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In this study, the B3Y-Fetal NN interaction, originating from the low-
est order constrained variational approach (LOCV), is applied to investigate
cluster radioactivity in energetically favoured trans-lead nuclei from 221Fr
to 242Cm within the preformed cluster model, using the Wentzel–Kramers–
Brillouin (WKB) theory. Five density-dependent parametrizations are con-
sidered to ascertain the most suitable one for cluster radioactivity. The
statistical cluster preformation probability is employed and compared with
the well-known empirical mass-dependent preformation factor. The pre-
dictive power of the BDB3Y1 and BDB3Y0 with the statistical probability
is found to give the most accurate description of decay half-lives. These
findings underscore the applicability of the B3Y-Fetal interaction in cluster
radioactive decays and the reliability of statistical preformation probabil-
ity in exploring similar decays within the uncharted region of the nuclear
landscape. Furthermore, our results demonstrate that DDB3Y1 can aptly
address the peculiarity and deviations known for 14C clusters, which is a
strongly bound nucleus with N/Z = 1.33. The extension of this study to
the prediction of energetically favoured but unobserved cluster radioactive
decays holds prospects for future experimental endeavours.

DOI:10.5506/APhysPolB.57.1-A3

1. Introduction

Effective interactions are indispensable computational tools for calcu-
lations related to finite nuclei and nuclear matter. These interactions are
termed “effective” because they are designed to capture the essential features
of the complex many-body dynamics in a more practical and computation-
ally manageable way. The development of effective nucleon–nucleon (NN)
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interactions is motivated by the limitations of using free NN potentials to
describe the behaviour of an atomic nucleus due to the intricate many-body
correlations and interactions among its nucleons [1]. Effective NN interac-
tions are constructed by fitting experimental data, such as nuclear masses
and radii, to obtain coefficients that describe the strength and range of the
interactions. These interactions are particularly advantageous due to their
ability to incorporate significant parameters for both symmetric and asym-
metric nuclear matter. They are known for their successful description of
the properties of nuclei around the β-stability line and exotic nuclei having
large neutron or proton excess [2].

One of the most widely adopted effective interactions is the Michigan
three Yukawa (M3Y) interaction, which was obtained by fitting the G-matrix
elements of Reid [3] and Paris [4] in an oscillator basis. However, various
density-dependent upgrades of the original M3Y have been developed [5]
to account for higher-order exchange effects, Pauli blocking exchange ef-
fects, and to overcome its failure to accurately reproduce the saturation
properties of nuclear matter. Similarly, the relativistic three Yukawa (R3Y)
NN potential has been derived from the well-known relativistic mean-field
(RMF) Lagrangian [6–8] and has been successful in its application to fu-
sion dynamics [9, 10], alpha decay [8, 11–13], and cluster radioactivity [14–
17]. In each case, the authors concluded that the R3Y NN interaction,
which contains the nonlinear terms, produced a relatively closer alignment
with the experimental data. Inspired by the work of Bertsch et al. [3],
a new effective NN potential titled Botswana three Yukawa (B3Y)-Fetal
interaction has been derived from the lowest-order constrained variational
(LOCV) principle [18, 19]. Interestingly, the authors demonstrated that
the B3Y-Fetal interaction is apt at predicting the nuclear incompressibility
K0 ≈ 176–235 MeV, which falls within the acceptable range of the exper-
imentally measured data from giant monopole resonances (GMR) wherein,
for symmetric nuclear matter (SNM) at equilibrium, nuclear incompressibil-
ity K0 ≈ 240± 20 MeV [20, 21]. Since cluster decay half-lives are very sen-
sitive to the choice of the effective NN interaction [14, 22], we are spurred
to investigate the effect of the new B3Y-Fetal interaction and its various
density-dependent forms on cluster radioactivity.

Cluster radioactivity is a decay process that is intermediate between
alpha decay and spontaneous fission [23]. This decay process was first pre-
dicted by Sandulescu et al. [24], and the first experimental evidence was
reported by Rose and Jones [25] after they observed the emission of 14C
from 223Ra. Subsequently, clusters that are heavier than 14C, such as 20O,
23F, 22,24,26Ne, 28,30Mg, and 32,34Si from some parent nuclei in the trans-lead
region, have been experimentally observed [26, 27]. The daughter nuclei are
the doubly magic nucleus 208Pb or the neighbouring nuclei such as 207Tl,
207,209−212Pb, 211Bi, and 204−208Hg [17, 23, 28–30]. The theoretical models
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proposed to study cluster radioactivity can be mainly categorized into two:
the fission-like model [31–33] and the preformed cluster model [34–36]. In
the fission-like model, it is assumed that the parent nucleus is continuously
deformed as it penetrates the nuclear barrier, and the cluster is formed like
fission fragments. In the preformed cluster model, the cluster is assumed to
be pre-born within the parent nucleus with a particular cluster formation
probability. This implies that the latter considers a cluster as an entity that
can be pre-formed with a certain probability Pc. However, the parameter Pc

cannot be directly measured, and yet its precise value can be very difficult to
calculate due to the intricacies of the nuclear many-body problem. Hence,
several empirical expressions have been formulated [16, 37–42] that consider
the possible influential parameters on Pc. A correlation has been recently
obtained between the parameter Pc and the mass number of the preformed
cluster within the framework of statistical physics [43]. One of the notable
distinctive features of the statistical Pc expression is that it incorporates
a dimensionless parameter x, indicating the exact nuclear density at which
cluster formation occurs [43].

In view of the discussions above, the present study is geared towards in-
vestigating the suitability of the newly developed B3Y-Fetal interaction and
its various density-dependent forms on experimentally validated and ener-
getically favoured but unobserved cluster radioactive decay half-lives using
the statistical Pc. We reiterate that although similar studies have been car-
ried out, this study extends the literature by considering, for the first time,
the applicability of the B3Y-Fetal interaction, which stems from the LOCV
principle, on cluster decay. The nuclear interaction within the cluster–
daughter system is evaluated by employing the double-folding model [44].
The penetration probability of the cluster is calculated using the semi-
classical Wentzel–Kramers–Brillouin (WKB) approximation. Although nu-
clear deformation is known to impact the preformation probability, this
study assumes spherical configurations, the consideration of nuclear defor-
mation will be considered in a future study. Section 2 is dedicated to the
framework employed in this study which includes the double-folding model,
B3Y-Fetal interaction and its various density-dependent upgrades, condi-
tions imposed in the calculation of the cluster-decay half-lives, and details
of the statistical Pc formula. The results are elaborately discussed in Sec-
tion 3. The inferences drawn from the study are concisely presented in
Section 4.

2. Density-dependent cluster model (DDCM)

This study will be carried out using the density-dependent cluster model
(DDCM) [45, 46]. Cluster radioactivity involves the doubly magic nucleus,
208Pb, or the neighbouring nuclei, which are spherical or weakly deformed.
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Although the importance of considering the deformation of the cluster and
daughter nuclei has been stated in Refs. [47, 48], in this study, we take the
cluster and daughter nuclei to be spherical. By initially focusing on the
spherical assumption, we aim to establish a baseline understanding of the
effect of the B3Y-Fetal interaction on cluster radioactivity, which can be
extended to other degrees of freedom in future research.

The effective interaction potential between the cluster and daughter nu-
cleus is expressed as

Veff(R) = ηVN(R) + VC(R) + Vℓ(R) , (1)

where η is the normalization factor, R represents the relative distance be-
tween the emitted cluster and daughter nucleus. The centrifugal term Vℓ(R)=
ℏ2ℓ(ℓ+1)
2µR2 , where ℓ denotes the orbital angular momentum quantum number

and µ = AcAd/(Ac + Ad) represents the reduced mass of the system. Ac

and Ad are the mass numbers of the cluster and daughter nuclei, respec-
tively. By considering the Langer modification, the following replacement
can be made: ℓ(ℓ+ 1) → (ℓ+ 1

2)
2. Langer-modified centrifugal barriers are

employed in one-dimensional problems because they provide a more accu-
rate and efficient method for solving quantum mechanical problems involv-
ing tunnelling through a potential barrier. This modification is particularly
useful in one-dimensional problems as it regularizes the wave function and
ensures that the WKB quantization condition is exact for the employed po-
tentials [49, 50]. The quantum numbers ℓ were estimated based on combina-
tions of the ground-state spin of the parent and daughter nuclei, employing
the standard spin-parity selection rules [51]

|Jd − Jp| ≤ ℓ ≤ Jd + Jp , (2)

πp = (−1)ℓπd . (3)

The Coulomb potential VC(R) is assumed to be the interaction between
a point cluster and a uniformly charged spherical core

VC(R) = ZcZd
e2

4πϵ0


1
R for R > RC

1
2RC

[
3−

(
R
RC

)2
]

for R ≤ RC
. (4)

Here, Zc and Zd represent the charge numbers of the cluster and daughter
nuclei, respectively, and RC, which denotes the Coulomb radius, is deter-
mined from RC = 1.2(A

1/3
c +A

1/3
d ).

In the DDCM framework, the nuclear interaction, VN(R), between the
cluster and daughter nuclei is obtained using

VN(R) =

∫ ∫
ρc(r1)ξ(ρ)ρd(r2)vNN (E, s)dr1dr2 , (5)
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where s = |R+ r2 − r1| signifies the relative distance between the inter-
acting nucleon pair, E represents the kinetic energy of the cluster particle,
and ρc(r1) and ρd(r2) denote, respectively, the ground-state matter density
distributions of the cluster and daughter nuclei. The matter density distri-
butions used in this work have been estimated from wave functions of the
relativistic mean-field theory, with the DD-ME2 parametrization [52].

In the relativistic mean-field theory, an atomic nucleus is considered to
be a system composed of Dirac nucleons, exchange various mesons (σ, ω,
and ρ) and the photon field (Aµ) through an effective Lagrangian given
by [53–55]

L= ψ̄i {iγµ∂µ−M}ψi+
1

2
∂µσ∂µσ−

1

2
m2

σσ
2− 1

3
g2σ

3− 1

4
g3σ

4

−gσψ̄iψiσ−
1

4
ΩµνΩµν+

1

2
m2

ωω
µωµ−gωψ̄iγ

µψiωµ−
1

4
B⃗µν · B⃗µν

+
1

2
m2

ρρ⃗
µ · ρ⃗µ−gρψ̄iγ

µτ⃗ψi · ρ⃗µ− 1

4
FµνFµν−eψ̄iγ

µ

(
1−τ3i

2

)
ψiAµ , (6)

where parameters g2, g3, and e2

4π denote the nonlinear coupling constants.
Moreover, the parameters gσ, gω, and gρ are the respective coupling con-
stants of the mesons whose corresponding masses are mσ, mω and mρ, and
M denotes the nucleon mass.

Using the variational principle, and after simplifications, the Dirac equa-
tion for nucleons is given by

[−iα∇+ β(M∗ + gσσ) + gωω + gρτ3ρ3]ψi = ϵiψi . (7)

Moroever, the Klein–Gordon equations governing the meson fields are ob-
tained as (

−∇2 +m2
σ

)
σ(r) = −gσρs(r)− g2σ

2(r)− g3σ
3(r) ,(

−∇2 +m2
ω

)
V (r) = gωρ(r) ,(

−∇2 +m2
ρ

)
ρ(r) = gρρ3(r) . (8)

A self-consistent solution is obtained for Eqs. (7)–(8) that involves expand-
ing the upper and lower components of the Dirac spinors and the boson fields
within an axially deformed harmonic oscillator basis, with an initial defor-
mation with the DD-ME2 force parameter. The baryon (vector) densities
are determined using [52, 56]

ρv(r) =

occ∑
i=1

ψ†
i (r)ψi(r) , (9)

where the sums are taken over all the occupied (occ) states (for proton or
neutron).
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The M3Y-Reid and M3Y-Paris parametrizations, along with various NN
interactions derived from relativistic mean-field theory (R3Y), have tradi-
tionally served as dependable choices for the analysis of cluster decay phe-
nomena. Recent advancements have extended the utility of NN interactions
obtained from relativistic mean theory (R3Y) to include alpha decay inves-
tigations [8, 11–13]. However, this study adopts the B3Y-Fetal NN interac-
tion for the vNN (E, s) term, aiming to evaluate its efficacy in predicting the
cluster decay half-lives of heavy and superheavy nuclei. The B3Y-Fetal NN
interaction stems from the lowest-order constrained variational method [18]
has been previously applied in symmetric nuclear matter computations [19],
elastic scattering analyses [57], and alpha decay studies [58, 59]. In addi-
tion to its microscopic foundation, a notable distinction from the M3Y NN
interactions lies in the Yukawa strengths of their central components. As
elucidated in prior works [19, 57, 58], the B3Y-Fetal NN interaction can be
expressed as

vB3Y
NN (E, s) = 10472.13

e−4s

4s
− 2203.11

e−2.5s

2.5s
+ J00(E)δ(s) , (10)

where
J00(E) = −590(1− 0.002E/Ac) MeV fm3 (11)

denotes the zero-range exchange term, the energy released in the decay pro-
cess is E = QcAc/A, where A denotes the parent nucleus mass number.

The density-dependent term ξ(ρ) of the NN interaction is given by

ξ(ρ) = C [1 + α exp (−ζρ)− γρn] . (12)

Here, five different density-dependent parametrizations have been employed.
They include DDB3Y1, BDB3Y0, BDB3Y1, BDB3Y2, and BDB3Y3, and
the parameters C, α, ζ, γ are those given in Refs. [19, 57] for the five
parameter sets.

It should be noted that the present formalism does not explicitly incor-
porate microscopic shell corrections. Consequently, shell effects — such as
the enhanced stability of magic or near-magic daughter nuclei — are not di-
rectly included in the calculated decay barrier or in the cluster preformation
probability. This macroscopic nature of the model may lead to deviations in
predicted lifetimes for decays involving strong shell closures. A more detailed
treatment including shell-corrected potentials or microscopic preformation
factors could further improve the predictive accuracy and will be explored
in future work.

The Bohr–Sommerfeld quantization and Wildermuth rule [51, 60, 61]
R2∫

R1

√
2µ

ℏ
[Qc − Veff(R)] dR = (Gc − ℓ+ 1)

π

2
(13)
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have been employed to determine the normalization factor η given in Eq. (1).
In Eq. (13), the global quantum number Gc = GαAc/4, where Gα = 22 for
N > 126, 20 for 82 < N ≤ 126, and it is 18 for N ≤ 82. Moreover, R1 and
R2 denote the first two turning points.

The half-life of the cluster decay can be calculated using the following
expression:

T1/2 =
ln 2

νPcP
, (14)

where the assault frequency, ν, is calculated using

ν =
ℏ
2µ

 R2∫
R1

dR√
2µ
ℏ2 |Qc − Veff(R)|

−1

, (15)

and the tunnelling probability, P , is determined using

P =
1

1 + exp
[√

8µ
ℏ

∫ R3

R2

√
Veff(R)−Qc dR

] , (16)

where R3 denotes the third turning point, which is determined by numeri-
cally solving Veff(R)−Qc = 0, and the cluster preformation probability, Pc,
is known to contain important nuclear structure information.

The preformation probability has been shown to be connected to the
shape of the interaction potential [62, 63]. Various empirical formulas have
been given to obtain the cluster preformation probability [39, 63–65], some
of the formulas depend on the cluster size Ac, while some depend on the Qc

value [64]. According to Santhosh and Jose [64], the preformation probability
can be obtained using

log10 P
emp
c = aAc + b , (17)

where the parameters a and b were obtained as −0.51325 and 2.80787, re-
spectively. In this study, we will compare the use of this preformation factor
(denoted log10 P

emp
c ) with the statistical preformation factor.

The cluster emissions of decaying parent nuclei in the trans-lead region
are known to yield nearly spherical daughter nuclei at (or around) the shell
closure. The daughter nucleus of mass Ad can be considered as the core of
the parent nucleus of volume V with noninteracting nucleons orbiting this
core and a cluster of volume v is emitted. The volume v is composed of
Zc protons and Nc neutrons and thus an emitted cluster is formed. Let the
average neutron and proton number inside the volume v be represented as
N̄ = ρ0NV and Z̄ = ρ0ZV . The probability of Nc and Zc forming within
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volume v is determined by the grand-canonical distribution, which takes the
expression [66, 67]

PNc =
1

Nc!
exp−N̄(N̄)Nc , (18)

PZc =
1

Zc!
exp−Z̄(Z̄)Zc . (19)

The probability of cluster preformation takes the form

Pc =
1

Nc!
exp−N̄(N̄)Nc

1

Zc!
exp−Z̄(Z̄)Zc . (20)

It is assumed that the same average nuclear density ρ0 = ρ0N + ρ0Z is
shared between the parent nucleus and the emitted cluster instead of their
respective ρ = A/V ≈ Ac/v. Let the density ratio x = ρ0/ρ, which means
ρ0 = xρ. The cluster preformation probability (Pc) can be expressed as

lnPc = − lnNc!−Ncx+Nc lnNc +Nc lnx− lnZc!

−Zcx+ Zc lnZc + Zc lnx . (21)

By considering the Stirling formula, ln(N !) ≈ N(lnN − 1), Eq. (21) can be
simplified as

lnPc = (1− x+ lnx)Nc + (1− x+ lnx)Zc , (22)

log10 Pc =
(1− x+ lnx)Ac

ln 10
, (23)

where the dimensionless quantity x denotes the nuclear density where the
cluster is formed. The effect of this quantity will be subsequently discussed
in Section 3.

3. Results and discussions

This section seeks to evaluate the application of the recently proposed
B3Y-Fetal NN interaction and its density-dependent forms as described in
Eqs. (5)–(12) on cluster radioactivity. This step is crucial as it provides
the opportunity to examine the sensitivity of the calculated half-lives to
the different B3Y-Fetal versions. It is worth noting that Eq. (5) is the ex-
pression for the double folding method which involves the integration of
the matter density distribution over the B3Y-Fetal NN potential (Eq. (10))
whose zero-range exchange term is given in Eq. (11). The expression for
the density-dependent term is given in Eq. (12). The matter density dis-
tribution of the participating nuclei is essential for the employed density-
dependent cluster model. In the present work, the nucleon density distribu-
tions used in constructing the cluster–daughter interaction potential were ob-
tained from a fully self-consistent relativistic mean-field (RMF) calculation.
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The RMF framework is highly successful in describing the bulk properties
of nuclei. The neutron and proton density distributions are widely recog-
nized as valuable sources of information for understanding nuclear struc-
ture. They are particularly useful for identifying unique characteristics of
nuclei, such as bubble formations, halo/skin structures, and cluster configu-
rations. We have employed the DD-ME2 density-dependent meson-exchange
parametrization, which has been shown to provide an accurate description
of binding energies, deformations, and surface properties of medium and
heavy nuclei. The proton, neutron, and total ground-state densities of the
cluster and daughter nuclei were computed using the DIRHB code developed
by Nikšić et al. [52]. This code solves the relativistic Hartree–Bogoliubov
equations, and the resulting RMF densities are then directly incorporated
into the density-dependent nucleon–nucleon interaction potential described
in the previous section. The proton and neutron densities are obtained using
Eq. (9).

The total density can be deduced by adding the proton and neutron
densities. As a representative case, Fig. 1 shows the variation in the den-
sity distribution profiles of 14C and 30Mg clusters and of 210Pb, and 204Hg
daughter nuclei as a function of the radial separation (r), calculated using
RMF theory with the DD-ME2 parameter set. The proton, neutron, and
total densities are shown in the plots. As shown in the figure, the density
distribution of the light clusters 14C and 30Mg exhibits a peak in the central
region, whereas those of the heavy mass 204Hg and 210Pb daughter nuclei
manifest a depression in the central region. This disparity is attributed
to the interplay between Coulomb repulsion and the nuclear shell struc-
ture [69, 70]. From a closer look at the figure, it can be deduced that the
extent of central density depression has a close correlation with the mass of
nucleons. In both cases, the central region is accompanied by a rapid fall in
the surface region. Expectedly, the daughter nuclei possess a large neutron
excess. While proton density primarily influences the surface region, neu-
tron density predominantly affects the central depression or interior of the
total density distribution of the nucleus.

To describe the spatial extent of the distribution of the positive charge
in the participating nuclei, the root-mean-square charge radii of the cluster
and daughter nuclei are shown in Table 1. The results are found to be in
good agreement with available experimental data [68].

The total density is folded with the B3Y-Fetal interaction to obtain the
effective nuclear cluster–daughter interaction Veff as expressed in Eq. (5).
Figure 2 describes the variation in Veff for the B3Y-Fetal NN interactions
and its different density-dependent versions with and without the inclusion
of the normalization factor η for 238Pu →28Mg +207Tl. A careful inspec-
tion of Fig. 2 (a) shows that Veff is highly sensitive to the choice of the
employed density-dependent parametrization. The effective interaction po-
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Fig. 1. Plots of the proton, neutron, and total densities for the cluster nuclei (a)
14C, (b) 30Mg, and daughter nuclei (c) 210Pb and (d) 204Hg, respectively.

tential is highly sensitive to the choice of the employed density-dependent
parametrization because it directly affects the way the interaction between
nucleons changes as the density of the system varies. The parametrization
determines the functional forms (Eqs. (5) and (12)) and the strength of
the interaction. We reiterate that B3Y-Fetal with no density-dependence is
denoted DD0. On the other hand, the incorporation of density-dependent
parametrizations DDB3Y1, BDB3Y0, BDB3Y1, BDB3Y2, and BDB3Y3 on
the cluster–daughter potential, as indicated in Eq. (12) is known to reduce
the potential strength. Here, the BDB3Y1 reproduced the deepest pocket.
This infers that the BDB3Y1 relatively gives a more attractive core to NN
potential among the considered parametrizations. However, Fig. 2 (b) clearly
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reveals that the distinction in the strengths of the employed parametriza-
tion is eliminated with the inclusion of η. Beside the drastic reduction in the
depth of the potential, it is apparent that there is no discernible difference
in the predictions (with the inclusion of η), suggesting that these parameter
sets will likely generate similar results.

Table 1. The root-mean-square charge radii for the cluster and daughter nuclei
calculated using relativistic mean-field theory with DD-ME2 parametrization [52].
The results are compared to experimental data reported in Ref. [68].

Nucleus Theory Expt. [68] Nucleus Theory Expt. [68]
14C 2.5572 2.5025 211Bi 5.5534 —
23F 2.8252 — 204Hg 5.4914 5.4744
28Mg 3.0244 — 205Hg 5.4952 5.4776
30Mg 3.0691 — 206Hg 5.4992 5.4837
22Ne 2.8960 2.9525 207Hg 5.5085 —
24Ne 2.8842 2.9007 208Hg 5.5178 —
25Ne 2.9035 2.9316 207Pb 5.5132 5.4943
26Ne 2.9185 2.9251 208Pb 5.5180 5.5012
18O 2.7307 2.7726 209Pb 5.5270 5.5100
20O 2.7384 — 210Pb 5.5360 5.5208
32Si 3.1394 — 212Pb 5.5538 5.5396
34Si 3.1750 — 207Tl 5.5088 5.4853
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Fig. 2. Variation of the B3Y-Fetal effective interaction potential Veff using different
parameter sets.
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For validation purposes, Fig. 3 shows a comparison of the effective in-
teraction potentials calculated using the B3Y-Fetal and the well-established
M3Y-Reid NN interactions. DD0-B3Y and DD0-M3Y denote the poten-
tials when no density-dependence is employed. As shown in Fig. 3 (a), the
M3Y-Reid (DD0-M3Y) can be seen to give a more attractive core than the
B3Y-Fetal (DD0-B3Y). However, when the density-dependent term is em-
ployed, the DDB3Y1 gives a stronger potential strength at the interior than
the DDM3Y1. This shows the difference between the M3Y-Reid and B3Y-
Fetal NN interactions. However, when the normalization is employed, no
discernible difference is observed between the models, as shown in Fig. 3 (b).
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Fig. 3. Comparison of the B3Y-Fetal and M3Y-Reid effective interaction potentials.

The relationship between the preformation probability and the cluster
size in Eq. (17) is employed in the calculation of the decay half-lives of differ-
ent cluster-emitting actinides within the range of 221 ≤ A ≤ 242, as shown
in Table 2. The angular momentum ℓ carried away by the emitted cluster,
which is determined by combining the ground-state spin of the parent and
daughter nuclei through the application of standard spin-parity selection
rules, is shown in column three of the table. The decay energy (Q-values) in
column four were extracted from the NUBASE2020 database [71], and values
from Eq. (17) are given in column five in the logarithmic scale (log10 P

emp
c ).

The experimentally measured half-lives and their corresponding theoretically
calculated values using the B3Y-Fetal NN interaction termed (DD0) and its
density-dependent versions (DDB3Y1, BDB3Y0, BDB3Y1, BDB3Y2, and
BDB3Y3) are given in columns 6–12, respectively. From the table, it can
be clearly observed that the experimental half-life data are well reproduced
by the B3Y-Fetal interaction and its various density-dependent parameter-
izations. On the other hand, estimating the Pc from a statistical physics
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framework could be highly useful for experimentally validated cluster decay
and highly promising for easy extrapolation to the unknown region of the
nuclear landscape.

Table 2. Cluster decay half-life calculations using B3Y-Fetal NN interaction with
the cluster-mass-dependent preformation formula in Eq. (17).

Parent Cluster ℓ Qc logPc Expt. DD0 DDB3Y1 BDB3Y0 BDB3Y1 BDB3Y2 BDB3Y3
221Fr 14C 3 31.291 −4.378 14.515 13.418 15.077 11.180 12.526 13.348 13.537
221Ra 14C 3 32.396 −4.378 13.319 12.238 13.880 10.002 11.350 12.168 12.356
222Ra 14C 0 33.049 −4.378 11.049 10.773 12.414 8.564 9.893 10.704 10.891
223Ra 14C 4 31.828 −4.378 15.045 13.265 14.895 11.041 12.390 13.195 13.382
224Ra 14C 0 30.534 −4.378 15.895 15.427 17.051 13.223 14.552 15.358 15.544
226Ra 14C 0 28.197 −4.378 21.288 20.328 21.936 18.140 19.460 20.260 20.444
225Ac 14C 4 30.476 −4.378 17.209 16.825 18.355 14.589 15.939 16.755 16.942
228Th 20O 0 44.723 −7.457 20.728 21.476 23.508 18.764 20.199 21.390 21.620
230Th 24Ne 0 57.760 −9.510 24.613 25.009 27.307 22.028 23.528 24.912 25.172
232Th 26Ne 0 55.912 −10.537 29.201 28.990 31.333 25.942 27.643 28.892 29.155
232Th 24Ne 0 54.668 −9.510 29.201 29.989 32.297 26.869 28.598 29.891 30.153
231Pa 23F 1 51.883 −8.997 26.017 24.434 26.612 21.479 23.263 24.342 24.588
231Pa 24Ne 1 60.410 −9.510 22.886 22.372 24.641 19.300 21.154 22.276 22.533
230U 22Ne 0 61.388 −8.484 19.561 20.373 22.571 17.463 18.874 20.279 20.530
232U 24Ne 0 62.309 −9.510 20.388 20.623 22.879 17.724 19.152 20.527 20.782
233U 24Ne 2 60.485 −9.510 24.844 23.427 25.676 20.332 22.205 23.330 23.586
234U 24Ne 0 58.825 −9.510 25.935 25.762 28.023 22.751 24.347 25.665 25.922
234U 26Ne 0 59.413 −10.537 25.935 25.851 28.152 22.762 24.499 25.753 26.013
234U 28Mg 0 74.111 −11.563 25.743 25.247 27.731 21.896 23.754 25.141 25.422
235U 24Ne 1 57.363 −9.510 27.444 28.205 30.460 25.062 26.971 28.108 28.365
235U 25Ne 3 57.683 −10.023 27.444 28.400 30.684 25.321 27.023 28.302 28.562
235U 28Mg 1 72.426 −11.563 27.444 27.716 30.189 24.331 26.377 27.610 27.891
237Np 30Mg 2 74.787 −12.590 27.228 27.043 29.509 23.696 25.719 26.938 27.217
236Pu 28Mg 0 79.670 −11.563 21.654 20.615 23.075 17.287 19.164 20.509 20.787
238Pu 28Mg 0 75.911 −11.563 25.664 25.023 27.873 22.041 23.977 24.942 25.595
238Pu 30Mg 0 76.793 −12.590 25.664 25.117 27.883 22.072 24.031 25.033 25.256
238Pu 32Si 0 91.187 −13.616 25.296 25.383 28.347 22.083 24.206 25.292 25.535
242Cm 34Si 0 96.544 −14.643 23.107 23.026 25.856 19.493 21.725 22.925 23.195

The statistical cluster preformation probability formula equation (23)
proposed by Dong et al. [43] in terms of the nuclear density is employed
in the present study. It is noteworthy that this expression keenly follows
the Blendowske and Walliser scaling (spectroscopic) factor [65]. Table 3
shows the values of the density ratio x in Eq. (23) for the various density-
dependent versions of the B3Y-Fetal NN interaction using the least square
fitting method for the experimentally measured half-lives of 28 cluster emit-
ters. It is interesting to note that all the obtained values align with those of
Dong et al. [43] and Santhosh and Angali [72] who estimated x = 0.20 and
x = 0.18, respectively. The authors reported that these values are within the
vicinity of < 0.18 having a density less than 0.03 fm3, predicted in Ref. [73]
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in the nuclear matter calculation of α-clustering. This conjecture presup-
poses that cluster formation occurs at the nuclear surface where the nuclear
matter has a lower density.

Table 3. Value of x from Eq. (23).

Model DD0 DDB3Y1 BDB3Y0 BDB3Y1 BDB3Y2 BDB3Y3
Calculated x 0.170 0.223 0.123 0.148 0.169 0.174

To further validate the applicability of the statistical preformation prob-
ability in describing cluster radioactivity, the values from the cluster size-
based preformation probability in P emp

c are compared with those of P stat
c

in a logarithmic scale in Fig. 4. As shown in the figure, a close agreement
is seen between DD0, BDB3Y2, BDB3Y3 and log10 P

emp
c , and thus, their

half-life predictions could be somewhat relative. It is also observed that
for the preformation of 14C cluster, there is a keen agreement between the
DDB3Y1 and the log10 P

emp
c while a large deviation is seen in their pre-

dictions for other systems. The peculiarity of systems emitting 14C cluster
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(which is a strongly bound nucleus with N/Z = 1.33) and similar deviations
has been previously reported based on the choice of the employed proximity
potential and neck-length parameter [15, 74, 75]. Thus, this study comple-
ments the previous findings that the variability or choice of NN potential
could also address and influence the accurate reproduction of the decay half-
lives of such systems. Although the difference between the BDB3Y1 (P stat

c )
and log10 P

emp
c is significantly large, the results obtained from the BDB3Y1,

BDB3Y0, BDB3Y2, BDB3Y3, DD0, and DDB3Y1, are in good agreement
with the extracted preformation factor, which are not shown in the figure in
order to avoid the ambiguity of presentation.

Table 4 shows the calculated cluster decay half-lives using the B3Y-Fetal
NN interaction with statistical preformation factor in Eq. (23). The first
column of the table outlines the decaying parent nuclei and the second col-
umn shows their respective emitted cluster. For these energetically favoured
decays, the experimental decay half-lives are shown in column three. The
calculated half-lives shown in columns 4–9 are found to be close to the ex-
perimentally measured data. To evaluate the predictive accuracy of the
cluster size-based preformation probability in Eq. (17) and the statistical
preformation factor in Eq. (23), the degree of agreement between the calcu-
lated decay half-lives and the experimental data is evaluated by using the
root-mean-square error (RMSE)

RMSE =

√√√√ 1

N

N∑
i=1

[(
log10 T

expt
1/2,i − log10 T

calc
1/2,i

)2
]
, (24)

where log10 T
expt
1/2,i and log10 T

calc
1/2,i are the logarithmic forms of the experimen-

tal and calculated half-lives (from log10 P
emp
c and log10 P

stat
c ), respectively.

Table 5 displays the tabulated RMSE of the half-lives using the B3Y-Fetal
NN interaction and its density-dependent parametrizations.

In most cases, it is evident that the calculated half-lives with the statisti-
cal preformation probability yield relatively lower RMSE values, indicating
better agreement with the experimentally observed values. However, there
is an exception with DD0 and BDB3Y3, where the RMSE for the cluster
size-based preformation probability is found to be slightly lower than that of
the statistical preformation probability with a difference of 0.024 and 0.0645,
respectively. Thus, this result asserts the reliability of the statistical prefor-
mation probability and suggests that it can compete with the well-known
cluster size-based preformation probability, and sometimes outperform it, in
terms of predictive accuracy.
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Table 4. Cluster decay half-life calculations using B3Y-Fetal NN interaction with
statistical preformation factor in Eq. (22).

Parent
nucleus

Emitted
cluster

log10 T1/2(s)

Expt DD0 DDB3Y1 BDB3Y0 BDB3Y1 BDB3Y2 BDB3Y3
221Fr 14C 14.515 14.758 15.103 14.222 14.575 14.740 14.779
221Ra 14C 13.319 13.578 13.906 13.044 13.399 13.561 13.598
222Ra 14C 11.049 12.113 12.440 11.606 11.942 12.096 12.132
223Ra 14C 15.045 14.604 14.921 14.083 14.439 14.587 14.623
224Ra 14C 15.895 16.767 17.077 16.265 16.601 16.750 16.785
226Ra 14C 21.288 21.668 21.962 21.182 21.509 21.652 21.685
225Ac 14C 17.209 18.165 18.381 17.632 17.988 18.147 18.184
228Th 20O 20.728 22.186 22.342 21.907 21.923 22.175 22.190
230Th 24Ne 24.613 25.300 25.346 25.237 25.035 25.293 25.295
232Th 26Ne 29.201 29.072 28.975 29.185 29.041 29.071 29.054
232Th 24Ne 29.201 30.280 30.336 30.079 30.105 30.272 30.276
231Pa 23F 26.017 24.830 24.850 24.672 24.824 24.824 24.823
231Pa 24Ne 22.886 22.663 22.680 22.510 22.661 22.657 22.655
230U 22Ne 19.561 20.874 21.008 20.639 20.490 20.862 20.876
232U 24Ne 20.388 20.914 20.918 20.934 20.659 20.908 20.905
233U 24Ne 24.844 23.718 23.715 23.542 23.712 23.711 23.709
234U 24Ne 25.935 26.053 26.062 25.960 25.854 26.046 26.045
234U 26Ne 25.935 25.932 25.794 26.004 25.898 25.932 25.911
234U 28Mg 25.743 25.119 24.975 25.172 25.044 25.118 25.097
235U 24Ne 27.444 28.496 28.500 28.272 28.478 28.489 28.488
235U 25Ne 27.444 28.586 28.525 28.547 28.476 28.582 28.572
235U 28Mg 27.444 27.587 27.433 27.607 27.667 27.586 27.566
237Np 30Mg 27.228 26.705 26.357 27.005 26.901 26.712 26.668
236Pu 28Mg 21.654 20.486 20.320 20.563 20.454 20.486 20.463
238Pu 28Mg 25.664 24.894 25.117 25.317 25.267 24.919 25.270
238Pu 30Mg 25.664 24.779 24.730 25.382 25.213 24.807 24.707
238Pu 32Si 25.296 24.835 24.797 25.426 25.279 24.864 24.762
242Cm 34Si 23.107 22.268 21.909 22.870 22.690 22.295 22.199

Table 5. The root-mean-square error of the half-lives calculated using the B3Y-
Fetal NN interaction, with different parametrizations using the cluster-mass-
dependent preformation formula in Eq. (17) and the statistical preformation factor
in Eq. (22).

Model DD0 DDB3Y1 BDB3Y0 BDB3Y1 BDB3Y2 BDB3Y3
log10 P

emp
c [Eq. (17)] 0.7898 2.1410 3.2513 1.6250 0.8217 0.7520

log10 Pc [Eq. (22)] 0.8138 0.9202 0.6855 0.6875 0.8059 0.8165



Application of B3Y-Fetal Effective Interaction on Cluster . . . 1-A3.17

For intuitive comparison, the deviation between the logarithm of the
calculated cluster decay half-lives and the experimental half-lives for the six
density-dependent B3Y parametrizations — DD0 (dark yellow diamond),
DDB3Y1 (red circle), BDB3Y0 (green star), BDB3Y1 (blue plus sign),
BDB3Y2 (red triangle), and BDB3Y3 (blue rectangle) is graphically illus-
trated in Fig. 5. It is evident that the variances between the majority of
the calculated data points and the experimental data fall within the range
of 1 to −1 of the general trend. Moreover, all the calculated data points fall
within the range ±2.
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Fig. 5. The deviation between the logarithm of the calculated cluster decay half-
lives and the experimental half-lives

(
∆T = log10

[
T cal
1/2

]
− log10

[
T expt
1/2

])
, for the

six density-dependent B3Y parameterizations, using the statistical preformation
probability.

The successful agreement between the calculated half-lives using vari-
ous B3Y-Fetal parametrizations and experimentally measured cluster decay
half-lives spurs us to extend this theoretical investigation to predict the half-
lives of energetically favoured but unobserved cluster radioactive decays, as
illustrated in Table 6. In principle, the preformation, penetration probabil-
ities, and decay constants will undergo significant modifications, leading to
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Table 6. Predicted cluster decay half-lives using the BDB3Y1 and BDB3Y2 pa-
rameter sets, and the statistical preformation factor. Comparison with previous
theoretical predictions of Refs. [17] and [76] is presented.

log10
[
T1/2(s)

]
A Z Ac Zc Qc log10 P

BDB3Y0
c log10 P

BDB3Y1
c BDB3Y0 BDB3Y1 NL2 [17] MGLDM [76]

220 88 12 6 32.0202 −6.3598 −5.5086 11.1525 11.6278 11.57991 12.14
226 88 20 8 40.8166 −10.5997 −9.1809 26.8133 27.0767 26.35602 25.72
224 90 15 7 38.1519 −7.9497 −6.8857 17.0983 17.3227 18.27131 17.91
224 90 24 10 55.4497 −12.7196 −11.0171 29.3261 29.2207 29.52504 27.84
226 90 15 7 34.9555 −7.9497 −6.8857 22.8833 23.4444 22.60753 23.11
226 90 24 10 56.4946 −12.7196 −11.0171 27.5291 27.3606 26.97113 26.52
228 90 24 10 57.4127 −12.7196 −11.0171 25.9514 25.7491 25.48976 25.72
229 90 21 8 43.2725 −11.1296 −9.6400 25.4257 25.5447 25.21418 23.22
232 91 25 10 59.0159 −13.2496 −11.4762 25.1675 24.9253 24.24358 23.38
232 91 28 12 71.2944 −14.8395 −12.8533 27.7443 27.6223 28.14344 27.29
230 92 20 8 43.7718 −10.5997 −9.1809 25.9697 26.2048 25.36608 25.37
230 92 24 10 61.3521 −12.7196 −11.0171 22.4851 22.2364 21.9369 23.28
230 92 32 14 85.5966 −16.9595 −14.6895 29.7739 29.5534 30.96135 29.9
232 92 28 12 74.3197 −14.8395 −12.8533 25.0950 24.9412 25.66872 25.1
234 92 27 11 64.6973 −14.3095 −12.3943 28.7673 28.6987 29.13987 28.46
234 93 28 12 77.2277 −14.8395 −12.8533 22.5441 22.4044 22.86723 23.59
236 93 29 12 75.0261 −15.3695 −13.3124 25.9449 25.7989 25.12014 26.1
234 94 27 11 65.9224 −14.3095 −12.3943 29.8776 29.8626 30.23928 30.01
234 94 29 13 82.3787 −15.3695 −13.3124 26.7722 26.7050 27.94482 27.45
236 94 24 10 59.2226 −12.7196 −11.0171 28.0801 28.0627 26.71367 28.31
236 94 29 13 82.1438 −15.3695 −13.3124 26.8932 26.8474 28.03247 27.82
238 95 29 12 77.2913 −15.3695 −13.3124 25.6784 25.5821 24.73797 26.06
238 95 33 14 92.7555 −17.4894 −15.1486 25.8158 25.6384 26.23359 27.76
240 95 34 14 93.7560 −18.0194 −15.6076 24.9880 24.7693 25.31086 25.42
238 96 32 14 97.3076 −16.9595 −14.6895 21.3290 21.2336 21.84239 23.34
240 96 30 12 76.5587 −15.8995 −13.7714 28.8031 28.7038 28.24278 26.4
240 96 34 14 95.5013 −18.0194 −15.6076 24.3823 24.1995 25.23913 25.21
242 96 32 14 93.6099 −16.9595 −14.6895 25.2917 25.2214 24.57478 25.96
220 88 16 8 39.6989 −8.4797 −7.3448 24.7332 25.3219 26.90552 24.98
222 88 15 7 35.2532 −7.9497 −6.8857 20.4035 20.7995 21.86033 20.44
224 88 20 8 39.7198 −10.5997 −9.1809 29.1305 29.5139 28.95545 28.56
224 90 14 6 32.9279 −7.4198 −6.4267 13.6088 13.9685 14.15419 13.64
224 90 16 8 46.4803 −8.4797 −7.3448 15.3862 15.4210 16.8809 19.38
226 90 14 6 30.5473 −7.4198 −6.4267 18.1518 18.5077 18.66503 17.72
226 90 18 8 45.7291 −9.5397 −8.2628 18.4195 18.4290 17.74797 17.85
228 90 14 6 28.2208 −7.4198 −6.4267 23.1807 23.5277 24.09264 22.31
232 91 27 11 63.7514 −14.3095 −12.3943 28.8779 28.7787 29.14489 28.35
230 92 14 6 28.3417 −7.4198 −6.4267 24.9583 25.3237 26.11331 24.04
230 92 21 9 49.9211 −11.1296 −9.6400 27.4032 27.5836 26.38161 26.99
230 92 28 12 73.9801 −14.8395 −12.8533 25.6998 25.5241 26.03443 26.85
232 92 23 9 49.5818 −12.1896 −10.5581 29.8797 30.0310 29.49255 28.65
232 92 32 14 85.2867 −16.9595 −14.6895 30.0551 29.8579 29.85732 29.63
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continued
234 93 25 10 60.2485 −13.2496 −11.4762 25.8358 25.6600 24.87428 23.99
236 93 28 12 75.1494 −14.8395 −12.8533 25.1416 25.0458 24.32678 25.77
236 93 30 12 74.5141 −15.8995 −13.7714 27.3450 27.1536 26.53448 26.84
234 94 24 10 62.2547 −12.7196 −11.0171 23.6337 23.4424 22.95931 24.45
234 94 28 12 79.1555 −14.8395 −12.8533 21.4301 21.3143 22.17302 22.6
234 94 32 14 91.7729 −16.9595 −14.6895 25.1231 24.9224 25.03391 26.25
236 94 27 11 66.6780 −14.3095 −12.3943 28.5404 28.5132 28.79867 28.94
236 94 32 14 91.6695 −16.9595 −14.6895 25.0844 24.9130 25.30274 25.98
238 94 31 13 82.1484 −16.4295 −14.2305 27.9747 27.8366 28.03651 28.19
238 95 28 12 78.2321 −14.8395 −12.8533 23.8060 23.7477 22.79609 24.94
238 95 32 14 94.7513 −16.9595 −14.6895 22.8208 22.6871 22.8516 23.76
240 95 33 14 93.0598 −17.4894 −15.1486 25.2330 25.0680 25.60342 27.27
238 96 28 12 80.4173 −14.8395 −12.8533 22.5006 22.4407 22.95752 23.99
240 96 32 14 97.5504 −16.9595 −14.6895 20.8440 20.7547 21.32249 22.67
242 96 34 14 96.5439 −18.0194 −15.6076 22.9220 22.7425 23.70909 23.98
242 98 32 14 99.4175 −16.9595 −14.6895 21.8060 21.7493 21.99742 24.32

notable changes in the cluster-decay half-lives. In Table 6, columns 1 and 2
contain the mass number and charge number of the decaying parent nuclei,
respectively, while columns 3 and 4 provide the information on the emitted
clusters. The Q-values (Qc) are given in column 5 and the statistical prefor-
mation probability in Eq. (23) is employed for the estimation of the values in
columns 6 and 7 (in a logarithmic scale). The predictions using the BDB3Y0
and BDB3Y1 parametrizations presented in columns 8 and 9 are found to
be consistent with earlier predictions from the relativistic R3Y-NL2 inter-
actions [17] in column 10 and the modified generalized liquid drop model
(MGLDM) [76] in column 11. Interestingly, the predicted half-life values
fall below 1030 seconds, which is the experimental upper limit. Thus, these
predictions can serve as a guide for future experimental endeavours. This
not only validates the application of the B3Y-Fetal interaction to cluster ra-
dioactivity but also gives credence to the use of the statistical preformation
factor.

It should be noted that many of the daughter nuclei in this study are
known to exhibit significant quadrupole deformation. Since the present cal-
culation assumes spherical symmetry, the possible influence of deformation
on the preformation probability log10 P and the decay half-life log10 T1/2 is
not explicitly included. Nuclear deformation modifies both the nuclear den-
sity distribution and the shape of the interaction potential, which in turn can
alter the barrier height, barrier width, and the overlap between the cluster
and the parent nucleus. Consequently, the omission of deformation may lead
to quantitative differences in the predicted values of log10 P and log10 T1/2,
especially for strongly deformed systems. Including deformation-dependent
potentials or deformation-corrected preformation factors would likely im-
prove the accuracy of the model and represents an important avenue for
future work.
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4. Conclusion

We have studied the application of B3Y-Fetal NN interactions and
their various density-dependent parametrizations on cluster radioactivity.
The cluster preformation probability is obtained from the statistical physics
framework, which incorporates the density ratio that reveals the site of the
cluster formation (at the nuclear surface). In comparison with the em-
pirical cluster mass-dependent formula, the BDB3Y1, BDB3Y0, BDB3Y2,
BDB3Y3, DD0, and DDB3Y1 were found to aptly reproduce the experi-
mentally measured half-lives. Particularly, the root-mean-square error in
the calculated half-lives of the BDB3Y1 and BDB3Y0 with the P stat

c were
estimated to be 0.6875 and 0.6855, respectively, indicating a better predic-
tive power over the well-known P emp

c with values 1.6250 and 3.2513. These
findings allude to the applicability of the B3Y-Fetal interaction, and the
statistical probability seems promising to study cluster radioactive decays
in the unknown region of the nuclear territory. Interestingly, this work
complements the previous findings in the literature about the peculiarity of
14C cluster decay. Besides the known influence of the proximity potential
and modification of the entrance channel through the neck-length, we have
demonstrated here that the choice of NN potential can also influence the ac-
curate fitting of the cluster preformation and hence the half-lives. From our
calculations, the DDB3Y1 density-dependent parametrization was found to
keenly address the deviations known with 14C decays. Extending this the-
oretical investigation to predict the half-lives of energetically favoured but
unobserved cluster radioactive decays results in half-life values falling below
1030s, which is the experimental upper limit. Consequently, these predic-
tions can serve as a guide for future experimental endeavours.
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