index 41, and thus all residues have to be counted with the
weight +1 in the corresponding sum (70). Therefore, the residues coming
out of 2 (“top down”), have to be added. If we choose the lower hemisphere
for {2, the residues in {2 will get the index —1, and thus all residues in the
corresponding sum (70) have to be counted with the weight —1. Thus, the
residues coming in {2 (“top down”) have to be added, as before. We see that
changing the hemisphere does not change the rule of signs given above.
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We base our analysis of the cyclic representations on the general prop-
erties of the matrix elements of the kernel K of decomposition (67) and its
analytic continuation to the domain 0 < z < 1 for the kernel (g|h) associ-
ated to the cyclic vector of the general form (1). These properties are deeply
related to their analyticity. Before we formulate them, let us give explicit
formulas for the particular kernel (62) with o = (1,0) in (62). We compute
explicitly (65) for lp =0, @ = (1,0), and z > 1, and then compute the ana-
lytic continuation of such K (lp = 0,1y;z). We show that K (lg,l1;2) =0, for
llo] >0, z> 0, a =(1,0) in (62). As we have already mentioned, the case
of |lp| > 1, z > 0 follows from the orthogonality properties of the matrix el-
ements of the irreducible representations of the SU(2, C) group (Peter—Weyl
theorem). It remains to show that in the case of o = (1,0), K(lp,l1;2) =0
also for |lg] =1, z > 0.

We compute the analytic continuation first. Up to the overall factor ¢?
in front of (62) and (65) we have

. 7r4 z 7I.4 z 71'4 z
[K(0ip,2)], | =55 £u(p,2) + S5 (0, 2) + 25257 f(py2)  (T1)

for each a with I(«) = 1, where

“+o00

i — i —zAcothA
Floo) = [ (R (WY — cos(on)) <
0

f 2 (P y % ) =

+oo

/ [(p2+1)sinh>\sin(p)\)+2pcosh>\cos(p)\)—QCosh)\cothAsin(pA)] (AcothA—1)e~zAcothA d\
psinh?\ ’

0

f 3 (,0 )y % ) =

+o0

/[(p2+1)sinh)\sin(pA)+2pcosh)\cos(p)\)—2cosh)\coth)\sin(p>\)} (sinh(2X)—2))2e~#AcothA d\
psinh?\ :

0

We construct the analytic continuation in two steps. In the first step, we
construct a series of simple fractions which pointwisely (in the variables p, z,
within the domain |Imp| < €, z > 1 + ¢, for any positive €) converges to K.
In the second step, we prove the absolute and almost uniform convergence
of this series for (p,z) € C x C, which proves that indeed it represents the
required analytic continuation of K, regarded as an analytic function of the
two complex variables p, z. We do it separately for each integral fi, fo, f3
using a method which can be applied to more general K associated with
cyclic (1). In order to illustrate the general method used in the first step,
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let us consider the simple integral

+oo

fo (z) — / e—z)\coth)\ d).

0

Then we use the new variable ¢ = e—?*

following

, which converts the integral into the

1

% / exp [1252{;2 lnt} dt,

0

in which the function of ¢ in the argument of exp is bounded over the closed
integration interval [0, 1]. Because the exponential series is uniformly con-
vergent over any bounded domain, and the integration domain is bounded,
then insertion of the exponential series and changing the order of summation
and integration operations is allowed

. 1 t2/z
Zn,/ 2 nt "t

In the last integrals we use the new variable s = —Int, which, eventually,
after simple rescaling of the variable, converts these integrals into

1 +oco
2/z _
/ 12tt2/zl t dt ( )n n+1 / Sne (2n+z)s (1—61725)’” dS .
0 0

In this integral, we use the convergence

o0
k—l—n 1 —2ks
1 —e— 25 n
k=0

for all s > 0. Finally, the Lebesgue-dominated convergence principle is
applicable to the last integral with the above series representation of the last
factor in it, which again allows for changing the integration and summation
over k. Therefore, using the identity

—+00

nl = /s"e_sds,

0



6-A3.36 J. WawrzycKI, T. WAWRZYCKI

we finally get

+00 +0oo +00

_ l 2 : § : k+n 1 (—22)" _1_9, (2m—z)m—1
z (2k+2n+z)"+1 Tz (2m-+z)m+1
n=1 k=0 m=1

where in this case, the absolute and almost uniform convergence of the
double series is easily seen, and which allows reorganized summation (first
with respect to all pairs (n, k) for which n + k = m and then with respect
to m) giving the last equality. Exactly the same changing of variables, with
the same argument, allowing for changing the order of integration over a
compact set and summation for uniformly convergent series, and dominated
convergence principle, is applicable to our general integrals (including f,,
k=0,1,2,3)
+oo

F(pr2) = / 9(p, 2, Ao ) (72)
0

representing matrix elements of K, and thus, Tr K, associated with general
cyclic (1) in which the function g can be represented as

a+, APe=IPreiPA g™ APeTIpAe—ipA
D,Jp

p>0,jp>—1L PP

g(pa Zv )‘) == (1_0—2>\)q+1 9 (73)

with integer ¢ > —1 and finite sum over integer p > 0 and j, > —1, and with

a:j being polynomial functions of p, z. The coefficients a:j and powers of
»Ip Jp

the exponent e~ are such that ¢ is analytic in p, A, which, in some nonempty
domain |[Imp| < €, Rez > 1 + € of the convergence of the integral, it has
no singular points and the asymptotic ~ e}, s < 14 ¢ in A at infinity,
so that the zero of the order of ¢ + 1 in A at A = 0 in the denominator
cancels out with the zero of order > ¢ 4+ 1 of the numerator, and the above
construction of the series expansion for (72) can be applied. Indeed, (29),

(30) and the matrix elements (35), (46) all have the form (73) with a®  being
P,Jp

polynomial functions of p, z, divided by the common polynomial pQ(p) in p,
coming from the matrix elements (46). Their products, containing at most

one factor (46), again have the same form (73), with a;tjp being polynomial

functions of p, z, divided by the polynomial pQ(p), coming from the matrix
elements (46). But any matrix element of K corresponding to a cyclic (1)
is given by the integral (72) with g equal to a finite sum of products of
the functions (29), (30), (35), (46), and sinh?), with the factor of the type
(46) entering each summand exactly once. Thus, g in (72) representing the
matrix element of K has the form (73), divided by the polynomial pQ(p).
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For (73), the integral (72) has the following series representation:

+00 +00 +00 +00
k
F0.) =303 boa(pr ) = 303 (—22)n (Hnta)
n=0 k=0 n=0 k=0
+ —
a . (n+1)...(n+p) a . (n+1)...(n+p)
X Z Gt t @it |0 (74)
p=0,jp=—1

where the product (n+1)...(n + p) is by definition equal to 1 for p = 0.

Returning to (62) with I(«) = 1, we observe that the integrals fi, fa are
convergent for all z > 0, so they will have no contribution to the residue
crossing the contour.

Lemma 1. Fach of the double series (7] ), representing matriz elements of
K, is absolutely and uniformly convergent on any closed domain in C x C of
the complex variables p,z in which |j, + z Fip| < R, for any finite R > 0,
except eventually the finite number of terms of the series, which have a pole
in this domain or at its boundary. In particular, the series (7/) representing
K are analytic functions of p, z, having poles of finite order, without essential
singularities.

Proof. We ignore in the proof the common factor —le(p), coming from U,

in b, , (p,z), which is irrelevant for the convergence claimed in the lemma.

General term bn,k of the series is of the form

(=22)"("FrEa [, (75)

where dots denote the corresponding finite sum of simple fractions with
denominators (2k + 2n + j, + z Fip)" P, p=1,2,...,p,... Let us replace
the expression 2k + 2n in each denominator with a variable x. Then, after
reducing the sum in [...] to a common denominator D, b, , can be written as

(=22) (V1) [

with some polynomials N and D. If
degree [D(z)] — degree [¢"TIN (z)] > 2, (76)
with %9 in the second term coming from the estimation
n\k n ne\k
(7)< () <) (77)

then the remainder, counting all terms of the series [b, | with n + k > R,
is easily seen to be bounded by a remainder of a convergent series with the
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bound independent of the particular choice of p, z in the assumed domain.
The degree condition (76) can be checked “by hand on paper” only for the
simplest double series, e.g. the first three simplest subseries in f3. It would
be difficult to check it “by hand” even for some of the subseries in f3, and
for the general term of the series (74). But we can use the observation:
the condition (76) follows from the pointwise convergence of the series in
the domain |Im p| < €, z > 1, where the integral, represented by the series,

is convergent. In this domain of the variables p, 2, |b, , (p, 2)| goes to zero
1 1

n? (nt+k+q)*"
integral representation (72) of the series (74). Then b, , (p, 2) is given by the
Laplace integral

faster than Indeed, let [(p, z, A) be the numerator of g in the

+o00
bn,k(ﬂa ) = (—725)” (k::l_j]-q) / [(p, 2, )\) A\~ (2+2n+2k)A dx,
0

in which [ has zero of the order of > ¢+ 3 at A = 0, and, thus, [- A" has
zero of the order of > n + ¢ 4+ 3. Therefore, we have the asymptotic ([18],
Theorem 1, p. 398)

n,k—+o0 1 (_22)” k+n+q
bn,k (p,Z) - (z+2n+2k)r+at3 — nl ( n+q )7

if p, z are in the domain of pointwise convergence of the integral (72). Using

this asymptotic and the estimation (77), it is easily seen that [b, , (p,2)|

1

goes to zero faster than —; ik if p, z are in the domain of pointwise

TR
convergence of the integral (72). Using this, we proceed as follows. Let
L, be the coefficient of degree d of the polynomial L(z) = 2"T2N(z), with
d > degree [D(x)] —1. We observe that if L, # 0, the components b, , would
be going to zero slower than 1/k3 for each fixed n-contradiction. Therefore,
L, = 0 for all z > 1, in the domain of convergence of the integral. L,
has the form of a polynomial in p, z. For each fixed p, L, is a polynomial
in z, with coefficients polynomially depending on p. A polynomial can have a
continuum many zeros only if it is identically zero. Thus, for each [Im p| < €,
all coefficients of the polynomial L, in z, depending on p, are zero. Therefore,
L,(p,z) = 0 identically for all p, z € C. O

We have finished the construction of the analytic continuation of K (0,
ip; z) applicable generally to all K (ly,ip;z) corresponding to cyclic (1).
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Now, we show that, in the case of I(a) = 1, K(lo,l1;2) = 0 also for
llo] = 1, and for all z > 0. Up to the overall factor ¢? in front of (62) and
(65), we have

+oo
[K(1,ip, z)]aa = /g(p, z; A)dA, l(a)=1
0

convergent for all z > 0, with the integrand

) _ opter (Sinh(?)\)—Z)\)(—ZSin(p)\)+2p25inh2)\sin(p/\)—i-psinh(2/\)Cos(p)\))
g(pv zZ3 >‘) - p(;r2+1) [ sinh?\

. 2 —ZACO
+ (8()\coth)\ —1)—=z (%) ) (cothAsin(pA) — pcos(p))) ] %
which has the antiderivative of the form

Glp 2 A) = ghmieiye o [sin(ph) 4 AeEnlon

—coth\ (pcos(p)\) + A;f}fé’i)) } +C,

with C' being arbitrary constant. Since

imG(p,2;A) = lim G(p, 1) =C,

then
“+o00

[K(l,z’p,z)]a L= / g(p,z;\)dA =0,
0
for all z > 0, p € R and (o) = 1. Since this holds both, for non-negative
and negative p, and because Ut = U(_l’_m, we have, therefore, shown
that the Fourier transform K (ly,ip,z), i.e. (65), of the kernel (62) with
l(ar) = 1, is equal to zero for all z > 0, p > 0, |lg| > 0. Now, we are ready to
formulate

Lemma 2. Let (g|h) be the kernel (62) with l(«) = 1 and f, f smooth

functions of compact support on G. We have the following decomposition
valid for all z > 0:

(1) = / dgdh (gl) £ (h)F(g)

GxG
+o0

= / o0 T [FF(0,ip) K(0,ip;2) Ff'(0,ip)7]
0

42Oy [Ff(0,1 - 2) & Ff(0,1—2)"], (78)
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where the last term is present only if 0 < z < 1, and where the only nonzero
component of the matrix K is the component k, , = 1, and similarly the only
nonzero component of the positive matriz K (0,ip; z) is the component (71)
with f1, f,, f, given by the above sums of absolutely and almost uniformly
convergent, in p,z € C, series.

We have also proved a lemma more general than Lemma 2, valid for the
representations with cyclic vectors (1), but in general, decomposition will
also contain non-spherical representations:

Lemma 3. Let (g|h) be the invariant kernel of the representation with cyclic
vector (1) and ¢ =1, a3 = a. Then,

I = / dgdh {glh) f(h)F(g)

l(a) +0o s o
= > / dp S Tx [Ff(lo,ip) K (lo, ip: 2) F f'(lo, ip)*]
lo=—I(a)
+Tr [Ff(0,1 - z) k(z) Ff(0,1-2)*], (79)

with the sum over integer ly. The last term is present only if 0 < z < 1.
K(lp,l1 = ip;z),k(z) are finite dimensional positive definite matrices with
the only nonzero coefficient K, ., k,, ., analytic in p,z. The nonzero matrix
element [K(lo,l1 = ip; 2)]_ _ is given by the absolutely and almost uniformly
convergent, in p,z € C, series of the general form (74), divided by pQ(p),
where Q(p) is the polynomial in p, coming from the denominator in formula

(46) with I =1(B),l' =1(7). k(z) is given by the residue formula (69).

3. Relation between the cyclic representations.
Example of cyclic ¢ = |u) and = = CI0|U>

From Lemma 2 it follows that the representation with the cyclic vector
z = le) = cte™™3®)|0), and with o = (1,0) decomposes into direct integral
of the spherical representations (lp = 0,l; = ip), p > 0, of the principal
series if z > 1, and, in addition, it has the supplementary component (ly = 0,
l; = 1—2z) entering as a discrete direct summand, if 0 < z < 1. The absence
of non-spherical representations in Lemma 2 independently follows from

Lemma 4.

+
clyo|u> € HM .
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Proof. Let U(g,;(A)) = U(X). From the Baker-Campbell-Hausdorff for-
mula, commutation rules (5), (6), and the second transformation rule in (7),
we get

UN)|u) = U(A) o)

2
= e 87|—||B()‘)H ZnS exp %Zl: ( )C:_O ‘O> (80)

Differentiating (80) at A = 0, we obtain a nonzero vector proportional to
cylu) € H,,,, due to the expansion (31). O

Lemma 4 can still be strengthened using orthogonality relations of the
matrix elements of the representations (lg, 7).

Lemma 5. The representations with cyclic x = |u) and x = cf0|u> coincide.

Proof. We “smear out” the Lorentz transformed cyclic state |g) = U (g)cf’0 |u)
with a function f, Fourier transform F f of which has prescribed support. In
fact, in the case of z > 1, we can use generalized state f with a single-point
support {(lp,l1)}. Namely, we first consider

=/f(9)19>dg, f(9) Z/Ué,l(?:fgll:ip)(g) dp, I, =[p—¢/2,p+¢/2].

€

This state, decomposed accordingly to the last lemma, has nonzero decom-
position components only at (lo,l1) = (0,ip), p € I_. Next, we compute

+o00o

. A7 /2fe 7y r(o=0.ip) —zAcothA _: 1.2

ll_r:% Llulf) = /Bl,O()‘)Uo,o o (Ae sinh® A\dA, (81)
0

obtaining analytic function of p, z of the same kind as the matrix elements
of K, if we ignore the, irrelevant here, factor 477/2,/ze*/5 in front of the
integral (81). We have used z > 1, allowing for echanging the e-limit with
integration (dominated convergence principle), commutation rules (5), (6),
transformation rule (7) and orthogonality (66). (86) can be represented by
almost uniformly and absolutely convergent double series of finite sums of
simple fractions of the general form (74), divided by the polynomial pQ(p)
in p, and which can explicitly be computed with the general method given
above. This function has the property that it is not identically equal to zero
as a function of p for each z # 0, in particular for each z > 0, understood
as the analytic continuation for 0 < z < 1. This can immediately be seen
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from the value of the residues of (86) at p = +i(z — 1), which, in turn, can
easily be read off from the general series (74) representing (86), with the
irrelevant factor in front of the integral in (86) ignored. Being analytic, it
is, for each z > 0, nonzero for almost all p. Therefore, the decomposition

component of the projection of the state |u) on the domain H " of the
0170 u

cyclic representation with cyclic vector ¢ |u) is nonzero for (o = 0,1; = ip)
with almost all p. It means that the subspace spanned by the spherical

representations in H is contained in H, if z > 1. In the more gen-
C1’0 u

eral case of z > 0, it means that the subspace of H ) spanned by the

CTO'”
spherical representations, which is orthogonal to the sﬁbspace spanned by
the supplementary series, is contained in the subspace of Hy orthogonal to
the subspace spanned by the supplementary series. Analogously, we “smear
out” the state |g) = U(g)|u), and consider the “smeared” state

5= [Holods. 1= [VITT @ L=lo—e/2p+ /2

1,

€

with the corresponding projection function

—+o00
: A7"/2, [ze* (lp=0,ip) —2)\co .
11_r)1(1)%<u|cl’o|f> = —f/BLO()\)ULgO’OP (A) et A ginh? Ad X, (82)
0

and show that the decomposition components of the projection of the state
cio\u) on the domain #  of the cyclic representation with the cyclic vec-
tor |u) are nonzero for almost all p in the decomposition found in [4] (with
the parameter p denoted by v in [4]). It means that the subspace of H.,
spanned by the spherical representations, which is orthogonal to the sub-
space spanned by the supplementary series, is contained in the subspace
of H | X orthogonal to the subspace spanned by the supplementary se-

cLO\u
ries. Therefore, the spherical parts of the representations with cyclic vectors
+ ha ,
clyo'\u) and |u), orthc?gopal to the bubbpages spanned by thg supplementary
series, do actually coincide for all z > 0. Since the non-spherical components
of these cyclic representations are zero, these representations do actually co-

incide if z > 1. From H ) cH, and Lemma 2, it follows a still stronger
Cl 0 u

statement, that they coincide for all z > 0. O

This is the method that we apply to the analysis of cyclic representations
with cyclic vectors (1) and for their comparison.
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Let us remark that, in principle, we can use the analytic continuations
of the projection functions (81) and (82) to compare also the supplementary
components, without adhering to the expansions (80) and (31). To this
end, we continue analytically (81) and (82) to the value p = —i(z — 1) or
p=1i(z—1), with 0 < z < 1. The subtle point is that these values of p are,
in general, among the places where the projection functions (81) and (82)
(and their analogues with ¢, ; replaced with ¢, ;) have residues. This reflects
the fact that the matrix elements of the supplementary series are not square
summable on G, even after integration over the continuous parameter of the
series. Equivalently, the “smeared out” state, |f), as it stands in (81) and
(82), is not normalizable for the values of p lying in neighborhoods of the
points +i(z — 1), with 0 < z < 1, understood as the analytic continuation
of the above-given formula for |f). This shortcoming can be, as can easily
be seen, repaired by multiplying the state |f), or the “smearing” function f,
by (p + i(z — 1)) or, respectively, by (p — i(z — 1)), which removes the
corresponding singularity and gives a normalizable state |(p£i(z —1))f) in
a vicinity of the corresponding p = Fi(z — 1). In other words,

Remark 1. For the cyclic representations with cyclic vectors, respectively,
x = |u) and x = ¢, olw), the mutual projections of the supplementary com-
ponents are nonzem and thus these components coincide, iff the residue at
p=—i(z—1) oratp=i(z—1), with0 < z < 1, of the analytic continuation
of the projection functions, (86) and (87), is nonzero.

In the next section we show that these residues are all nonzero.
Instead of calculating these residues, we can still use yet another method.
Namely, in [9], a spherically symmetric normalized state

lu,00) = lim ¢, / day U(a1)U(N)|u)

A—+400
SU(2,0)
was constructed, well-defined for real z if and only if 0 < z < 1, and lying
in the supplementary component of M with the normalization factor c,

equal to

c. = +/2sinh A

A 2 /2
|:f dx sinhxefz(zcoth zl):|
0

Instead of calculating the residues of Remark 1, we can calculate projections
of the Lorentz transforms U(o)c;’ Ju) € H " of the cyclic vectors ¢ Ju)
) Cl 0 u )

on the normalized bound state |u, 00). Here; U(o) =U(gos(0)).

Lemma 6.
+ _
(u, 00U (a)c/  |u), l=1,2,..., 0<z<1

is nonzero for almost all hyperbolic angles o.
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Proof. Tt is not difficult to show that the one-parameter group o + U(o)
is strongly continuous. Because by construction, |0), e*()|0) belong to the
domains of polynomials in c , ' =1,2,..., then also c;ro\u> belongs to the

domain of M7, n € N, compare 8, 11], and beginning of Subsection 2.1.
Using (5), (6), (7) and the exponentiation U(c) of iocM,,, we show that
h,(0) = (u, oo\U(a)c:ro\u) is an analytic function of o, given by a power
series around ¢ = 0 with the covergence radius R > 0. Let |u;) = c:“0|u>.

Using (5), (6), and (7), we obtain analytic function
hyy (o) = (w|U(o)|w) = wze 7O ldr 4 (—1)"71B, (0)?|,  (83)

represented by a power series around o = 0, with the convergence ra-
dius equal to 7. By theorem 13.35 of [20], d"h,,/do™(0) = " (w| M, |uy).
Because the power series i, has the convergence radius m, we see that
lim sup (¢ / n!)/™ = 1/x, on using the Cauchy-Hadamard formula for the

n—-+00
convergence radius of a power series around o = 0, where ¢/ = |(u| M7 ug)|.
By the Cauchy—Schwartz inequality

e = |y 00 Myur)| < [[u, o0 | - Gl MEMur) 2 = (| MEF)] 2 = \ e,

2n

From this, and by Stirling’s approximation formula,

1/n
lim sup (¢, /n!)"/™ < lim sup (\ /c;n/n!)

n—-+o0o n—+o0o

= 2lim sup (¢, /(2n))"/") =2/x.

n—-+oo

Thus, by the Cauchy-Hadamard formula, the convergence radius R of the
power series around o = 0 for h__, is greater than /2.

To show our lemma, it is sufficient to determine the lowest-order terms
in the expansion of h_, = (u,00|U(0)c/ |u) with respect to o at o = 0,
and show that they are nonzero. In fact, it is sufficient to determine the
lowest-order term and the behavior of h__, at 0 = co. Using the expansions
(16), (31), and (80), the first transformation rule in (7), (66), and (33), and
the product formula

l1i+l2

1 Z l ln
Tml ny ((I) mo nQ Z ll my lg,mg ™ m n(a)Cll,nl lg,no ’

I=|ly —la| mn=—1
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with the Clebsch-Gordan coefficients C'" , and (16), (31), it is not

l1,mq lg,mg

difficult to see that the contribution of the lowest [-order term is equal to

(u, 00U (0)c |u) = sgn(n)y/my/z(1—2)b,, [1 tr,()z. .+ (l)zl] ot

(84)
where the dots denote terms of the order of > [ in o, and where
!

n =Y ()G =17 -v+2),

Jj=1

1-21—j—-1 1 1
} : (1) zebl2 i —j—lo%—3j,1,0

Lp

ie 1

1\
Tz(l) = 51311422

o~
—_

2=

><2\/ —5)+ 2ot 1 \/ 20— lQ 1
(GG J+1) l2(l241) —j—l2)(I—j— l2+1)

(o i ) fiptonty
% zJOLQOLJZQOzJozzolJlQO / o (@)

(4me2)3

—2
7=0
2(1

da,

ey En(E) e 3\ 72
r, () = (—2)24l—T 15 —2 l(l—JO—rl)Q\/7<2 2)

e 1

o <“‘Cl,oc2,o(cl,o) Cfoc;o (Cfo)li |“> /Tjo(a)(Tolo(a))l2Tl (a)

(4me2)! 4m ——da
52
Syt (E) e, 20—1)+1 5\ 7!
+(l(—1)!)24l_1 : zlcbl Tiotuio 2 ((lfl))l (2 5)
_ l 1
<u‘cz—1,o(01,o)l l+10 Iro ‘" (T Y= 1T ()
X (4me2)! da,
_ (=1 20+1 5\
r(l) = (1!24)1 G lb) 2 l(lj—rl) (2 5)
u\c’ (c,) et lu T (a lTl a
ety lgfad) [ Goeftin,

S2
with 7 — the Euler gamma constant, ¢ — digamma function. Here, b,
the coefficient of the lowest order in the expansion of B, ;()) at zero, and thus
is equal to (32) multiplied by w,a = ¢,,(1)g,5(¢),da = sin pdepdd.

A closer look at r, (I) shows that r,(I) are all negative and r, () - —oo if
[l —o00. Forl=1,...,4, we have
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l R(z)=1+r,(Dz...+7()2 roots € (0,1)
1 1—2/2 no roots
2 1—52/6—322/8—23/6 10 roots
3 1-132/12 — 322/8 — 23/24 ~ 0.726
4| 1—772/60 — 7122/120 — 723 /60 — 24/120 | ~ 0.596

Starting with [ = 3, R, has exactly one root in this interval, approximately
equal to —1/r, (1) for large [, and converging to zero if [ — co.
To prove our lemma, it is sufficient to show, moreover, that

Jim e, (u,00|U(0)¢], |u) = sgn(n)Vavz(l - 2)°2, /2,

k k k
o (l I |e o IL[et o]0 #T1 T, (@)
JuSr 5 frjey) Al e A "
k=2

l,.lg=17j=1 52

— VAVEL- 2 [ 14 5 + £ D (%)

is nonzero in the interval z € (0,0.73). Using the asymptotic properties
of the Clebsch-Gordan coefficients, it can be shown that 0 < w, < 1
in the series (85), so that (85) is absolutely convergent for 0 < z < 1,
which legitimates exchanging the summation and transition to the limit,
in obtaining the formulas (84) and (85) (averaging over SU(2,C) inter-
venes substantially). The coefficient w, = 1/2 can be easily exactly com-
puted, and we have estimated numerically more accurately the coefficients
w, A 32/375,w, ~ 259/4000, so that

o
1+ Z(—l)kwkzk > 1+ % — w23 w2t — fj

z

2 3 4 5
>1+4+%4 -2 4 2% 2 50 for 0<z<0.77.

z

O]

From Lemma 6 and Lemma 3, it follows that the supplementary com-
ponent of the representation with cyclic vector cjﬂu} is nonzero for each
[=1,2,..., and each of these supplementary Compbnents coincides with the
supplementary component of the representation with the cyclic vector |u).

To implement generally the method used in the proof of Lemma 5, we
prove, in Section 4, that the functions (65), and the analogues of the pro-
jection functions (81) and (82), joining the cyclic representations with cyclic
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vectors ¢ |u), ¥, Ju), are nonzero functions of p for each positive z, if
min(l(a),l(c)) > 1.

The case I(a) = 1,lp = 1, in (65) is exceptional. The cyclic representation
with the cyclic vector ¢f|u) and with I(a) = 1 coincides with the represen-
tation with the cyclic vector |u). This makes it exceptional among the cyclic
representations with cyclic vectors ¢'|u). As we have seen, (65) is an iden-
tically zero function for (o) = 1 and Iy = 1 in (65), and the representation
with the cyclic vector ¢t|u) and I(a) = 1 decomposes into purely spherical
representations, which is an exceptional property coming from the theory
[3]. This is why we have treated the case with (o) = 1 in (65) explicitly.
To investigate the relation between the representation spaces of representa-
tions with cyclic (1) in which q > 1, to the representations with cyclic (1)
in which q = 1, we use the expansions (80) and (31), as in the proof that
cffolu) € HM, given above, which allows us to reduce the problem to the
mutual relations of the representations with cyclic (1) in which q = 1, i.e.
with a cyclic vector of the form ¢ |u).

4. Poles and asymptotic of Tr K and projection functions

For the proof of our theorem, we need the projection functions of the
cyclic vectors — the analogues of (86) in which we replace the cyclic vectors
lu) and ¢ |u) with the more general cyclic vectors of the form c|u) and
the components 0,0 x 0,1 in the “smearing” with arbitrary components.

Namely, the first class of projective functions we need, connect the cyclic
representations with cyclic vectors, respectively, equal to x = |u) and z =
c:ro |u), in the sense explained in the proof of Lemma 5 . Thus, they arise by
replacing the state |g) = U(g)c] |u) with |g) = U(g)c/ u) in (81) and with
the “smeared” state '

(z =0,11 =ip) . .
~ [1@lada. £(s / O ) dp, L= [0 50+ 5]

and we introduce the following projection function

“+o00
lim L(ulf) = dn e / B, (U, " (A) e~ ginh? A, (86)
0

For the comparison of representations, we also need the corresponding pro-
jection function with the cyclic vectors reversed. Namely with |g) = U(g)|u),
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and with the “smeared” state

= /f(g)|g>dg, flg) = /Uz(,loo_o(;l;_ip)(g) dp, IL=[p—5%p+5]

1

and the projection function

lim £ (ule | f) = AnTNEE () / B, (WU, (A) e sinh? XA

(87)
But for each fixed z, (86) is a nonzero function of p if and only if (87) is a
nonzero function of p, and we need to analyze only one of the two (86) and
(87). The same is true of the residues of (86) and (87) at p = —i(z — 1), or
at p=i(z — 1), with 0 < z < 1: the residue is nonzero for (86) if and only
if it is nonzero for (87). We need the second class of projection functions,
which connect the cyclic representations with cyclic vectors, respectively,
equal to z = cj, lu) and & = c¢t|u) defined in the analogous way. Namely,

let |g) = U(g)ct |u) and z > 1. Let us consider

~ [1@lag. )= [V @, 1= o= 5.0+ 5]

s B
1

and the following projection functions:

—+00

6 (4me)?e® ! (1g.ip)
,6 a9s7 o1 7y e —_ 0stP
11m E<u|co‘|f> W [ Z Alv” n ()\)Ul,n U'n ()\)

+

AN

T =~ N lg,i _
(—1)l1Bl,,0()\)1Bl70()\)Ul(70°lff)(>\)]e A 726nh2Adx,  (88)
where a = (I, m), o/ = (I';m/), | <1I'. Again, we have used in (86), (87) and
(88), the fact that the integration and passing to the e — 0 limit operations
can be exchanged if z > 1, by the dominated convergence principle, and
where we have used (66), commutation rules (5), (6), and transformation
rule (7). (86), (87) and (65), (88) are analytic functions of (p,z) € C? and
(up to the factors in front of the integrals) can be represented by almost
uniformly and absolutely convergent double series of finite sums of simple
fractions of the general form (74).
We first note the following.
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Lemma 7. The residue at p = —i(z—1) oratp =i(z—1), with0 < z < 1, of
the analytic continuation of the projection functions, (86), (87), is nonzero
foreachl=1,2,....

Proof. We need to analyze only (86). Having given (55), (29), and (30), we
represent the function g of the integrand ge=**°°*™ in (86) in the general
form (73) with the analytic continuation of the integral in (86) given by the
corresponding series (74). It is easily seen that the residue of this series at
p = —i(z — 1) or, respectively, at p = i(z — 1) is equal to

ia;il(p = —i(z — 1)) or, respectively, ia;ﬁl(p =i(z—1)),

where az_l(p) are the polynomials in (73) and in the series (74) equal to
the analytic continuation of the integral in (86). In these formulas for the
residues, we ignore the factor in front of the integral (86). We will bring it
back at the very end of the calculation. Using formulas (33) and (55), we
get the following values:

+1
e32n" /% fze il

1
\/l(l+1) ljo(—i(s+z—l)) j:2

I+1

- 8871'7/2 /ze?it H(z . ])
l )
VU(141) Sl;[o(—i(s—z-i-l)) j=2

(z—j) or, respectively,

for the residues. It is evident that they are nonzero for each 0 < z < 1 and
l=1,2,.... O

Lemma 8. (65) is identically zero function of (z,p) if l =1lp = 1 in (65).
(88) is identically zero function of (z,p), if l=1ly=1orl' =1y =1 1in (88).

Proof. The first statement has been already proved in Subsection 2.4. Be-
cause (65) is identically zero function of (z, p), if [ =1y = 1 in (65), then by
definition, the projection functions (88) must be identically zero functions
of (z,p),ifl=1=1ly=1o0rl =1y =11in (88). (Compare the proof of
Lemma 5.) ]

One can also convince himself of the validity of this lemma for particular
values of [ or I’ with [p = 1 and [ = 1 or I’ = 1, by explicit calculation.
In these cases, the integrals (65) and (88) are elementary and have the
primitives which are in the same class (73), multiplied by e™**°*hA as the
integrands themselves in (65) and (88), with the primitives which have the
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same limit value at zero and at infinity, thus giving identically zero values
for (65) and (88).

We show that for all remaining cases, (65) and (88), with a = 8, o/ = 8/
in (88), are, for each fixed z > 0, nonzero functions of p, i.e. in this section,
we give a proof that (65), (88), and (86) are, for each positive z, nonzero
functions of p, except for | =1’ =1y = 1 in (65) and except for l[p =1 =1
or l[p =1' = 11in (88). Since the common factor, equal to the inverse of
the polynomial pQ(p), and coming from the denominator in formula (46), is
nonzero for all real p, we ignore this common factor ﬁ(p) in the proof, and

the factors in front of the integrals in (65), (88), and (86). We give here a
short outline of the proof. First, we show the statement that, under these
restrictions, and any finite positive z, (analytic continuation of) (65), (88),
(86) will have nontrivial poles, i.e. with nonzero coefficients L,, ,(z) in the
Laurent series, for which the distance m + z of the pole from the real axis in
the complex p-plane is arbitrarily large, the order s of the pole is arbitrarily
large, and the ratio m/s of the distance m to the order s is arbitrarily large.
In fact, we put m = s? with the order s going to infinity. We prove it in
Subsection 4.1. As we have ignored the factor m, and the factors in front

of the integrals, the Laurent coefficients L,  (z) are polynomial functions
of z. We compute the asymptotic form of the polynomials L,, ,(z) equal to
the Laurent coefficients for large m, s,m/s, and show that for each z > 0,
they are nonzero for large m, s, m/s, if min(l,1") > 1 or ly # 1. This proves
that (65), (88) and (86), are nonzero functions for each z > 0, except for
l=1=1y=11in (65) and except for [y =l =1orly =1 =1 in (88). In
these exceptional cases, (65) and (88) are identically zero functions of z, p.

4.1. Asymptotic of the Laurent coefficient L,, ()

The integrals in (65), (86) or (88), regarded as functions of p, z, have the
asymptotic expansions of the general form ([18], Corollary 1, p. 408)

+oo
Z/_>\+30 e—Z Z CnZ_(n+1)/2 (89)
n=ng

with ¢, depending rationally on p, and with ng greater than or equal to the
order of zero of gy at A = 0, where g(p, z, \) = X}_,2%gi(p, A) in the integrand
in the general form (72) of these integrals. More generally, the integrals (72),
giving, up to the factor e*, the matrix elements of the Fourier transform (63),
have the asymptotic (89). Here, we ignore the factors, respectively,

4me 2 z NS dg aéﬂl a,(47‘re)2ez 90
2+1) © 2+1 or S CIES (90)
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standing before the integrals in (65), (86) or (88). Therefore, in order to
obtain the asymptotic of the full expressions (65), (86) or (88), we need to
multiply (89), respectively, by (90). Similarly, we need to multiply (89) by
e” in order to obtain asymptotics of the matrix elements of K.

Applying Corollary 1, pp. 407, 408 of [18] to each integrand g¢;(p, A)
separately, and using the expansions (57)—(60) and (31), it is easily seen
that for appropriately large z, (65), (86), and (88) are nonzero functions
of p, if I > 1 in (65) and min{l,!’} > 1 in (88). Therefore, only in the
mentioned exceptional cases, these functions can be identically zero.

We represent (65) or (88) or, respectively, (86), in the form (72) with
the integrand (73), with common denominator (1 — e~?*)9%1 with ¢ equal
41,2(1 + 1), or 21 — 1, respectively, for (65) and (88) or, respectively, (86).
Using the parities of jp, j in (39) and (56), we can easily see that the parities
of the integer numbers j, > —1 in formula (73) representing (65), (88) or
(86), are the same as the parity of the number ly — 1, where [y is the number

in U"" in (65), (88) or (86). In what follows, we ignore the common factor
ﬁ(p)’ coming from U and the factors (90) in formula (73) representing
(65), (88) or (86).

. . +
Let us introduce the coefficients a, . .
sJIps

+ . + k
ap,jp (p) - Zap,jp,kp

k

of the polynomials

in (73). In the formula of the integrand (73) in (65) or in (88), we collect
all terms a:j .» containing linearly the parameter z, which represent the
»Jps

second summand of the integrand in (65) or (88), containing z as a factor,
and denote them with the prime

+ =

a . =zZa .
p,ip.k p,ip.k

. + . .
and all remaining terms a . . without z, and coming from the first summand
sIps

of the integrand in (65) or (88), let us denote with the double prime

+ _o*

a . . .
p.ip.k p.ip.k

The coefficients will be denoted simply by a:j ., Without any primes, in
»Jps

the formula for the integrand (73) in the integral (72) in (86). Note that
p = 0,1 or 2 for the single primed coefficients, and p = 0 or 1 for the double
primed in (73), representing (65) or (88), and p = 0 or 1 for aijp in (73)
representing (86).
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Using the fact that f, is of the first-order, and f, is of zero order at A = 0
in formula (39) for B, ,(A) and 4, ~, (), and formulas (47), (48) for the
coefficients of the maximal order in p in the numerator of (46), we easily see
the following order behavior of the function in the numerator of (73). The
sum of exponents of A, regarded as a function f(A) of A, multiplying the
monomial A\°p"™* e of the maximal degree in p, which collects all single
primed terms, is of jpax +2 =1 +1' — lg + 2-order at A = 0 for (88), with
I = I for (65). The function of A multiplying the monomial A!p™™*e?*
of the maximal degree in p, which collects all single-primed terms, is of
Jmax + 1 =1+1" — 1y + 1-order for (83), with [ =’ for (65). The function of
A\ multiplying the monomial A%p""*e*** of the maximal degree in p, which
collects all single-primed terms, is of jiax = [ + I’ — lp-order for (88), with
I = I’ for (65). The function of A multiplying the monomial \"p"™** e
of the maximal degree in p, which collects all double-primed terms, is of
Jmax + 2 = L + I’ + 2-order for (88) with [ = I’ for (65). The function of
A multiplying the monomial A\'p’™e* of the maximal degree in p, which
collects all double-primed terms, is of jpmax+1 = [+1'+ 1-order for (88), with
I =1’ for (65). The function of A multiplying the monomial \°p"™* ¢ of the
maximal degree in p, which collects all unprimed terms, is of jyax+1 = [+1-
order for (86). The function of A\ multiplying the monomial A!p™™*e?* of
the maximal degree in p, which collects all unprimed terms, is of jmax = [-
order for (86). The function(s) f(\) multiplying the monomial \Pp""* e
has the k-order Taylor coefficient at A = 0 equal to

(k) —1)k + .
R () RN ik

ijpvjmax
Jp

for the primed contribution, and analogously for the double primed contri-
bution in the integrand (73), (88) or (65), and the unprimed a:jp i D the
integrand (73) of the integral (72) in (86). Therefore, this order behavior
can be summarized by the following formulas

+ gl —
S,

0,501+ —1g” 0

Jo

Za/+ k=0 k=0 Il — 1+ 1
0,50, 41 170 ) e 0 ’
Jo

+ ’
1 4+ —1lp+1
Za 1,j1,l+z’40]0 70,

J1
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I * B .
Zal,jl,url'—zo]l*oa k=0,....,0+1 1,

Jo

s A+ 1
Zaz,j2,1+l’—10]2 7& 0,
J2

/+ -k _ _ /
Zamm_lo]g_o, k=0, 0+ ~1lp—1, (91)
Jjo

for the single-primed coefficients,

+
" l+l +2
Za 0,50+ Jo #0,

Jo
//+ ko B )
Za 1,j1,l+l/j0_0, E=0,...,0+0U+1,
Jo
//+ l+l +1
Za 1,51 l+l"]1 #0,
J1
nt & B /
Do T =00 k=0, L (92)
J1

for the double-primed coeflicients,

L4l
Z Ojoljo %07
Jo
+ ko B
Zao,jo,ljo—m k—O,...,l+1’
+ .
Zal,lejl #Oa
Ji

Z 1“1,71:(), k=0,...,1, (93)

Jn
for the unprimed coefficients. In particular, using (44) and (50), we obtain

(_1)l+l/+1 Z ,/+ l+l/+1

(l+l/+1)' 1,j1,l+l/]1

Ji
_ lo3l+4l’ 20+ 7y I+ QU +1) (141 —1/2\ ('—1/2
_i2 ( ) i T+1)! ( I+ )( 14 )
-1

X H 2(ll++ﬂ+1 H I+ —r), (94)
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for lp = 1. Using (42) and (52), we get

(_I)H-l/—lo a/+ A+~
(l+l/7lo)' : : 2,j2,l+l/ l0]2
J2

_ (_1)2l+l'+124l+2l'+1l(l + 1)ll(ll + 1)(1}—/}1{2) (l—ll—i{Q) (95)

for Iy = 1.

Next, we consider the Laurent coefficient L,  (2) of the Laurent expan-
sion of the series (74), representing (65), (88) or (86), at p = —i(m + z), of
the order of s, with the factor Ql( ) and the factors (90) ignored. Therefore,
in order to compute L,, ,(z), we need to consider only the simple fractions
in the series (74) in which 2k 4+ 2n + j, = m is fixed and equal to m, with
the parity of m the same as the parity of o —1. We compute L, ,(z) and its
asymptotic for s — 400, with m = s2, for the general (74), with the restric-
tion that the range of values of p is 0,1, 2, and with a;jp being polynomials

in p, which is the case for (65), (88) or (86), because we have ignored the
factor m and the factors (90). We compute separately the contributions

to L,, .(2) coming from the simple fractions containing, respectively, the

polynomials a:jo, afjl, and separately ajh. Let 09,01, 02 be, respectively,

the degrees of these polynomials.
Then the contribution to the Laurent coefficient L,,  (z), coming from

the simple fractions containing the polynomials a:jo, a and, respectively,

1,51

£,
a, . 1is equal, for large m, s, to
»J2

y4
Zw (20T () (= ilm e 2) T (=202 (TR (96)
r=0

01 V4
Soial, (<202 N (O (—ilm+2) T (=202 (T2, (o)
V4 r=0

and
02 N ¢ ' ‘
Y oita, (=202 () (—ilm+2)" T (<2i2)7 (R (98)
l r=0

so that L, (z) is equal to the sum of (96), (97), and (98). The asymptotic

expansion s{\—&-o}o of the contribution to the Laurent coefficient L _ , (),
coming from the simple fractions containing the polynomials a:jo, a, . and,

: £ .
respectively, @y, 18 equal to
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0 )y o (S )
+<( 0 )S%+<<f13>'%3+ )S¢3+(<*14>!4J6‘+...)8i4+.. } :

= - 4
—r+00 2(—2i2)*~2 35 352 B5s3  15st -2
LI vioeie) © (e L;r)s e W7 ° (es)s(%)q ; >

: [“’“W b (=B s ) {1 ()

(100)
and

s—=+00 §3(—2i2)5~3 _%_3%_% 1%24 es\S(s\q9—3 2 L
T o © ($°3)"EX

Z r=0 J2
X [(f)( —i(s? + z))f_r( — 2";8)7"(1;2,@(7’ +s—1)(r+s—2)
X[l—l—((l)h—l— ) +<(1)32+ )1
+(( 1) 32+ ) +(( 1) ]2+ ) +:| 7 (101)

so that the total asymptotic expansion of L _ , (2) is equal to the sum of
(99), (100), and (101). Dots in each term

(( )ka+ )51

denote polynomials in j,,r, g, which in j, are of degree stricly less than &.
These polynomials are inessential for us due to the order identities (92)-(93).
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In the derivation of the asymptotic expansion (99)—(101), we have used the
asymptotic expansion 2% 6f the binomials

s2—j s2—j s2—j
e B Gl s R et

which are contained in the contributions to L _, (z), coming from the

. . .. + +
simple fractions containing a_ . , a
0,50’

W and, respectively, a
»J1

Lemma 9. Let « = 8 and o = (' in (88). For each z # 0, analytic
continuations of (60) (88), and (86) are nonzero functions of p, except for

they are identically zero, which is the case if and only if | =1y =1 in (65)
andlp=1=1orly=10'=1"in (88).

Proof. We apply the formulas (99)—(101) to our series (74), representing
(65), (88) or (86), remembering that the single-primed coefficients a’ijp,
representing the contribution from the second integrand in (65) or (88), are
in addition multiplied by z. We compute the leading order contribution

toL _, S(z), with respect to s going to infinity. Taking into account the
order identities (92)-(92), it is easily seen that for (74), representing (88),
the leading order contributions to L _ , S(z), in the asymptotic 2t , are

equal to

i2(—2iz)52 S 7s\q—2 Y l+l ()
BB ) (5) i D S

/_
+W(g)5(§)q—3( )H—l 1 QZ 7+ ol g+ —lo
ev2ms 2/ A2 — " 2o 141 —1g (I4+1/+1)! s!H=lo

(102)

with ¢ = 2(l + '), and with [ = !’ in this formula for the leading order
contributions to L 7525( z) for (65). Similarly, using the identities (92),

we see that for (86) the leading order contribution to L _, (z), in the

asymptotic =L is equal to

i2(—2i2)°"2 fes\S (s \4— l
I (5)°(5)" (is)s Zalm 1 g=2—1. (103)

From (92), it follows that for any fixed and nonzero z, (103) is nonzero for
appropriately large s. Therefore, L _, 5(2) = 0 for all sufficiently large s.
Thus (86) is a nonzero function of p for each nonzero value of z. In particular,
for each z > 0, (86) is a nonzero function of p.
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Let z # 0 in (102). From (92)-(92), it follows that the contributions in
(102) can cancel out for all s — +oo, if and only if they are of the same
order in s. This cancellation holds if and only if [ = 1 and

’ ’
P Gl D 3 nt DU MZ t J -1
R (RS} a 1,j1,l+l"71 (=) az,j2,1+l’—1‘72 (104)

J1 J1
with I = I’ for (65). Therefore, if [y # 1, we are left with one of the two terms
in (102), as the leading term. Therefore, if [y # 1, then for each nonzero z,
in particular for each z > 0, (88) and (65) are nonzero functions of p. It
remains to investigate the case lp = 1 for (88) and (65). Inserting (94) and
(95) into (104), and using standard binomial identities, we easily see that
(104) is equivalent to
2 +U+2y _
(l+l’+2)(l+l’+1)( I+1 ) =1
which is equivalent to the assertion that [ = 1 and [’ is any natural > 1, or
I =1 and [ is any natural > 1. Therefore, if [y = 1, then the leading order

S—+00

term in the asymptotic of L _, (z) is zero for (88) or, respectively,
for (65), if and only if [ or I’ = 1 in (88), respectively, in (65). Thus,
L _, () # 0 for (88) and (65) if lp = 1 and min(/,!’) > 1, which shows
that for each z # 0, (88) and (65) are nonzero functions of p, if l[p = 1 and
min(l,1!") > 1, accordingly with Lemma 8. O

Note that Lemma 9 for (86) follows already from Lemma 7, so the essen-
tial part of Lemma 9 is the assertion concerning (65) and (88). In Lemmas
7-9, we have used the representations U (09 ith non-negative integer o,
but with any real p. With the convention [y € Z and p > 0, numbering
the equivalence classes of representations (lp,l; = ip) (used in Lemma 3),
Lemma 9 says, that for each positive z, (65), (88), and (86) are nonzero
functions of p except for |lo| =1 =1 or |lp| =" = 1 in (88) and (65).
With this convention Lemma 8 implies that (88) and (65) are identically
zero functions of z, p, whenever |lg]| =1 =1 or |lg]| =1' =1 in (88) and (65).

5. Relation between the subspaces with cyclic vectors

Lemma 10.
H cCH,. whenever 1(a’) <1(a”),

+
c u c u
all ) a”l )

and H, ., CH

Ju) c$|u) :



6-A3.58 J. WawrzycKI, T. WAWRZYCKI

Proof. This is a corollary of Lemmas 3, 7, 9. Let I(¢/) < I(a”). We apply
the same proof as that of Lemma 5 and Remark 1 (instead of Remark 1
and Lemma 7, one can use Lemma 6). From Lemmas 7, 9, it follows that
the corresponding direct sum lp-components, for —I(a/) < Iy < (<), in

the decomposition of Lemma 3 of the cyclic spaces H ‘ >,?—[ + ., coincide,

c N|u)
including the supplementary component. By Lemma 3, decomposition of
H . does not contain direct sum components with lo < —I(a/) and l(a/) <

ety lu)
lp, whence the inclusion. In particular, it follows from Lemma 7 that H, C

M. fl for each [(a) = 1,2,... In particular, the supplementary component

of H_, is nonzero and is common for all Ho and H,,. O
Let U(g,;(N)) = U(X). Using (5), the first transformation rule in (7)
and (80), we obtain the following generalization of the expansion: (80)

U Ju)
2
—_—_ 7”7 B(\ 2 n
S A OO ey [ (e et
b
_— _n? 2 "
+0,,,0neB, ,(A)e 57 IBOIP oxpy [W;Bw(—/\)c;}] lu) , (105)
and
UO‘)CZ,WI . CZ.,mq |u)
O E— IR T !
=S T[4, e 5P Oexp [fWZBZ,A—A)crO] I, 1w
oty ! i
+ ...

q 2
_ _n- 2 n
+1] [5mi0m35ip(x)} e sr 1BV oy [W;BLO()\)C;}} ), (106)

where dots denote terms in which one of the factors 4, ()\)c; in
0T LMy ,L-,‘"Li

the first sum is replaced with 4,, , neB, ,(A), with the summation over the
corresponding ¢, withdrawn, and further terms, which arise from the first
sum in which two

Ne, A, (Ne,,

/
£rmyg Lymy Zé,mi £ my Ly mg é;.,mj

of the factors in the first sum are replaced with

(4,,0meBr o)) s (ned, 4 B, ,0)
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with the summation over the corresponding ¢, E;, withdrawn, and so on, up

to the last term written explicitly in (106). We use the expansions (105),
(106) in the same way as the expansion (80) in Subsection 3, utilizing the

fact that B, ()) is of l-order at zero, and A, ~, () = U(1 0) (A) is of
|l — U'|-order at zero, compare (31) and (57), with l[p =1,p = O in (07).

Lemma 11.

q
, whenever ij <t —b; <m; <¥;.
j=1

kb el |uyeH

£1,my L,mg £q,mq ey ol

Proof. We proceed by induction with respect to q. Let ¢ = 1. The cyclic
subspace of the lemma is by definition invariant under U, and thus in-
variant under the generators Moz, M3, and Ms3 of the action of the sub-
group SU(2,C) C G. The vector |u) is invariant under the action of this
subgroup. From this and from the first transformation rule in (7), with
B(a) = 0, a 6 SU(2,C), it follows that this subgroup acts on the vec-
tors §¢ymy = ¢, m1|u> in the cyclic subspace of the lemma with q = 1,
by the standard representation, given by right multiplication by the matrix

A @=46,, (a), a € SU(2,C), with

Zl,ml £1,mq mll mq

He&, o= Vl+mi+ DG —m) &,

HE o= VlG+m)—m+1)¢, (107)

where Hy = Ms3 4+ iMy3. This representation reduces to the standard
representation of weight ¢ [5], on each invariant subspace, spanned by &, ., ,
—0; <my < {;. Lemma 11 for ¢ = 1 follows from (107) and from Lemma
10.

Now we proceed to the proof of the inductive step: assuming the assertion
of Lemma 11 for q < ¢/, we show the assertion of Lemma 11 for q = q' + 1.

We first prove the inductive step for mg 41 = 0. We, in turn, divide the
proof of this assertion into several cases: (1) fy41 =1, (2) ly41 =2, ...,

Eq’+1) q'+1 — =2 li— gq +1- '
Let us consider now case (1). Let us denote by ‘ﬁ;> the vector which

arises from the vector

wy=ct ¢t cf  juyeH, CH

£1,my Lg,mo eq/smq/ c£!0|u) c2_+1’0|u)

by removing in |w) the factor ¢ . The inclusion follows from Lemma 10.
By the inductive assumption,

‘w>€7—[ CH

e 4 o0lw C?+1,0|“>
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gi’(;1>7 0;i+1

w >, the vectors

4;—1

w)y=c" ...cf el ),
£1,m1q £;—1,m; Zq/qu/

i +1

wy=c" ...c" e ).
£1,m1 Li+1,m; Zq/,mq/

By the inductive assumption,

l;+1
w S
f+1,01%)
81—1> c
w
CL,OW C?ﬂ,o'“) ’

with the last inclusion following from Lemma 10. To the vector |w) we apply
U(A), using (106), and arriving with the expansion

n2
st PO (3) ) — fu)

nB; (=) 4 nB, o (=) +
= 14(7)re 1,0 w> + 24Sre | >

+a [(nBlziSr(e_A)) (nBlzi?r(e_A)> Cfroclo\w>

("2 ) (M2 of e

(P20 (20N g oty 4]

+3; [("314(;(9 A) ) (nB47T(e A)) (nBlzlgr(efA)) cfoet el lw) + }

q
li+1 l;—1
+ Z Angrl,mi Q,mz > Z AZ —1,m; £;,m; ()\) w >
i=1
’

&>+.”, (108)

+

+

q
+ Z 5ml OneBZ,L-,O ()\)
=1

where dots denote higher-order terms in A. We have used the fact that

B, ,(=A) is a quantity of the order of [, and A

(M) is of the order of

ILm U/',m
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|l — 1|, at A = 0. Thus, the vector

n
Tre Bro(=A

= (eS”B‘ G0 ) — o)

q/
£i+1 l;i—1
w > B ZAE(ifl,mi Lim; (A) w >
=1

q@ S
101w

q/
- Zl Aé;«kl,mi £;,m; (A)
1=

/

q

- Z 6mi oneBei,o (M)

=1

has the expansion

o(=) (=)
y>+B(M;M+&&M+M+W

(P42 e
( 47re ) 10 20’10)
() b+

1 nB, 5(=A) nB, o (=N\ 4+ 4+ 4+
3! |:( 4me 4re 21 Ocl 0610’w> +

+
_l’_

converging to
|w> eH .,

ol

if A — 0, because H ., " is closed and dots denote terms of the first order
Z 0
at least in A. Thus, we can see that

+ — ot +
colwy=¢l ... g €. Flu) € HC?+1,0|”>
which proves the inductive step in case (1).
Now we proceed to case (2). We again use the inductive assumption and
validity of the inductive step in case (1). Let £y4; = 2. In addition to |w),

£;—1 Li+1, . . .
; >, w > introduced in case (1), we need to introduce

ti—2 - - +
> =€ C a6 - lu) ,

G2\ 4 +
w —Cll,ml o Copom,
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iJ . . .
and ’w>, which arises from |w) by removing two operators: cj_ .
AU R

the inductive assumption,

li+2
w > € H
Coya,0l®
li—2
w > G H C H + )
z 20‘ u) Cz+2,o|">
ii
w> € H . CH,
Cz —; olw 4+2 0|“>
Because
ct |w) e H C
1,0 ot Ju) ct Ju) )
£41,0 42,0
then,
By 4(=}) 1 B 2
B, (N | =ip eg”” WIFT (M) [w) — Jw)
2,0 Tme Bro(=2)

q q
£;+1 0—1
> A e[S 3, T )
i=1 1
q/

- Z 6mi oneBzi,o (A)
=1

q
o Zl AZ;+2,mi £;,my ()\)
1=

- Z 6mi oneBzi,o ()\>67nj oneBej,o ()‘)
i,j=1

")
w
q/
Zi+2
w > o Z A(’.;—Q,mi £;,my ()\)

£;—2
w)

From (108), it follows that this vector has the expansion

By (=2 4 B,o(=2) 4+
w) + B;z(fA) C3,0‘w> + Biz(*)‘) 04,0|

=A) /nB, (=)
-A) ( lllgre > Cfroc1 0‘w>

w) +

B, o(=A) /nBy 4 (=X)
+ BLO(—)\) ( 24(;re )Cjo j—o’w> }

B, o (=) /nB; ,(=X) nB| 5 (=)
+% [Blyz(—)\)( 142re )( 14(7)re )Cj_ocfro j_olw>

+

ij
) - e

. By
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which converges to

By 0 (=) 27 Br o (-2
+ 1 47re 1,0 4me 1,0 + .+
el |lw) + hm . c’ el w)
2.0 20 47reB20(_)‘) 1,0°1,0

b
‘w>+1 1010+ +\w>€7—l

2,0 10 1,0

e+2 0‘“>

if A = 0, because H _ | is closed. Here, b, , are the coefficients of the
e ol ’
lowest order in the expansion (31). By case (1), already proved,

1 0 1 0|w> € H Ju)
1z+20
therefore,
+ — ot +
C2’0|w> - C£17m1 t C[q/ mys 20|u> €H Z+20|U>

which proves validity of the inductive step in case (2).

It is not difficult to see, that we can continue in this way, proving the
inductive step in (j+1)-case , using the inductive assumption and all pre-
ceding cases, (1), (2), ..., (j), constructing in this way the corresponding
vectors

b, b
+ 1 11,0°15,0 + +
cj+1’0|w) + 5 Z —p——z= cllﬂocl2,0|w) + ...

Jj+1,0
l1+lo=j+1
b, b
1 07410+ +
o+~ E &) .c w) €H
(+1)! bJ+1 0 ll 0’ j+1’0‘ > CEL+j+1,0‘“> ’
D+t =i+1
where all terms, except the first, belong to H " , by the preceding
Z+J+1 0
cases (1), ..., j), and thus also with the first
+ + + +
¢t |w)y=c¢ ...c ¢ Juy eH
J+170‘ ) £1,mq Lt ymgr J+170’ ) CLHLOW ’

for 541 = j+1. Therefore, we have proved that if the assertion of Lemma 11
holds for q < ¢', then it holds for g’ + 1, if mg 41 = 0, i.e. with

ettt u) eH
£1,mq L gl mq/ £ NERE ,0

—;<m; <4, 1<i<¢g,
(109)

T+ )
“se;,01™)

following from the assertion of Lemma 11 for q < q’. Here,

q'+1

Y = Z l; .
=1
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Now, using (109) we show that also

et et et
1,m1 a ™ fql 1 41

luy €H , , —li<m; <, 1<i<qg+1,

Se;.01
(110)
which will end the proof of the inductive step.
The subgroup SU(2,C) acts on the states

+ +
€y Co e |u)

through the symmetrized tensor product of the representation given by right
multiplication by the matrix
£;,my Z;,m

+ + _ + + + +
Hyc! ...czq’mq|u> = g a, ¢l ...céq,mq]m7

)

+

aéi!ml—\/ﬂ +m; +1)(4; —my), —\/ i+my) (b —m;+1).
It is not difficult to see that all vectors (110) can be expressed as linear
combinations of vectors which arise by applications of powers of Hi to the
vectors (109). First, we show (110) for mg 41 = £1, and any —¢; < m; < {5,
i < ¢’ in (110). To this end, we observe that all vectors in

+
Hict ...c" ch u) = ch ..cf + U
+ £1,m1 l/m ’ Eq/+1 | > Ly,my £€1E1l,mq Lq,mq £q+1,0‘ >
+
+a, cf cj'il . cj‘ - Jlu)+ ..
2,m2 f1,m31 £2xl,m2 75Mgr q/+1
4 0 j_m Cj_ mo " Cj— ,m cz— i1|u>7 (111)
g/ +1°0 f1m1 L2,ma FALOEEWERE

except for the last one, are of the form (109), having at least one m; = 0,
and by (109), they all belong to H " . Since the vector (111) belongs to

EE ,0
H then,

cgei,o )

—+ —+ + + H

c c ...C c u) € 112

£1,mq1 Lo,mg Eqromgr LgrgEL | > C;Z- olw ’ ( )
i

thus showing that the vector (110) belongs to H > if any of m; is equal

Ee ol
to £1. We continue similarly, applying Hy to (112), and showing that the
vector (110) belongs to H if any of m; is equal to +2, and so on. [
E

0 0|“>
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5.1. Relation of the space H,, with the cyclic subspaces Hy C Hy,.
Proof of theorem

Consider the set of theoretical sums

<H|”> - HCT()M) Y <’HC;0|“> UHCTOCTO">>

U (H., UH ., | UH ., , | U...
c3 olu) €3.0¢1,0w €1,0¢1,0¢1,0%

2,0

of the domains of the cyclic representations with the cyclic vectors |u),
cji|u>, ... of the form (1) with the azimuthal numbers m; = 0 all equal
to zero in «; = (l;, m;). From Lemma 11, it follows that this sum contains
the linear span of the orthogonal complete system (1). Therefore, the closure
of this sum is equal to H,,. From Lemma 11, it follows that the closure of

H UH UH U...

ct0|u) 6;0\11.) C;th)

is equal to H,, and
C
cl_f0|u) cZ:_170|u)

by Lemma 10.

Let (lp,11) be the irreducible representations of 5], and let, for simplicity
of notation, the direct sum /integral decomposition of Lemma 3 for = ¢ |u)
be denoted by ,

;| Tt

U‘ - D /(loaip)l/(p,Z)dp Pu(z)ly=0,1-2), ==,

H
folwy  lo==17

with the corresponding positive weights v(p, z),v(z), with v(p,z) > 0 a.e.
for each z > 0, and v(z) > 0 for 0 < z < 1, and v(z) = 0 for z > 1, with
the standard Lebesgue measure dp on R. Using again Lemma 10, we arrive
with decomposition (2). Our theorem follows from (2).

We thank the Reviewer for the suggestions.
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